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RELEVANCE OF MATHEMATICAL SCIENCES IN
NATIONAL DEVELOPMENT, ITS CURRENT STATUS,
MATHEMATICS PHOBIA AND ITS PREVENTION
STRATEGIES

S. S. KHARE

ABSTRACT. The main objectives of the Presidential Address is (i) to
highlight the role and importance of mathematics in National develop-
ment, intellectual development and in enhancing disciplinary and moral
values among students, (i) to describe its current status, and reasons
of prevailing mathematics phobia among school students and (iii) to
make some suggestions to help reducing the fear for mathematics to a
great extent.

1. INTRODUCTION

The Indian Mathematical Society was founded on the 4th of April, 1907
by V. Ramaswami Aiyar with 20 founding members under the name "In-
dian Mathematics Club" having headquarter at Pune and B. Hanumant
Rao as its first President from 1907 to 1912. The Society acquired its
present name the "Indian Mathematical Society” in 1910, when it’s con-
stitution was adopted. There have been 78 Presidents of the Society till
now. The first conference of the Society was held at Madras in 1916. Till
1951, conference used to be held every 2 years or 3 years. But in the 1951
Conference, it was decided to hold conference of the society every year.
The Society started publishing research journal with the name "The Jour-
nal of Indian Mathematical Society" from 1910 with its first Editor M.T.
Naraniengar. Celebrated renowned mathematician Srinivasa Ramanujan

published a short paper consisting of some questions and another paper of

This article is based on the Presidential talk (general) given by Prof. S. S. Khare, the
president of the IMS, in the 91st Annual Conference of the IMS-An International Meet
held at Lucknow Unversity, Lucknow during December 26-29, 2025.
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2 S. S. KHARE

15 pages on "Some properties of Bernoulli Numbers" in The JIMS in 1911.
He published his 12 papers in this Journal.

The Society decided in 1932 to publish another journal with the name
"The Mathematics Student" with its first Editor A. Narasinga Rao. The J.
of IMS aims at publishing high quality research papers, while The Math-
ematics Student aims at publishing Presidential Address, Planary talks,
Award lectures given in the Annual Conference, survey articles, popular ar-
ticles, expository articles, book reviews, problems and solutions, clever new
proofs of known theorems etc.

The main objectives of the Society are to promote the quality research
in mathematics, to inspire and encourage researchers, mathematics educa-
tors and students, and to popularize mathematics in India. The Society has
been achieving these objectives by organizing Annual Conference, lectures,
Symposiums, Award lectures, Plenary lectures, IMS sponsored lectures and
by publishing The J. of IMS and The Mathematics Student. I feel that IMS
has yet to do a lot for popularizing mathematics among young students
at High-School and +2 level which is the foundational stage for gradu-
ate level. Mathematics is considered as one of the greatest and beautiful
creation of human race and it has historically been India’s strength from
Acharya Pingla, Aryabhat I, Bhaskara I, Varahamihira, Bramhagupta, Ma-
haviracharya, Aryabhat II, Sridharacharya, Bhaskaracharya II, Madhava,
Neelkanth, Ramanujan, Mahalanobis, C.R. Rao, Harish Chandra, Manjul
Bhargav and Akshay Venkatesh etc.

2. ROLE OF MATHEMATICAL SCIENCES IN NATIONAL DEVELOPMENT

In 21st century, mathematical sciences are not just for academic pur-
suit, but a strategy enabler of economic growth, technological innovation,
governance and national security etc. As India moves towards becoming
a 10 trillion dollar economy and a global knowledge hub by 2035, the role
of mathematical Sciences becomes more vital and central. Key roles of
mathematics for the development of our country are as follows:

(1) Core of STEM: Mathematics is the backbone of science, tech-
nology and engineering enabling technological and scientific break-
throughs.

(2) Increasing productivity: Strong scientific and technological foun-
dation powered by mathematics, lead to increased economic produc-

tivity and competitiveness for our country.
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Technological solutions: Mathematical concepts, methods and
tools are indispensable for the functioning of high-tech society al-
lowing for the development of new and new technologies and more
efficient systems.

Economic planning: Mathematical models and statistics are heav-
ily used for economic forecasting, risk management, investment strate-
gies and financial management providing crucial data and its anal-
ysis for economic planning.

Engineering and design: Modern designs and complex struc-
tures, especially in high-tech fields, require good mathematical un-
derstanding and numerical data, ensuring robust and efficient in-
frastructure.

Sector specific progress: Mathematics supports development
across all sectors including defence, education, healthcare and man-
ufacturing by providing tools for data analysis, prediction and prob-
lem solving.

Artificial Intelligence and Machine learning: During the last
2 decades, the need of machine learning and artificial intelligence
has grown dramatically. A critical component of this is the abil-
ity to analyse very large, high dimensional complex and unstruc-
tured data. Earlier, graphs and statistical tools etc. were used for
data analysis. But they are not successful in unstructured high-
dimensional large data. These days, tools of Algebraic Topology
such as persistent homology, persistent combinatorial Laplacians are
used for analysis of such data.

Improving decision making: A good grasp of mathematical con-
cepts helps in improving in decision making in governance, business
and in daily life leading to more effective and systematic approaches
to complex challenges.

Realizing the potential of mathematical sciences in the rapid development,
the Society of Industrial and Applied Mathematics was established in 1952
in USA. The Society contributed significantly towards development of In-
dustrial Mathematics, which in turn helped in scientific, technological and
industrial development of USA. Later, International Congress of Industrial
and Applied Mathematics (ICIAM) was established with its first meeting
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in Paris in 1987 with main objective to promote those branches of math-
ematics, which are more relevant to economic, scientific, technological and
industrial development. It’s 10th conference was held in Tokyo in 2023.
In our country also, Indian Society of Industrial and Applied Mathemat-
ics (ISIAM) was established in 1990 to promote the teaching and research
in mathematics with applications in science, engineering, medical and so-
cial sciences and industries. ISTAM was affiliated to ICTAM during the 5th
meeting of ICTAM in Edinberg in 2003. As per the recommendation of
ICTAM and ISTAM, following 18 important branches of mathematics need
to be focussed to meet the objectives. They are computational mathemat-
ics, optimization, image processing, machine learning, artificial intelligence,
financial mathematics, industrial mathematics, data analysis, nano- math-
ematics, computer simulation, bio-mathematics, molecular modelling, pre-
diction analysis, wavelets and their applications, fuzzy mathematics and
applications, modelling and simulation for industries, application of mathe-
matics to agriculture, environmental analysis. ISTAM publishes "The Indian
J. of Industrial and Applied Mathematics" to promote research in the field.
NBHM sponsors mathematician to attend ICIAM and ISTAM conferences.
ISIAM also publishes material relevant to industrial, economic and techno-
logical growth.

3. ROLE OF MATHEMATICS IN INTELLECTUAL DEVELOPMENT AND IN
ENHANCING DISCIPLINARY AND MORAL VALUES

In mathematics, mostly we are given some hypothesis, a set of some
known relevant results and from this one is required to prove some new
result deductively or by method of contradiction. Analysing the given hy-
pothesis, one proceeds step by step logically using prescribed rules of math-
ematics and at times using cleverly some earlier known results judicially,
one concludes the final result to be proved.

The habit of carefully analysing the hypothesis, the habit of logically
and truthfully applying prescribed rules of mathematics, the habit of pro-
ceeding step by step logically and the habit of judicially choosing and apply-
ing specific earlier known results to prove the final result help in magnetizing
the brain of a serious mathematics practitioner in the sense that analytical,

rational, critical, logical, imaginative and innovative skills of the brain get
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enhanced. Thus a decent mathematics training helps significantly in intel-
lectual development and acts as sharpener for brain.

How mathematical training helps in enhancing organized and system-
atic thought, may be illustrated by an example in physics about the process
of magnetizing an ordinary iron bar. The only difference between an ordi-
nary iron bar and a magnetic iron bar is that the iron molecules in ordinary
iron bar are spread in unorganized and haphazard manner, while the same
iron molecules in magnetic iron bar are arranged in organized manner as

shown in the Figure 1 and Figure 2.

7 <« ¢ N 11

FIGURE 1. Iron molecules spread in haphazard manner in
the ordinary iron bar
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FIGURE 2. Iron molecules arranged in organized manner in
the magnetic iron bar

When a magnet is rubbed “properly” on an ordinary iron bar, it also gets
magnetized. In this process, the unorganized iron molecules of the ordinary
iron bar get organized. Similarly, after practicing mathematics "properly",
the unorganized thoughts of brain get organized, making it more sharp and
powerful.

Apart from mathematics playing a key role in national development,
and mathematics with computer proficiency having a tremendous job po-
tential in various sectors, I feel that the biggest hidden gift of mathematics
is that a proper mathematical training helps significantly in making brain
more powerful, sharp and imaginative, which is a key factor for being suc-
cessful in any walk of life, be it administration, be it medical profession, be
it engineering, be it scientist, be it teaching , be it business, be it manage-
ment, and be it even politics. Even enhancement of such skills of brain may
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help in being a good father/mother, a good brother /sister, a good husband/
wife, a good son/daughter and good friend as well.

Also, while practicing mathematics, one develops habit of truthfully fol-
lowing the rules of mathematics which helps the person to be more truthful,
law abiding and disciplined in his/her day to day life. As mathematics deals
with accurate and precise facts and arguments with no scope of vagueness,
it helps a mathematics practitioner to express his/her views on any topic
more precisely, to the point and without any vagueness. Mathematics is
universal and is not dependent on cast, creed, religion, country, region etc.
This makes a mathematics practitioner more open, broad minded and un-
biased. He/she may develop habit of universal acceptance without any bias
of cast, language and religion.

4. CURRENT STATUS OF MATHEMATICS

Despite the fact that mathematics has such a wholesome and univer-
sal role for development, the status of mathematics in our country is not
satisfactory, especially at High-school and +2 level. There is a general per-
ception among school students that mathematics is a dry, boring and hard
nut to crack. This has caused a phobia for mathematics among most of the
students. Some of the key reasons for maths phobia are as follows:

(1) Over emphasis on rote learning and memorizing, instead of under-
standing.

(2) Inadequate use of visual, practical or activity based learning.

(3) Lack of real life connection with mathematical concepts, while teach-
ing.

(4) Lack of participatory teaching. Students are discouraged to raise
questions in the class.

(5) Absence of mathematics lab in schools.

(6) Lack of use of teaching aids like videos on mathematics, softwares
(GeoGebra, Desmos), Smart whiteboard and Al powered Tutors etc.

(7) Lack of books and written material focussing on understanding of
concepts, on connection of mathematical concepts with real-life sit-
uation, and on simple concrete applications.

(8) Some what heavy syllabus and pressure on teachers to complete syl-
labus in time, giving good result. This also causes stereotype and
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mechanical teaching without focusing on deep thinking, understand-
ing and and creativity.

Marking of questions on the basis of final answer, not on procedure
is a common practice. Even if procedure is correct and due to some
unforeseen mistake in addition or subtraction, if answer is wrong,
mostly zero mark is given. Such harsh and irrational marking causes
frustration, turning to fear with mathematics.

Multiple choice or True/False questions with very little time cre-
ate undue pressure on students to get right answer quickly. This
discourages deep and cool thinking. Students start believing that
mathematics is for quick thinkers and intelligent ones.

Considering marks as sole criteria for intelligence and success by
teachers and parents forces students to get more marks by hook or
crook without focussing on understanding.

Examination system mostly tests memorization potential, no rea-

soning, understanding and creativity.

5. SOME SUGGESTIONS

In order to reduce mathematics phobia significantly and in order to make

mathematics "student friendly", T would like to give some suggestions:

(1)

The focus of mathematics teaching needs to be shifted to mathe-
matizing the thought process of students i.e. to develop clarity of
thought process to enhance systematic, analytical, critical, rigorous,
logical and creative skills of brain.

Effort should be made to use charts, models, demonstrations, hand-
on activities, softwares like GeoGebra, Desmos, Nearpod etc, smart
white board and mathematics videos etc to convey mathematics in
interesting manner.

Effort should be made to relate mathematical concepts with real-life
situations to help students to get convinced that mathematics is not
just an abstract subject, but also has relevance to our real lives.
Mode of assessment in tests and examinations should be changed to
test the understanding of the subject matter instead of cramming
ability.

Participatory teaching needs to be encouraged. Students should be

encouraged to ask questions.
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Frequent training programmes for teachers need to be organized to
update them with new text, procedures, techniques, pedagogy and
also update them with the use of software, smart whiteboard etc.
This will help teachers to convey mathematics in student-friendly
manner.

Writing of good books and teaching-learning material giving empha-
sis on understanding, explaining mathematics underlying various
procedures along with brief historical notes and some simple con-
crete applications, and connection of different concepts with real-life
situation is the need of hour.

Inserting some humours, healthy relevant jokes, puzzles, paradoxes,
fallacies, some recreational aspects of mathematics in between lec-
tures help in making the class lively. Similarly, narrating some short
stories or interesting incidents about great mathematicians and sci-
entists or interesting stories about some mathematical /scientific dis-
coveries in between serious mathematics may help in keeping the
attention of students intact on one hand and in letting them know
about great mathematicians and discoveries on the other hand,
which may inspire some students.

Students should be encouraged to solve some difficult problems in
group. Collaborative project work should also be encouraged.
Mathematics lab should be established in schools, which may help
in understanding mathematics better through hand-on activity.

In order to train the school teachers, we need to have a National
Mathematics Master Training Programme to ensure creating a set
of Master trainers in each district.

We may create Mathematical Mentoring Circles i.e. networks of
experience mathematics educators who may support school teachers
online for best teaching practices and resources etc.

It may be good idea to introduce online school teachers communities
for sharing their practices and problems.

Somewhat overloaded syllabus in mathematics may be reduced to
ensure more time to focus on core competency, logical and analytical

reasoning.
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(15) Omne or two lines short justification should be made mandatory for
multiple choice or True/False type questions to ensure whether stu-
dent has ticked the answer by guess or by proper reasoning.

(16) The university and college teachers may be requested to interact
with students and school teachers through periodic talks or discus-
sion.

(17) The world of mathematics is full of wonders and amazing stuff,
easily understandable. It may be good idea to supplement classroom
teaching with fortnightly popular talks on such stuff giving inside
beauty and elegance of mathematics.

(18) School libraries should buy some such books on recreational and
popular mathematics and students may be encouraged to read such
books in their leisure time. This will certainly help create interest
in mathematics.

(19) For Various activities and measures mentioned above to be taken in
order to make mathematics more palatable, teachers may need more
time. One additional class per week for mathematics may fulfil the
requirement of additional time.

(20) Through understanding oriented participatory teaching, using var-
ious teaching aids, giving real-life examples and applications, stu-
dents will start finding interest in mathematics and will be convinced
that although it may be somewhat hard nut to crack but once it is
cracked, one will find inner beauty, elegance and wonders. In fact
mathematics is like hairy, shabby looking hard coconut from outside
and is quite hard to crack, but once it is cracked, one gets sweet and

white coconut meat and sweet nutritions coconut juice.
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APPLICATION OF ALGEBRAIC TOPOLOGY IN DATA
ANALYSIS AND LATEST TRENDS

S. S. KHARE

ABSTRACT. The objective of the Presidential address (Technical) is
to introduce Topological Data Analysis (TDA) and to show the impor-
tance of of TDA in capturing inherent shape and structure of large size,
complex, high dimensional, and even unstructured data, specially in
continuous phenomenon. For this, we introduced point cloud data and
clustering, loops and fundamental groups, simplicial complex, simpli-
cial homology, persistent chain complex and persistent homology, and
its applications to DNA structure, data analysis and stock exchange
data analysis in detail. We have also given brief account of applica-
tions to cellular and gene data analysis, network analysis, computer
vision data analysis, market dynamics data analysis and brain activ-
ity data analysis. At last, we have given applications of other tools of
Algebraic Topology in data analysis such as sheaves and cosheaves, dis-
crete Morse Theory, homotopy groups, cohomology and cup products,
spectral sequence, persistent combinatorial Laplacian, and persistent
Dirac operator etc.

1. INTRODUCTION

In the last two to three decades, the need of artificial intelligence and
machine learning has grown dramatically. As the tasks undertaken be-
come more ambitious, the data often becomes very large, complex and high-
dimensional, giving challenge to develop methods good enough to analyse
such data. The traditional methods were best suited for structured limited
source data, but were not able to capture the inherent shape and structure

This article is based on the Presidential talk (Technical) given by Prof. S. S. Khare, the
president of the IMS, in the 91st Annual Conference of the IMS-An International Meet
held at Lucknow Unversity, Lucknow during December 26-29, 2026.

2020 Mathematics Subject Classification: 55N31, 35, 55U10, 62R40, 68T09

Key words and phrases: Algebraic Topology, Topological Data Analysis, persistent
homology, simplicial complex
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of complex, high-dimensional and large size data, especially for continuous
phenomenon.

In order to meet this challenge, Topological Data Analysis (TDA) was
introduced around 2000 with the foundational work on persistent homology
by Edelsbrunner et al, and Zomorodian and Carlsson. TDA could address
the challenge of analysing such complex and even unstructured data for
continuous phenomenon successfully by applying tools of Algebraic Topol-
ogy. Persistent homology, a key tool of Algebraic Topology, has been found
suitable in analysing multi-scale topological features like connected com-
ponents, holes (one dimensional loops) and voids (high-dimensional holes).
Persistent homology is also able to capture those topological features of the
data which persist with the change of scale or change of time span.

2. POINT CLOUD DATA AND CLUSTERING

A point cloud data is a random collection of data points normally in R3
represented through coordinates. By clustering of data, we mean partition-
ing the data into a number of parts or clusters, points in the same cluster
being similar in some sense and points in different clusters being not similar.
In the context of finite metric space, this means roughly that points within
a cluster are nearer to each other than they are to points in other clusters.

-
R N

AV IR
- -

v vells

Poivits in d-"'{'f“*"""d' c e ateys
Fig. (1)

Led {”':"

o a®

During some collections, some parts of the data may have been taken
under tighter threshold, while some parts of the data may have been taken
under looser threshold. In such situation, one prefers to divide the complete
data X into two (or more subsets), say Xi, and Xy with X = X; U X5 such
that the division is consistent in the following sense.

Let clusters for X, X1 and X3 be C(X),C(X1) and C(X32) respectively.
The division of X into X7 and Xs is said to be consistent if the clusterings
C(X;) and C(X2) on X; and X3 correspond to the clustering C(X) of X
as shown in the Fig. (2).
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C(X, UX,)

N

C(X1) C(X2)
Fig. 2

3. LOOPS, FUNDAMENTAL GROUP, AND HIGHER
HOMOTOPY GROUP

Consider two spaces on a surface given by the following images

AB

Both spaces are connected and path connected. These topological prop-
erties are not able to distinguish the two spaces. A loop in a topologi-
cal space X at a point xo in X is a continuous map f : S' — X with
f(s0) = o, 50 being a base point in circle S'. Note that the space A has
only one loop, while the space B has two loops. The space A can be continu-
ously deformed to a circle O and the space B can be continuously deformed
to figure oo, which is one point union of two circles. Note that the figure
oo can not be continuously deformed to the figure O.

Given a topological space X and zp € X, let L(X;xo) be the set of all
loops in X at xg. The relation "continuously deformic to" is an equivalence
relation in L(X;zg). The set m1(X;xg) of equivalence classes forms a group
with respect to operation

[a] o [B] = o+ ],

where [a] is the equivalence class of the loop a and the join a * 8 of o and
B is defined as a % 5 : [0, 1] — X given by
a(2t), 0<t<
Q* B(t) - 1

p2t = 1),

The group 71 (X; xg) is called the fundamental group of X at x¢. The num-

ber of generators in 71 (X; o) for path connected space X gives the number
of holes in X. Note that the fundamental group of the circle is the group
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Z of integers having one generator. Also, m(00) &~ Z @ Z having two
generators.

In the same manner, higher homotopy groups m,(X;zg),n > 1 can
also be defined. An n—dimensional loop in X at x( is a continuous map
f: 8™ — X with f(s9) = zo, so being a fixed base point in S™. The relation
"continuously deformic to" is an equivalence relation in the set L, (X; zg) of
all n—dimensional loops in X at zg and the set 7, (X; ) of all equivalence
classes form a group with suitable operation. The group m,(X;z) is called
the n—dimensional homotopy group of X at xg.

Unlike 71, the number of generators in m,(X;xg) does not represent
number of n—dimensional holes. For example 73(S?) = Z has one genera-
tor, but it does not correspond to single 3—dimensional hole in S2. There
is no 3—dimensional hole in S2.

4. SIMPLICIAL COMPLEX

Let {ag,ai1,...,a,} in R™ be geometrically independent, i.e., vectors
(a1 —ap), (ag—agp), . . ., (a, —ap) being linearly independent. The n-simplex
o spanned by {ag,a1,...,a,} is the set of all points

n n
o= {Ztiai : Zti =1 and ¢ 20}.
i=0 i=0

The points ag, a1, ...,a, are called the vertices of the simplex o of di-
mension n. The simplex spanned by a proper subset of {ag,a1,...,a,} is
called a face of 0. Let e; € R*™ be {0,0,...,1,...,0} with 1 at the ith
place and 0 elsewhere. The n-simplex spanned by {eg,e1,...,e,} is called

the standard n-simplex and is denoted by A™.

Definition 4.1. A simplicial complex K in RY is a collection of simplices
o in RN such that

(a) Every face of a simplex o in K also belongs to K.
(b) The intersection of two distinct simplices in K is a face of both the

simplices.

Example 4.2. The figure given below is a simplicial complex given by
{AABC,AACD,AB,BC,AC,DC,AD,{A},{B},{C},{D}} with vertices
A,B,C and D.

Example 4.3. The figure given below is not a simplicial complex, since the
simplices AABC and AEFG do not intersect on their faces.
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A B
D C
Fig.(3)
A E
F G
B C
Fig.(4)

Definition 4.4. An abstract simplicial complex is a set S of finitely many

non-empty sets as elements such that if A € S, then every nonempty subset
of A also belongs to S.

Every element A in S is called a simplex of dimension |A| — 1, where |4| is
the number of elements in A. A point a is said to be a vertex of the abstract
simplicial complex if {a} € S.

Given an abstract simplicial complex S, one can assign a unique geomet-
ric simplicial complex K by assigning to each subset A € S, the simplex
spanned by elements of A and vice-versa.

Example 4.5. Given an abstract simplicial complex {{A, B,C},{A,C, D},
{A,B},{B,C},{A,C},{D,C},{A,D},{A},{B},{C},{D}}, one can as-

sign a unique geometric simplicial complex given by
{AABC,AACD,AB,BC,AC,DC,AD, A, B,C, D}.

Converse is also true.

Definition 4.6. A triangulation of a topological space X is a homeomor-

phism f: K — X, where K is a geometric simplicial complex. In this case,
X is said to be triangulable.
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A B
D N

Fig.(5)

Example 4.7. A triangulation of a circle S' is a homeomorphism
f: K — S', where

A
K = BQD
¢

= {AB,BC,CD,DA, A, B,C,D}

AF
and f:K_>Sl - BJQD’
CJ

given by f(A) = A", f(B) = B, f(C) = C", f(D) = D', f(AB) = arc A'B/,
f(BC) =arc B'C’, f(CD) = arc C'D’, f(DA) = arc D'A’.

Example 4.8. A triangulation of the disc D is a homeomorphism f: K —
D, where the simplicial complex K is given by

— {AABE,ABCE,ACDE,ADAE, AB, BC,CD, DA, AE, BE,CE, DE,
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AJ

B’ D’

A,B,C,D,E} and fi KD = given by

CJ
f(AABE) = Quadrant A'B'E’, f(ABCE) = Quadrant B'C'F/,
f(ACDE) = Quadrant C'D'E’, f(ADAFE) = Quadrant D' A'E’,
f(AB) =arc A’'B’', f(BC)=arc B'C', f(CD)=arcC'D,
f(DA) =arc D'A', f(AE)=A'E', f(BE)=B'F,
f(CE)=C'E', f(DE)=DE.

5. SIMPLICIAL COMPLEXES FROM A POINT CLOUD DATA

Given a point cloud data X = {z1,x2,..., 2y}, consider X, as the union of
all closed balls B (x;) with center x; and radius e. Thus

)(6 = CJ BE((L'Z)
i=1

X is called the e-offset or e-thickening of X. Clearly, { Bc(z;)}: is a covering
of X.

Definition 5.1. Given a cover U = {uq} of a topological space, the nerve
N (U) of the cover U is the abstract simplicial complex whose k-simplices are
determined by (k + 1) elements of ¢/ having nonempty intersection. Thus

k
[uim s 7uik] ENU) ﬂ Ui, 7 ¢.
n=0
Theorem 5.2 (Nerve Theorem). Given a cover U = {uq}aca of a space

X such that for any A’ C A,
Mo

acA’!
15 either ¢ or contractible, then X s homotopically equivalent to the nerve

NU) of U.

Definition 5.3. The Cech complex C.(X) of a point cloud X = {z1,...,z,}
for a given € is defined as the abstract simplicial complex given by the nerve

of the covering {Be(x;)}l; = Xc of X.
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Definition 5.4. The Rips complex R.(X) of a point cloud

X = {zo,21,...,2,} for a given € is defined as the abstract simplicial
complex whose k-simplices are determined by (k+1) points {z;,..., 2, }
from the point cloud X such that {z;,,...,x;_,} are pairwise less than or
equal to e distance apart, i.e.

d(z;.,x;,))<e, 1<rs<k+1.

Example 5.5. Consider a point cloud X with points z1,z2,...,z7, xs.

Fig 6

Remark 5.6. C.(X) C Rac(X) C Coc(X).

Remark 5.7. The number r of intersections that need to be computed to
determine the Cech complex of a large size point cloud X often poses some
practical problems. On the other hand, the e-connectivity graph is better
tractable to compute, making the Rips complex R.(X) a more computa-
tionally viable option.

Remark 5.8. Cech complexes (or Rips complexes) for different ¢; and €9
may have totally different features.

Example 5.9. Consider a point cloud X = {xg,x1,...,27, 28} and €1 < €3.
The sketches of €; and ey thickening of 9 points and of simplicial complexes
C., (X)andC,,(X) are as follows:

6. SIMPLICIAL HOMOLOGY

Given a simplicial complex K, the free abelian group generated by all the
p-dimensional simplexes in K is called the group of all p-chains in K and is
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denoted by Cp(K). The pth boundary map 0, : Cp(K) — Cp—1(K) is the
map given by

n

Op([v0,v1, .-, 0p]) = D (= 1) [vo,v1, ., Biy o, 0,

i=0
where [vg, v1,...,vp] is the p-simplex spanned by vertices v, v1, ..., v, and
[v0,1,...,Dj,...,Up|is the (p—1)-simplex spanned by the p vertices vy, v1, . ..
Vi—1,Vit1,---,Vp. One has the following chain complex for any simplicial

complex K

Op+1 Op—1

Ip
s Cpa () 25 Gy (1) 25 Cpoa () 24 -

with 0,0p+1 = 0, so that Im 9y C ker 0.

Elements of ker 0, are called p-cycles and elements of Im 0,41 are called p-
boundaries. The quotient group ker 9,/ Im 9y is called the pth homology
group of the simplicial complex K and is denoted by H,(K). Note that
Hy(C., (X)) = Z, since C¢,(X) given in Fig. (9) is continuously deformic
to a circle S'. Also, H;(Ce,(X)) = 0, since C¢,(X) given in Fig. (10) is
continuously deformic to a point.

7. PERSISTENT CHAIN COMPLEX AND PERSISTENT
HOMOLOGY

A chain complex {A;, d;}; is a sequence of abelian groups or modules A4;, i €
NU {0} connected by boundary homomorphism d,, : A, — A,_1 satisfying
dndn+1 - 0
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Example 7.1. As mentioned in section (6), given a simplicial complex K,
0, 0, Op—
S Cp+1(K) 5 Cp<K) — Cp—1<K) L

is a chain complex.

Definition 7.2. A persistent complex C consists of a family {C;} of chain
complexes, i € NU {0} along with R-module homomorphisms

fi.Cl, — C."' ineNu{0}

making the following diagram commutative.

N £1-1 - fi o £+
PCLly R Gy M O
Bn-l 8nu-] anu-]
CE 1 fnia ! ~C‘ fain .Ci'-.'l frlal
’ n n n
a, a, a,
s Fi 1 £l 2 f'l' 1
rCuy — =G — T G e
Fig. (11)

Example 7.3. Given a simplicial complex K, let K; be the simplicial com-
plex consisting of all simplexes of dim < 4. Consider the filtration

Ky—- K —-—=>K_ 1=K —>Ky—=-—=K
This gives a persistent complex at homology level as follows, Here C =
{H,.(K)'}.

Definition 7.4. A persistent complex C is said to be of finite type, if each R-
module C is finitely generated and 3 n such that for i > n, fi : C; — Cyiyq

is an isomorphism of chain complexes.

Remark 7.5. If the simplicial complex K is finite, then the persistent
complex given in Example (9) will be of finite type, since each homology
module H,(K;) will be of finite type.
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Example 7.6. For a point cloud X and given an increasing sequence of real
numbers {¢;},7 = 0,...,n, consider the family {C,(X)} of Cech complexes.
Consider the filtration of C¢,(X)

CoX) = CL(X) = -+ CI(X) = CITHX) = -

where C.,j(X) is the simplicial complex consisting of all simplexes in Ct, (X)
of dimension < j. This filtration gives the following persistent complex at

homology level.

Fig. (13)

Remark 7.7. If the number of elements in the point cloud X is finite, then
the persistent complex given above is also of finite type.

Definition 7.8. Given a simplicial complex K of dimension n and the
filtration

KoKl . oKl Kty ... K" =K, 0<i<mn,
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the inclusion map K*® < K7, i < j induces a homomorphism
f37 s Hy(K') — Hy(KY)

for every p,i and j. The p'" persistent homology groups PH;’j (K) are
defined as the Image(f,”) and p'" persistent Betti numbers 8,” (K) defined
as the ranks of the groups Image(f,”).

Definition 7.9. A persistent barcode represents each persistent generator

of the persistent groups PH;’j (K) with a horizontal line segment beginning
at the first filtration level where it appears and ending at the filtration level

where it disappears.

Definition 7.10. A persistent diagram plots a point for each generator of
the persistent groups PH,”(K) with its z-coordinate the birth time and
its y-coordinate the death time. Equivalently, the same data can be repre-

sented by a diagram where each generator is represented by a line segment
connecting the birth and death values plotted for separate p. This diagram

is called barcode diagram for p.

Definition 7.11. The p!* Betti number of a simplicial complex K is the
rank of the group H,(K).

Example 7.12. Consider a point cloud X consisting of points x1, x2, 3, 24
with d(z1,z9) = d(x3,24) = 1 and d(x1,x3) = d(z2,4) = 2. An increasing
sequence of € produces a filtration, i.e., a sequence of increasing simplicial

complexes (Rips Complexes)
REl(X) - R€2(X> - RES(X) C .-
Persistent homology tracks homology classes along the filtration.

At €1 = .5, the Rips complex R 5(X) has 4 com-
ponents with Ho(R5(X)) ~ Z*, showing that 0™

')‘-1. -xa .
Betti number By(R5(X)) = 4. At eo = 1, the
‘22‘ ‘X‘t .

R.5(X) Rips complex has two edges and two connected
7\._1[ ,[xs components, i.e., Ho(R1(X)) ~ Z* so that the
x, X, 0" Betti number fo(Ri(X)) = 2. At e3 = 2,

R4 (%) R(X) is a 1-dimensional rectangle with one con-
E o — i ;

1 X3 nected component, ie., Ho(R2(X)) ~ Z, ie.,
12:11‘,1 Bo(Ra(X)) = 1.
R2(X)
-_-_____-—'-'—-
R0
e
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Also, H1(R2(X)) ~ Z, showing that a one
dimensional loop is born at €3 = 2. There was no
loop for € < 2. Also, at ¢4 = /5, R 5(X) is a
solid tetrahedron having no hole and continuously
deformic to a point, showing that Ho(R, 5(X)) ~
Z and Hi(R 5(X)) = 0. Thus So(R 5(X)) = 1
and 81 (R (X)) = 0. All this can be represented

by persistent barcode as follows.

o

TRERYE 5 L3 28&,
Persislont Bovcoda |Persislent Barcode

for 0-dimreritiond fa for 1- i -—ola
©Fg.(1s) Fig-Clé)

Fig. (15) shows O-dimensional holes. At e¢; = 0.5, there are 4 bars
for 4 connected components in R5(X). At e = 1, R1(X) has only two
components. This is why the two top bars which started at e; = 0.5 die at
ea = 1. At e3 = 2, Ro(X) is a one dimensional rectangle giving only one
connected component with Hy(R2(Z)) = Z. Thus, the third bar from the top
starting from €; = .5 also ends at €3 = 2. But in Ry(X), one 1-dimensional
hole appears (inside rectangular edge). Note that Hi(R2(X)) =~ Z, showing
that the Betti number 51 (R2(X)) = 1. In fact number of generators of the
homology group Hi(R2(X)) reflects the number of 1-dimensional loops in
Ry(X). Also, since R 5(X) is a solid tetrahedron, Ho(R (X)) ~ Z so
that the bottom bar in Fig. (15) continues. Further, Hi(R (X)) = 0.
Thus, the one dimensional loop, which appeared at e3 = 2, disappears at
€4 = /5. This fact is reflected in Fig. (16). The Persistent diagrams and
Barcode diagrams for this are as follows.

For the point cloud X = {x,x9,x3, 24} and the increasing sequence of
distance parameters € = .5, €3 = 1, €3 = 2, €4 = /5, consider the increasing
sequence of simplicial complexes
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Applying homology functor for different p, one gets
Ho(R5(X)) — Ho(R1(X)) — Ho(Ro(X)) — Ho(R 5(X))
Q Q Q Q
74 N 72 — Z — 7

The above sequence shows how components are disappearing. For p = 1,

one gets the following sequence
Hi(R5(X)) — Hi(Ri(X)) — Hi(R(X)) — Hi(R (X))
Q Q Q Q
0 — 0 — 4 — 0

The above sequence shows appearing and disappearing of 1-dimensional
hole (loop).
Similarly, considering the filtration

R E(X) = R (X) = R22(X) = R 2(X) = R 5(X)

and applying homology functors for different p, one gets interesting infor-

mations.
Ho(R)e(X)) — Ho(Rl(X)) — Ho(R2(X)) — Ho(Rz(X))
2 2 u 2

74 — 4 — A — A
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This sequence shows disappearing of connected components. For p = 1, one
gets

Hi(R)e(X) — Hi(R(X)) — Hi(RL(X) — Hi(R(X))

% % % %

0 — 73 o 0 — 0
The above sequence shows that three independent 1-dimensional loops with
1/5(X ) of R(X)
and disappear at the 2-dimensional skeleton R?/g(X) of R (X) [See Fig.
(21)].

one common point appear at the one-dimensional skeleton R

Fig.(21)

Further, for p = 2, one gets

Hy(R'L(X)) — Ha(RLA(X)) — Ha(R2(X)) — Ha(RP.(X))

% Q &Q %

0 — 0 — Z — 0

The above sequence shows that one 2-dimensional hole appears at the 2-
dimensional skeleton Rf/g(X) of R /5(X) and disappears at Rf’/g(X).

Thus, using homology theory, we are able to find out which topologi-
cal feature such as connected components or 1-dimensional loops or higher
dimensional loops appear at what level of parameter € or skeleton and dis-
appear at what level.

8. APPLICATION OF PERSISTENT HOMOLOGY

Persistent homology has diverse applications in areas like biology, such as
cancer research, neuroscience etc, computer science, such as computer vi-
sion, network analysis etc, artificial intelligence and finance, such as analysing
financial market data etc. We illustrate couple of applications

(1)DNA structure

Persistant homology is used to analyze protein 3D-structure. Due to their
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complex folding patterns, protein are ideal candidates for topological anal-
ysis, as their shapes contain rich structural information that traditional
geometrical or statistical tools might overlook.

Step 1: Extracting protein data as a point cloud:

Protein are made up of chains of amino acids, and their 3-D suture is of-
ten represented by tracing the positions of specific atoms (most commonly
alpha carbon atoms C,) along protein backbone. These (z;,y;,2;) coor-
dinates form a natural point cloud X, which can then be analysed using
persistent homology.

Step 2: With the point cloud X in hand, we build filtration, i.e., a sequence
of simplicial complexes generated by connecting points of the point cloud
set X based on growing distance € threshold. This process tracks how topo-
logical features like, connected components, 1-dimensional loops and higher
order loops appear and disappear as the distance scale is changed. For
computing filtration and persistent homology, many specialized softwares
are used these days. Important among them are

(i) Ripser: It is a highly efficient fast C++/Python software primarly
used in computational topology for analyzing the topological fea-
tures of the data. One of its core functions is the computation of
Rips complex and its persistent homology.

(ii) GUDHI Software Library: It is a C++ library with Python interface
used for Topological Data Analysis. In particular, it helps in con-
structing simplicial complexes from a given data and in computing

persistent hourology.

Step 3: The results of persistent homology computed in step 2 are typically
visualized by persistent barcode and persistent diagram.

(a) Persistent barcode: Each topological feature is represented by a hor-

izontal line segment indicating the stage of birth and death of the
topological features and the length of the line segment indicating
how long the features persist.

(b) Persistent diagram: Here, each topological feature is plotted as a

point in a 2-dimensional plane with x—coordinate being birth stage
and y—coordinate being the death stage. In persistent diagram, the
points very close to the diagonal line represent features appearing
and disappearing almost immediately. Such points usually represent
noise or error. The points farther from the line y = x represent that
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the concerned topological feature is meaningful topological feature
revealing the true structural patterns within protein.

Step 4: Interpreting Betti numbers: Using Betti numbers, the topological

features are quantified.

(a) By represents the number of connected components.
(b) 1 represents the number of 1-dimensional loops.
(¢c) B2 represents the number of voids (2-dim. loops/holes).

Step 5: Computing homology generators: While Betti numbers tell us how

many topological features exist, it is also useful to identify the stage where
the topological features appear and the stage where features disappear. This
requires computation of generators of homology groups. For this, mostly
the following software libraries are used

(a) Eirene Software Library: It is designed for advanced persistent homol-

ogy group computation.
(b) GUDHI

(2) Application of persistent homology to Stock Exchange data

We illustrate it by the following example.
Suppose we track daily closing prices of 3 companies A, B and C over 100
trading days. Each day’s price of the three companies form a point

P, = (Pricea(t), Priceg(t), Pricec(t)),1 <t < 100.

These 100 points form a point cloud X in the 3-dimensional space R3, which
may be plotted. There may be two cases.

(a) If points lie near the diagonal line, it shows that the companies are
correlated.

(b) If clusters of points appear away from the diagonal line, it shows that
the companies are not correlated and fluctuate differently.

Thus, the observation of the plotted points give some qualitative general
informations. In order to get structured information from the data, we need
persistent homology. For this, as described earlier, we associate Cech sim-
plicial complex or Rips simplicial complex to the point cloud X for different
distance parameters €. From the filtration of the simplicial complex, one
calculates persistent homology which tracks different topological features

that appear and disappear as € changes.
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If at g, 0" homology Hy ~ Z, then the simplicial complex is connected
showing that all the three stocks are correlated to each others. In case,
Hy has more than one generator for €y, then the simplicial complex is not
connected and it shows that some stock move in uncorrelated manner (like
tech stock vs pharma stock).

If at €1, H1 is non-zero, then the simplicial complex has 1-order loop
and it indicates cyclic trading pattern of stocks
(e.g. tech — banking — energy — tech). See Fig. (22).

/)

-

Fig.(22)

9. SOME MORE APPLICATIONS(BRIEF MENTION)

(A) Cellular and gene data analysis:

Persistent homology is also used to analyze complex data sets from primary
visual cortex cell population and cancer gene expression data, providing
insights into the underlying cellular organization.

(B) Network Analysis:

As a feature extractor, persistent homology summarizes complex networks,

such as financial correlation networks or social networks etc, across multiple
scales, providing a more comprehensive view.

(C) Computer vision:

Persistent homology is applied to extract topological features from computer
images, and high dimensional point clouds, which helps in tasks such as
scene understanding and object recognition.

(D) Market Dynamics:

Persistent homology helps in identifying patterns and anomalies in financial

data, such as Bitcoin behaviour and stock market dynamics etc.
(E) Feature extraction:

Persistent homology helps in analyzing the topological information from a
time series data, such as data of daily stock prices or data obtained from
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hourly temperature reading etc. Such analysis helps in forecasting future
values, detecting anomalies and understanding performance invariance fields
like engineering, health monitoring and finance etc.

(F) Brain activity:

Persistent homology helps in detecting epileptic seizure, such as sudden
burst of abnormal electrical signals, by identifying synchronized patterns in
EEG signals (These signals record electrical activity of the brain).

10. SOME OTHER TOOLS OF ALGEBRAIC TOPOLOGY
BEING USED FOR TDA IN RECENT TIME

We have seen use of simplicial complexes and persistent homology for
TDA. However modern topological data analysis also uses some other tools
of Algebraic Topology mentioned below.

(A) Sheaves and cosheaves: Sheaf theory helps in encoding how local data

patches together globally. It is used in sensor networks, signal processing
and integration of multi-model data. Further, cosheaf may be able to track
how coverage of sensors overlaps and identifies blind spots, i.e., areas unde-
tected in sensor overlap.

(B) Discrete Morse Theory: It is a combinatorial adaptation of Morse The-

ory. Let Y be a cw-complex and X be the set of all cells in Y. A function
i X — Ris said to be discrete Morse function if

(a) For any cell o € X, the number of cells 7 € X in the boundary of o
which satisfy p(o) < p(7) is at most one.

(b) For any o € X, the number of cells 7 € X containing ¢ in their bound-
aries, which satisfy pu(o) > u(7) is at most one.

The Theory of discrete Morse function helps in simplifying simplicial
complexes by collapsing cells, while preserving homotopy type and provides
computational efficiency of persistent homology.

(C) Mapper Algorithms / Reeb graphs: It is a technique within TDA used
to construct a simplified graphical representation of high dimensional data,

revealing its underlying shape and patterns. This algorithm essentially ap-
proximates the Reeb graph of a data set, providing insights into its topo-
logical features such as loops, components and branches etc. It also offers
a way to visualize and understand high dimensional data in a better inter-
pretable graphical format. Note that Reeb graph represents how the level
sets of a function evolve, merge, and split. It also allows multiscale analysis.
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(D) Homotopy groups: They help in shaping classification of data up to ho-

motopy, specially in robotic motion planning and in studying non-trivial
loops in sensor networks.

(E) Cohomology and cup products: This tool helps not only in counting

topological features and their nature but also captures interaction between
different features.

(F) Spectral sequence: It relates homology at different scales or filtration

and is used to study multi-parameter persistence (i.e., when more than one
scale parameter is relevant, e.g., density and distance)
(G) Persistence combinatorial Laplacian: It is a new approach in data anal-

ysis that combines topological and geometric features. It extends persis-
tence homology by using Laplacian operator (A or V2 a second order dif-
ferential operator calculating the divergence of the gradient of a function)
to capture not only the topological features of a data set but also additional
geometric and homotopic information that persistent homology misses. As
seen in applications like protein engineering and image analysis, it allows
far more powerful data analysis and machine learning tasks, such as classi-
fication and representation.

(H) Persistent Dirac operators: These are a class of mathematical tools used

in TDA, particularly for representation and analysis of complex structures
like molecular data. These are square roots of the persistent combinatorial
Laplacian, which can be used to efficiently compute persistent Betti num-
bers, summarizing topological features at multiple scales. This allows to
study the geometric structure of data also.
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ABsTRACT. Cryptosystems are one of the most relevant and necessary
aspects in today’s world in order to facilitate the security and protec-
tion of information send through various communication channels. In
this paper we introduce a new public key cryptosystem which uses ver-
tex magic total labelling of graphs corresponding to the ciphertext for
encryption and decryption procedures and uses RSA algorithm for the
generation of public and private keys. We propose an algorithm for

this and also illustrate the algorithm using an example.

1. INTRODUCTION

A graph G is an ordered pair (V, E) where V is the set of vertices and
E is the set of edges. Graph labeling refers to assigning integers, real num-
bers or even objects to vertices, edges or both. Labeled graphs has many
applications in coding theory|5], circuit design, communication networks|7],
cryptography etc. In this paper, a graph labeling technique named vertex
magic total labeling [4] is used for encryption.

The study of utilising mathematics to encrypt and decrypt data is known
as cryptography. It is classified into two: symmetric-key cryptography and
public key (asymmetric) cryptography. Public key cryptography is an asym-
metric encryption method that encrypts data using a public key and de-
crypts it using a corresponding private key. The public key will be released
into a public directory, where as the private key is kept secret. Hence only
the person who knows the private key can decrypt the message. Using the
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concept of public key cryptography Diffie and Hellman developed the algo-
rithm known as RSA Algorithm|6], which is used in this paper to develop
the public and private keys for our cryptosystem.

2. PRELIMINARIES

Definition 2.1. A graph labeling [2] is an assignment of integers to the
vertices or edges, or both, subject to certain conditions.

Definition 2.2. A vertex magic total labeling (VMTL) [3] of a graph
G = (V,E) is a bijection f: VUE — {1,2,3......,|V| + | E|} such that for
every vertex v,

f)+ ) flow) =k

vweE

where k is a constant.

Algorithm 2.3. Algorithm for Vertex Magic Total Labeling for K,
when n is odd [3]. For odd n > 1, we construct the labeling as follows.

Consider an n x n matrix M. Let 4, j be the indices for rows and columns
respectively. The indices follow a zero based index. The process of filling
the entries of the matrix is similar to constructing a magic square of order n.
The only difference is that we stop filling the matrix once we have reached

n(n—1)
2

the number n + . The process is described below.

e Step 1: Let x = 1. Start populating the matrix from the position

s n—1 . _ n—1
j_ 2 72_ 2

e Step 2: Fill the current (i, 7) position with the value z, and incre-
ment x by 1.

e Step 3: The subsequent entries are filled by moving south-east by
one position (i.e. i = i + 1(modn) and j = j + 1(modn)) till a
vacant entry is found. If the cell is already filled, then fill from the
south-west direction (i.e. ¢ = i+1(modn) and j = j—1(modn)).The
value of x has to be incremented after filling an entry. If x reaches

n+ @ then proceed to step 4.

n(n—1)
2
the non-diagonal entries by appealing to symmetry (i.e., just copying

e Step 4: The remaining n + entries are filled just by copying

the numbers in the lower triangular matrix to the upper triangular

matrix and vice-versa from filled cells to unfilled cells).

The vertex magic total labeling of K7 is shown in the Figure 1.
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"&;

NEBE7
s/

FIGURE 1. The VMTL of complete graph K>

Remark 2.4. When n is even a similar algorithm is described by H.K.
Krishnappa [3].

Definition 2.5. The bifid cipher is one of the classical cipher techniques
that can be easily executed by hand. The bifid cipher uses square n x n grid
and was invented by Felix Delastelle in 1901. In its simplest form it creates
a grid and which maps the letters into numeric values[1]. All of the symbols
needed to create the plaintext and ciphertext’s alphabet can be found in
this grid. In our cryptosystem we are going to use the 9 x 9 grid which is

given in table 1.

L [[0[1]2]3[4[5]6[7]8]
0/|A|B|C|D|E|F|G|H|I
1|JIKILIM|N|O|P|Q|R
2(1S|TIUIVIWI|X|Y|Z]|0
3111121314 |5|6[7(|8]9
4lla|blc|d|e|f|g|h|i
5IIj k|l m|n|o|p|g|r
Ol|s|t|ulv|w|x|y|z]|.
7 N ? [ IR ES
SILCO IS ]=%
TABLE 1. The 9 x 9 bifid cipher for the alphabet used

Remark 2.6. In order to get the numerical equivalent of a given text using
bifid cipher, each symbol in the text is converted to a 2 digit number where
the first digit represents the row and the second digit represents the column
containing that symbol. For example the numerical equivalent of ‘APPLE’
using the bifid cipher in table 1 is 00 16 16 12 04.
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3. THE PROPOSED VMTL CRYPTOSYSTEM

In this section we propose a new cryptosystem which uses the basics of
the well known RSA cryptosystem [6] for key generation and an algorithm
engaging VMTL for encryption and decryption processes.

Remark 3.1. In the following algorithm we use the term weight for the
number assigned to edges and label for the number assigned to vertices.

Remark 3.2. Adjacency matrix in this section is defined as a matrix whose
ijthentry is the weight of the edge (v;, vj), when i # j and is 0 when i = j.

3.1. Key generation using RSA algorithm.

(1) Select two prime numbers p and ¢ (sufficiently large for practical

purposes).
(2) Find n =p x q.
(3) Calculate ¢(n) = (p—1)(¢ —1).
(4) Choose an integer 1 < e < ¢(n), which is relatively prime to ¢(n).
(5) Calculate d such that de = 1(mod¢(n)) (using Euclid’s Division

Algorithm).
(n,e) will be the public key and d will be the private key.

3.2. Encryption Procedure. Suppose we have to encrypt a message of
length m.

(1) Add a unique letter say A at the beginning of the message (this
letter will be fixed and predetermined for the cryptosystem).

(2) Find the numerical equivalent of the plaintext of length m using
bifid cipher given in table 1. Let the numerical equivalent of the "
character be denoted by p;.

(3) Convert the message into a complete graph K, with every character
in the actual plaintext as a vertex labelled as 1,2,3,...,m. Add
a vertex (labelled 0) representing the unique letter A and make
it adjacent with the vertex representing the first character of the
message. Let the resulting graph be G.

(4) A weight is assigned to each edge as the difference of the numerical
equivalents of the end vertices of that edge. (i.e., weight of e;; =
pi — pj, Where i > j).

(5) Denote the adjacency matrix (as defined in remark 3.2) of this
weighted graph as M.
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(6) Obtain the matrix M; by assigning 0, 1, 2, ..., m (i.e., the order of
occurrence in the plaintext of the letters represented by the vertices)
as the diagonal entries of the matrix Mj.

(7) Generate the vertex magic total labeling for K, 1 (i.e., complete
graph with letters in the plaintext and the unique letter A as ver-
tices) using algorithm 2.3.

(8) Find its Hamiltonian cycle with minimum weight and denote its
adjacency matrix as Mo.

(9) Multiply M; and M to obtain the matrix C.

(10) Then obtain the matrix M, = [Méu] where Méij = (Ma,;)¢(mod n).
(11) As cipher text, send the matrix C' as a single row (with space be-

tween each entry) and the matrix M,.

3.3. Decryption Procedure.
(1) Receiver calculates My = [Ma, ;] where M, = (Mé”_)d(mod n).
(2) Then M is obtained as M; = CM, !
(3) Construct the weighted graph G using the adjacency matrix M; and
the unique letter.
(4) Message can be then decoded using table 1.

4. ILLUSTRATION OF THE CRYPTOSYSTEM

In this section we will illustrate the procedure described in the previous

section by encrypting and decrypting the message ACTION.

Key generation:

(1) Select primes p =7 and ¢ = 17.

(2) n=7x17 =119

(3) é(n) = (7T—1)(17 — 1) = 96

(4) Choose an integer e = 5 which is relatively prime to ¢(n) = 96.

(5) Using Euclid’s algorithm we get d = 77.

(6) (119, 5) can be released as the public key and 77 is kept as the
private key.

Encryption:
(1) Here m = 6.

(2) We add the unique letter A at the beginning of the message and
obtain the new message as AACTION.
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(3) The numerical equivalent of the message AACTION is “00 00 02 21
08 15 14" which is obtained using the bifid cipher given in table 1.
Then py = 00,p; = 00,py = 02,--- and so on.

(4) Using steps 3 and 4 in encryption algorithm mentioned above, we
obtain the weighted graph G as shown in figure 2.

FiGURE 2. The weighted graph GG mentioned in step 4 of
the illustration

(5) Obtain the adjacency matrix of graph G in figure 2 as follows:

0 0 O 0 0 0 0]
0o 2 21 8§ 15 14
2 0 19 6 13 12
2119 0O -—-13 -6 -7
8 6 —13 0 7 6
15 13 -6 7 0 -1
14 12 -7 6 -1 O

(6) Obtain M; by assigning the labels of the vertices (i.e., 0, 1, 2, 3, 4,
5, 6) as diagonal entries of M.

=
Il
o oo oo o

0 0 0 0 0 0
1 2 21 8§ 15 14
2 2 19 6 13 12
21 19 3 -13 -6 -7
8§ 6 —-13 4 7 6
15 13 -6 7 5 -1
0 14 12 -7 6 -1 6

O O O O O O

M,y

(7) Using vertex magic total labeling for K7 (i.e., complete graph with
the letters in the plaintext and the unique letter A as vertices) we
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obtain the graph in figure 3.

I

Q
N/

FicUurg 3. Graph K7 obtained in step 7 after VMTL

LY
e

(8) Obtain the adjacency matrix corresponding to the labelled graph
K~ as follows:

22 5 16 13 10 21 4
5 23 6 17 14 11 15
16 6 24 7 18 8 12
13 17 7 25 1 19 9
10 14 18 1 26 2 20
21 11 8 19 2 27 3
4 15 12 9 20 3 28]

(9) Figure 4 gives the Hamiltonian cycle in the graph in figure 3 with

minimum weight.

v5 2 V6

FIGURE 4. Minimum weight Hamiltonian cycle in K7 with
VMTL
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(10) The adjacency matrix My of the Hamiltonian cycle in figure 4 is

given below.

My

I
- O O O O Ot O
O O O O O O Ot
O 0 O O O O O
o O = O O O O
O N O = OO O
S O N O o O O
O O O © O O =

(11) Compute the cipher text matrix C as:

[0 0 0 0 0 0 0
61 12 126 134 51 32 189
58 12 116 114 45 28 171
C=DMDM,= |77 114 78 —-76 —9 126 27
68 36 96 67 -1 56 117
71 78 130 -3 4 116 —-54
194 72 76 61 -9 110 —63 |

(12) Obtain M, where M, = (Msy,;)*(mod 119)

0 31 0 0 0 0 72]
3. 0 41 0 0 0 0
0 41 0 0 0 43 0
My=|0 0 0 0 1 0 25
0 0 0 1 0 32 0
0 0 43 0 32 0 0
72 0 0 25 0 0 0]

(13) Data to be send to the receiver is
000000061 12126 134 51 32 189 58 12 116 114 45 28 171 77
114 78 -76 -9 126 27 68 36 96 67 -1 56 -117 71 78 130 -3 4 116 -54
94 72 76 61 -9 110 -63
together with the matrix M.

Decryption:

(1) In the recipient side,we can calculate the matrix My where My,; =
(My, )™ (mod 119).
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0500 0 0 4]
506 0000
06 00080
My=10 000 10 9
0001020
0080200
4 009 00 0

(2) Then calculate M; as C My :

0 0 0 0 0 O
1 2 21 8§ 15 14
2 2 19 6 13 12
2119 3 -—-13 -6 -7
8§ 6 —13 4 7 6
15 13 -6 7 5 -1
14 12 -7 6 -1 6

M, =CM,; "' =

O O O O O O O

From the adjacency matrix M; we can get the graph G given in
figure 5.

Ficgure 5. Graph G obtained from M;

(3) We assume that the vertex labelled 0 is for A (which will be true
always, as per our construction). Now we find the letters corre-
sponding to the vertex i (i = 1,2, ...,6) using the relation “numerical
equivalent of vertex (i — 1) + weight of edge joining vertices (i — 1)
and (i) = numerical equivalent of vertex (i)” and using the table 1.
Using this relation we get numerical equivalent of vertex 1 =0 + 0
= 00, and from table 1 this represents letter A.

Numerical equivalent of vertex 2 = 2 + 0 = 02 which represents
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letter C.

Numerical equivalent of vertex 3 = 19 4+ 2 = 21 which represents
letter T.

Numerical equivalent of vertex 4 = -13 + 21 = 8 which represents
letter I.

Numerical equivalent of vertex 5 = 7 + 8 = 15 which represents
letter O.

Numerical equivalent of vertex 6 = -1 4+ 15 = 14 which represents
letter N.

Thus we have decrypted the message as ACTION.

Remark 4.1. In this paper, we have used the Bifid cipher for numerical

encoding to simplify the illustration. However, for practical applications,

the Bifid cipher can be replaced with more modern and robust encoding

schemes to create a stronger cryptosystem.

5. COMPLEXITY ANALYSIS

In this section we present a complexity analysis of our algorithm using

Big O notation, which is a method used to describe how efficient an algo-

rithm is, particularly how its running time increases as the size of the input

grows.

(1)

(2)

In the proposed algorithm, first a vertex magic total labeling is to
be given to a complete graph on m vertices. This VMTL has a
complexity of O(n?) under optimized conditions.

Two matrices operations are involved in the proposed algorithm of
which adjacency matrix generation has a complexity of O(n?) and
matrix multiplication of two matrices has standard time complexity
of O(n?) using classical algorithm.

In step 12, for an mxm matrix we are taking power of the entries and
are reducing them modulo 7, which has a complexity of O(m3loge).
In RSA key generation, if the prime numbers p and ¢ are each of bit
length n, then generating these large primes has a time complex-
ity of O(n?), primarily due to the computational effort involved in
identifying sufficiently large prime numbers. In contrast, Euclid’s
algorithm, has a time complexity of O(n) which is relatively negli-
gible compared to the other computational steps.
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CONCLUDING COMMENTS

In this paper, we propose a novel cryptosystem that employs vertex

magic total labeling for both encryption and decryption processes. To en-

hance its practicality and security, the proposed cryptosystem can be fur-

ther strengthened by integrating contemporary and more robust encoding

techniques.
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ABSTRACT. In this article, we prove that there exists a unique perime-
ter minimizer among all piecewise smooth simple closed curves in M2
enclosing area A > 0 (A < 2 if k = 1), and it is a circle in M2 of ra-
t if k=0,
dius AS, (\/A (4w — /<;A)/(271')>7 where AS.(t) := { arcsin(t) if K =1,
sinh™!(t) if x = —1.
We also prove the isoperimetric inequality for M2. We give an elemen-
tary geometric proof which is uniform for all three simply connected

space forms.

1. INTRODUCTION

Questions of the following type arise quite naturally. Why are small
water droplets and bubbles that float in air approximately spherical? Why
does a herd of reindeer form a circle if attacked by wolves? Of all geometric
figures having certain property, which has greatest area or volume; and of all
figures having certain property, which has least perimeter or surface area?
These problems are capable of stimulating mathematical thought.

The isoperimetric problem on a surface is to enclose a given area with
the shortest possible curve. The classical isoperimetric theorem asserts that
in the Euclidean plane the unique solution is a circle. This property of the
circle is most succinctly expressed in the form of an inequality called the
isoperimetric inequality. The solution of isoperimetric problem for ‘rectan-
gles” was already known to Euclid. Little progress was made from Greek
geometers until Swiss mathematicians Simon L’Huilier and Jacob Steiner
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of late eighteenth century. Using a symmetry argument Steiner has shown
that the minimizer is a circle. However he did not prove the existence of
a minimizer. By the use of ‘approximating polygons’, Edler filled this gap
in 1882. However, these methods have long been forgotten and seem to
have been rediscovered in [29]. Here, by analogous methods, we solve the
isoperimetric problem on the simply connected surface M? having constant
sectional curvature x (k = 0,+1), and prove that ‘circle’ is the unique so-
lution to the isoperimetric problem. In this article, we give an elementary
geometric proof which is uniform for all three simply connected space forms.

Before starting, a little more history is worth inserting. The history in-
cluded here is taken mainly from the survey article of Osserman [37] which is
about developments in the theory of isoperimetric inequalities. This survey
recounts some of the most interesting of the many sharpened forms, vari-
ous geometric versions, generalizations, and applications of this inequality.
Also see the book by H. Hadwiger [28], Other general references given in
[37] are Kazarinoff [30], Pdlya [[40], Chapter X], Porter [42], and the books
of Blaschke listed in the bibliography. One aspect of the subject is given by
Burago [15]. Others may be found in [38] and in the book of Santalo [47].

Most histories of the isoperimetric problem begin with its legendary
origins in the “Problem of Queen Dido”. Her problem (or at least one
of them) was to enclose an optimal portion of land using a leather thong
fashioned from oxhide. If Dido’s was the true original isoperimetric problem,
then what is needed is a solution not in the plane, but on a curved surface.
(For more history of the classical case of curves in the plane see Mitrinovié
[36]). The consideration of the isoperimetric problem on curved surfaces
goes quite a way back, at least to an 1842 paper of Steiner [50]. The fact
that the smooth closed curve solving the isoperimetric problem on a surface
must have constant geodesic curvature was mentioned in Steiner’s paper
[[50], p.150], and a proof was given in 1878 by Minding [35]. A detailed
discussion is given in §18 of an extraordinary paper of Erhard Schmidt [49].
This paper provides an extended analysis of the isoperimetric problem on
surfaces.

An interesting solution to the isoperimetric problem for curves on the
sphere was given by F. Bernstein in 1905 [8]. A proof of the isoperimetric in-
equality for the hyperbolic plane was given in 1940 by Schmidt [[48], p.209].
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Fiala [27] appears to have been the first to prove a general isoperimetric in-
equality for surfaces of variable Gauss curvature. See also Bol [13], Schmidt
[[49], p.618], Aleksandrov [1], [[2], p.509] and Aleksandrov and Strel’cov
[3, 4]. For the survey of the isoperimetric problem on general Riemannian
manifolds refer to [[37], p.1211, §C].

The fact is, the isoperimetric inequality holds in the greatest generality
imaginable, but one needs suitable definitions even to state it. The isoperi-
metric inequalities have proved useful in a number of problems in geometry,
analysis, and physics.

We remark here that there are many other results of a similar nature,
referred to as isoperimetric inequalities of mathematical physics, where ex-
trema are sought for various quantities of physical significance such as the
energy functional or the eigenvalues of a differential equation. They are
shown to be extremal for a circular or spherical domain. Faber-Krahn The-
orem [26, 32, 33| is an example of such results. Please see Rayleigh’s fun-
damental treatise The theory of sound [[45], §210]. Extensive discussions
of such problems can be found in the book of Pdlya and Szegé [41] and
the review article by Payne [39]. For some recent results of this type see
|44, 31, 23, 24, 25|. For specific relations between the first non-zero eigen-
value of the Laplacian and geometric isoperimetric constants associated with
compact Riemannian manifold, we refer to papers of Cheeger [22] and Yau
[52]. (See also Buser [17, 18, 19, 20|, Berger |5, Chavel [21]| and Reilly [46]).

We now state the main results:

(0, 00) if k=0,
Theorem 1.1. Fizn >3 in N & A € ¢ (0,27) if k=1, Among
0,(n—2)7m) ifk=—1.
all polygons with n sides in M,% having area A, perimeter minimizer is the

reqular n-gon.

t if k=0,
Let AS.(t) := { arcsin(t) if Kk =1,
sinh™(t) if K = —1.

Theorem 1.2. Fix A >0 (A < 2w if k = 1). There exists a unique perime-

ter minimizer among all piecewise smooth simple closed curves in M? en-

closing area A, and it is a circle in M? of radius AS, (\/A (Ar — K A)/(27r)>,
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Corollary 1.3. Fiz A > 0 (A < 27 if Kk = 1). There exists a unique
perimeter minimizer among all piecewise smooth simple closed curves in M?

having m components each enclosing area A; > 0 such that A = > A;,
and it is a circle in M? of radius AS (\/A (4m — /<;A)/(27r)>.

Theorem 1.4 (The Isoperimetric Inequality for M?2). For any piecewise
smooth simple closed curve C in M2 with arc-length ¢ and enclosing area
A>0 (A<2rifk=1) we have £? > 4wA — k A? and equality holds if

and only if C is a circle in M? of radius AS, (x/A (4m — HA)/(ZT[’)).

In section 2, we introduce the model spaces M? (as Riemannian man-
ifolds) and discuss isometries of M2. In section 3, we state few results on
triangles and polygons in M? and we have given proofs mostly when the
results are not available in books. Regular polygons in M? are studied
in section 4. Section 5 contains the proof of Theorem 1.1. In section 6,
proofs of Theorem 1.2, Corollary 1.3, Theorem 1.4 are given. Section 7 is
an appendix to this article.

2. ISOMETRIES OF M?

A space form is a complete Riemannian manifold with constant sec-
tional curvature k. Complete, simply connected Riemannian manifolds of
dimension d, with constant sectional curvature x are denoted by M2

Let <, >( denote the standard inner product of the Euclidean space E?
(d € N). The Euclidean space (E?, <, >¢) and $? = {z € E? | <,z >¢ =
1}, the unit sphere in E? with induced Riemannian metric from E3 are the
model spaces for M02 and M? respectively. The hyperboloid of one sheet
{(z1,22,73) € R3|2? + 2% — 23 = —1 & x3 > 0} with the Riemannian
metric induced from the bilinear form (x,y) ; = x1y1 + 2y2 — T3y3
where & = (21,72,23), ¥y = (y1,¥2,¥3) is the model space for M?,. The
inner metric d,, of M?2 is given by the formula

(x—y,x—y), ifr=0

dye(z,y) =
AC, (k <z,y>.) HfK#0

where
t if k=0,

AC(t) := { arccos(t) if Kk =1,
arccosh(t) if Kk = —1.
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Please note that if (M, ¢) is a Riemannian manifold with sectional curvature
k. Then for any constant ¢ > 0, the sectional curvature of (M, cg) equals
2. This is the reason why we can rescale the metric and consider only the
cases k = —1,0, 1.

Forp € M2 andr >0 (r < wifx = 1), Bu(p,7) :={x € M?|d.(p,x) <
r} denotes the open ball in M? with center p and radius r. Its boundary is
Cu(p,7) :={x € M?|d.(p,x) =1}

If we take
(0,0) if k=0
Po = ) (1)
(0,0,1) ifxk#0
then C,(po,r) is nothing but a Euclidean circle in the plane
{(@1, 23, 5] Cu(r)) | 1,22 € R} C R

with center Cy(r) po and radius S, (r), where

t ifk=0 t ifk=0
Cn(t) = cost lf k=1 and S/{(t) = sint lf k=1
cosht if k=-1 sinht if x = —1.

We say that Cy(p,r) is a circle in M2 of radius r. The area of the ball
By(p,7) is 47 S? (g) The perimeter of the ball By(p,r) is 27 .S, (7).
Please note here that the model space E? is identified with the z129—plane
in R3.

Let Hy denote a line in E2. Let H,, x # 0, denote a 2-dimensional
vector subspace of R®. Let n, be a unit vector normal to H, at any point
of H.. Let H, := H, N M2 We call H, a line in M2. Then M2\ H,
has two connected components. We call these components having H,; as
common boundary as open half-spaces in M?2. When x = 1 they are the
open hemispheres in S2.

Definition 2.1. The reflection ry, through a line H, in M? is defined as

rp. () =x —2 < x,ng >k Nk

Definition 2.2. Let (M, g) be a Riemannian manifold. A diffeomorphism
@ : M — M is called an isometry of (M, g) if the differential dp preserves
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Riemannian metric, i.e., for all x € M and for all pairs u,v € T, M we have

g:c(uv v) = Gp(x) (d¢|x(u)v d90|x(v))
Remark 2.3. Any isometry ¢ of (M, g) satisfies d(¢(x), p(y)) = d(z,y) Vz,y €
M, where d is the inner metric of (M, g).

Proposition 2.4. Given any positive integer k and two sets of k points
{A1,..., Ay} and {Bu,..., By} in M? such that d.(A;, A;) = d(B;, Bj)
Vi, j€{l,...,k} there exists an isometry of M? mapping A; to B; Vi €
{1,...,k}. Moreover, one can obtain such an isometry by composing k or

fewer reflections through lines.
(cf. Proposition 2.17 of [14])

Proposition 2.5. Let ¢ be an isometry of M2
(1) If ¢ is not the identity, then the set of points which it fizes is con-

tained in a line.

(2) If ¢ acts as the identity on some line Hy, then ¢ is either the identity
or the reflection rp, through the line H,.

(3) ¢ can be written as the composition of three or fewer reflections

through lines.

(cf. Proposition 2.18 of [14])

We now describe the Isometry group of the model spaces M2, denoted
as Iso(M?2). Let O(d), d € N, denote the group of orthogonal real matrices,
i.e., those real d x d matrices A which satisfy ‘A A = Id, where *A is the
transpose of A and Id is the identity matrix. Consider the group GL(d +
1,R) (thought of as matrices) with the usual linear action on R, Let
O(d, 1) denote the subgroup of GL(d + 1,R) consisting of those matrices
which leave invariant the bilinear form < .- >_;. A simple calculation
shows that O(d, 1) consists of those (d+ 1) x (d 4+ 1) matrices A such that
tAJ A= J, where J is the diagonal matrix with entries (1,1,...,1,—1) in
the diagonal. Let O(d,1);+ C O(d,1) be the subgroup consisting of those
matrices in O(d, 1) whose bottom right hand entry is positive.

Proposition 2.6. (i) Iso(M2)= R? x O(2), the semi direct product of
additive group of R? with the orthogonal group O(2).
(ii) Iso(M?) = O(3).
(iii) Iso(M?%,) = O(2,1).

(cf. Theorem 2.24 of [14])
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3. GEODESIC SEGMENTS, TRIANGLES AND POLYGONS IN
M

Definition 3.1. Connected subsets of line H, in M2 are called geodesic
segments of M?.

Consider x,y € M? such that * # y (z # +y when x = 1). Put
vi=y—kK <y,r >, 2+ (x| — 1)z. Then, v € T,M?2. We denote
v
V< U,0 >,
Then [z,y] is a geodesic segment in M2 joining x and y.

For p € M? and unit vector v € T,M2\ {0}, let 7, denote the geodesic
with the initial conditions ~,,(0) = p and 7,,,(0) = v. Then

Ypo(t) = Cﬂ(t)ml P+ Sk(t)

{cﬁ(t)lﬁl T 4 Sk(t) 0<t< dn(m,y)} by [z,].

— ___ (teR)
V< U,0 > '

Every geodesic 7,, with given p € M? and v € TpM,f is a unit speed
parametrisation of a unique line H, such that p € H,, v € H.. A polygon p
in M? is a closed region whose boundary g is a simple closed curve (i.e., it
is homeomorphic to S!) consisting of geodesic segments. A point p of dgp is
called a vertex of p if Op intersected with some disc with center p consists
of two radial geodesic segments which are not extensions of each other. The
geodesic segments constituting dp are called sides of p. For a vertex p of a
polygon g, let ~,,, and 7., denote the sides of p having common vertex
p. A positive orientation of Jp with respect to the bounded domain % is to
traverse Jgp in a direction such that g% lies to the left of Jp while moving
along it. Let gi,¢g2 be the end points of 7y, 4,,7Vpw, respectively. If the
successive points qi, p, g2 represent the positive orientation of the boundary
then, the angle of polygon @ at vertex p is defined as
L{v, v} if det (v1, v2,n(p)) <0,
Latp:=
21 — L{v1, v} if det (v1,v2,n(p)) > 0.

Here, n(p) is the unit normal to M2 at p := (p1,p2,p3) € M2 C R3. That
is,

es3 if k=0,

np)=< p if k=1,
(plvp?a 7p3) if K =—1.
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A polygon g is said to be convez if for any x,y € p (with y # —z if K = 1),
the geodesic segment [x,y] is contained in p. A polygon g is said to be
locally convez if for any = € @, By (z,r) N p is convex ¥V r > 0. Note that
a connected locally convex polygon is convex and vice versa. A polygon in
M? is called proper polygon if it contains no pair of antipodal points. A
polygon (proper polygon if x = 1) of n sides is called an n-gon in M?2. Note
that for any n-gon, n > 3 always holds. For k # 1, any 3-gon is always
convex. A convex 3-gon in M? is called a triangle in M?2. A triangle in M2
having vertices x, y, z € M? is denoted by [z, y, z].

Law of Cosine for triangles in M2:

k=0 c=a?>+b>—2abcosv,

k#0 Cglc) = Ckla) Ck(b) + k Sk(a) Sk(b) cosy,

where a, b, ¢ are the sides of the triangle and ~ is the angle opposite to side

C.

In particular, fixing a, b and k, one sees that c is a strictly increasing
function of v € [0,7]. The triangle inequality for a triangle in M2 follows
from the Law of Cosine. Strict triangle inequality holds for triangles in M?2.

S Sk (b S
Law of Sine for triangles in M,f: fi(a) = H( ) = f{(c),
sin « sin 8 sin -y
where a, b, ¢ are the sides of the triangle and «, 8, « are the angles opposite

to sides a, b, c respectively.

Theorem 3.2. The area of a triangle T in M? (k # 0) with angles «, B, v
is equal to k (a+ B+ —m).

Proof. By Gauss-Bonnet Formula, (o« + 3+« — ) is nothing but [« dV,
where dV is the area element of M2. Therefore, for M2 (xk # 0), area of
triangle T is equal to kK (o + S+ v — 7). O

Remark 3.3. (1) For k = 1, Theorem 3.2 is known as Girard’s Theo-
rem.

(2) The area of a triangle in E? can not be determined only from its
three angles.

(3) The area of the disk B := B_; (p,2 sinh~! (%)), peE M, isn
which is greater than area of any triangle in M?. Hence there is no
triangle in M2, which can inscribe the disk B. Triangles in M2,
are thin!
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Theorem 3.4. The area A of a triangle in M? with sides a,b, ¢ is given by

the equation

Tiwi(A/4) = VTu(s/2) T [(s — a) /2] T [(s = 0)/2] Tu[(s —)/2]  (2)

t if k=0,
where s .= (a +b+c¢)/2 and T,.(t) == < tant  if k=1,

tanht if k = —1.

Proof. Kk =0: Let v be the angle included between the sides a and b. From
the Law of Cosine we have
a? +v? -2

COS7y = 2%ab

2
Hence, siny = /1 — cos?y = Py Vs (s—a) (s —b) (s — c) (and the Law of
a
Sine follows immediately). Therefore,
1
A= §absin’y: Vs(s—a)(s—0b)(s—c).

k # 0: In what follows the equations (A-1), (A-2), (A-3), ... and (B-1),
(B-2), (B-3), ... refer to equations from Appendix A and Appendix B re-

spectively which appear at the end of the article. By Theorem 3.2,

. (K (atB+y—)
. sin ( /=7
an(2) = (Rl 20 ()

 cos (7” (a+ﬁ4+777r))

b
cﬁg >b by (B-4) and (B-6)].

[
2
I~
o |- [S1leY
N—"
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Therefore,

wn(4) - RElBIC

Remark 3.5. Equation (2) is known as Heron’s formula and L’Huilier’s
formula for kK = 0 and x = 1 respectively.

Proposition 3.6. Given two sides a, b and the included angle v of a triangle
in M2, its area A is given by the formula
CTy(a/2) CTy(b/2) (sin? )15l 4 K cosy

sin 7y ’

CTin(A/2) =

t if k=0,
where CT,(t) := S cott  if k =1,
cotht ifk=—1.

1
Proof. k=0: A= 5 ab sin-y.
k # 0: Let o, 8 be the other two angles of the triangle opposite to sides
a, b respectively. By Theorem 3.2,

sina sin<’i(o‘+ﬁ+7_7r)>:nsm<o‘+ﬂ+7_”> [by (A-1)]

2 2 2

L cos (‘”f”) by (A-3)

= foos (O s (2) s (“5 ) s ()] oy a0
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Thus, using (B-4) and (B-6), we get
a+b a—b
sinA = nCﬁ( 2 >_Cﬁ( 2 >sin(7>cos
2 (E)
Cy 5
Now, using (A-4) and (A-16) we infer that,
a b\ .
' A Sk (5) Sk (2> sin 7y
sn (A = \ | 3)
: ¢ (3)
"\2

* @ o) @] [by (4-6)]
e (%)
e e(5) s (§) 5 (5) [ ) - ()
(%)
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CT, (g) CT,. <12)> + K cos~y

sin vy

g

A
From (3) and (4) we get, cot <2> =

Definition 3.7. Let T := [P,Q, R], T' := [P',Q’, R'] be triangles in M2
We say that the triangle T is congruent to T" if there exists an isometry f
of M2 such that f(P) =P, f(Q) = Q' and f(R) = R'.

Proposition 3.8. Let T, T’ be triangles in M?. Let a,b,c (resp. a',b,c')
be the sides of T (resp. T'). Let a, 3,y be angles of T opposite to sides
a,b,c respectively. Let o, ', be angles of T' opposite to sides a’,V/,c
respectively. Then, the following are equivalent:

(i) T is congruent to T".

(i) a=d,b=0V,c=".

(i) a=a/, b=V, c=".

(iv)a=d,8=0,c=".
Each of the above imply

(V) a=d, =0, v=+"

For k # 0, all the five statements above are equivalent.
Proof. See Appendix C for a proof of this Proposition. O

Proposition 3.9. Among all triangles in M? whose two sides are of length
a,b (a+b < 7 if k = 1), area mazimizer is the triangle whose vertices lie

on g circle having the midpoint of the ‘remaining side’ as its center.

Proof. Let U denote the family of all triangles in M? whose two sides are
of length a,b (a +b < 7 if Kk =1). Let o := a + b.

Ezistence  Upto congruence all triangles in U lie inside By(p, o) where p €
M?2. Since B, (p, o) is compact in (M2, d,) there exists an ‘area maximizer’
Toin U.

Let v := v(T) be the angle of a triangle T" in U included between the sides
of length a, b. Put A, = area(T). By Proposition 3.6, when x = 0

1 1
sziab siny < iabsing:Ag.

So, area(T) is maximum when v = g

Consider k # 0. By Proposition 3.6,

CT,(a/2) CT.(b/2) + Kk cosy
sin

cot(A,/2) =
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Consider the unit circle S! in E? with center at (0,0) =: O. Let Q = Q(~) be
a point in E2 such that || Q — O ||g2= CTx(a/2) CT,(b/2). The information
on a,b implies that CT(a/2) CT,(b/2) > 1, and hence Q lies ‘outside’ S*.
Extend the line segment [@Q, O] and intersect S at R. Let P = P(v) be the
point on S! such that £ POR = (1 — k) g + k7. Let N be the orthogonal
projection of P on the line joining @ & R. Then,

Fig. 1

Q=0 g2 +x [ N = O g if v € (0,3],
Q=0 gz =+ [| N=O g if yel[5,m).

Q=N [g2=

Therefore,
Q=N = CTula/2)CTu(b/2) +cos (1 =) 5 +r)
= CTx(a/2) CT,(b/2) + £ cosry.

By (5),

£PQR=A/2. (6)
Let M = M(v) be the point on S! such that line QM is tangent to
St at M and M lies on the same side of line QR as P. Then £PQR is
maximum when P = M. Hence, it follows by (6) that P(yo) = M (o)
where vy := 7(Tp). Recall here that Ty is an area maximizer in Y. Thus,

APOR being an external angle of a triangle in E2,
T Ay

(1- H)% + kY0 = £P(70)OR = LM (70)OR = g +AM(10)Q0 = 5 + 3

(7)
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where Ag := area(Tp).
Let g, Bp be the angles of Ty other than vg. As Ag = k (o + o + Y0 — 7),

(7) implies that vo0 = ap + So. Let A, B, C be the vertices of T having
angles ag, Bo, Yo respectively. As 9 > «q, there is a unique point D on
the side [A, B] of Ty such that LACD = agy. Then LBCD = [3y. Thus the
triangles [A, D,C] & [B, D, (] are isosceles triangles. Hence the geodesic
segments [A, D], [D,C|, [D, B] are all of same length. Thus the vertices of
Ty lie on a circle whose center is the midpoint of side [A, B]. O

Proposition 3.10. Given a > 0 (a < m if Kk = 1) and o € (0,7) there

exists an isosceles triangle in M2 with base a and base angles o if and only
/2 if k=0,

if @ € (0,au,q), where o q == 7w if k=1,

arccos (tanh (%)) ifk=—1.

Proof. We give the proof for k = —1. The proof for k € {0,1} is similar
and simpler. From Theorem 3.2 it follows that an isosceles triangle in M2,
with base angles « exists only if « € (0,7/2). Therefore, we consider

a>0 and «a€ (0,7/2). (8)
Let pg = (0,0,1) € M?2,. The geodesic segment
+(£) = posn () = (sinh(t), 0,cosh(t)), ¢ € [0, a],
joins pg to ¢ := (sinh(a), 0, cosh(a)) and has length a. The vector
v1 == (cosa,sina, 0) € T, (MEI)
makes an angle o with eq in 7)) (le) Let

n =" (g), H:={zecR®| <z,n>_1=0} and H:= HnN M?,.
Let ry denote the reflection in le through H. Let

Vg 1= d(rH)po(Ul) =rpg(v1) = (—cosha cos a, sin a, — sinh a cos ).

Clearly, vo makes an angle a with —/(a) in T, (M?;). Consider the
geodesics Y1 = Ypo,o; a0d Y2 = Vg0, Of M?,. Then,

~1(t) = (sinht cos a, sinh ¢ sin a, cosh t)
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and,
v2(t) =(cosht sinha — sinh ¢ cosha cosa, sinh ¢ sin «, cosh ¢ cosha
—sinh ¢ sinha cos «).
So 71 (t) = v2(t) for some t € R\ {0} if and only if
sinht cos o = cosht sinha — sinht cosha cosa
and
cosht = cosht cosha — sinht sinha cos a.

That is,
sinht cosa (1 4 cosha) = cosht sinha

and (9)
— cosht(1 — cosha) = sinh ¢ sinha cos a.
Using (A-9), (A-10) and (A-4) it is easy to see that each of the equations
in (9) is equivalent to
cosa = cotht tanh (g) . (10)
From (8) and (10) we get ¢ > 0. Now, for all ¢ > 0,
tanh(a/2) cotht € (tanh(a/2),cotht) C (0, c0)

since tanh(a/2) € (0,1) and cotht € (1,00) ¥V ¢t > 0. Therefore, from (10)
it follows that cosa € (0,1) N (tanh(a/2),cotht) = (tanh(a/2),1). Thus
an isosceles triangle with base a and base angles a exists if and only if
a < arccos (tanh(a/2)). O

Proposition 3.11. Given 0 < a < s (< 7 if kK = 1) there exists an isosceles

triangle in M? with base a and equal sides s — 5

Ti(a/2)
Proof. Let f(k,a,s) : = ————~. Then,
S
f(0,a,s) € (0,1) since s —a/2 > a/2,
f(1l,a,s) € (—1,1) since0<a<s<m

and
f(=1,a,s) > tanh(a/2) € (0,1)  since cotht > 1Vt > 0.

Now let a(k,a,s) := arccos (f(k,a,s)). Then a(k,a,s) € (0,a44) V Kk €
{-=1,0,1}. Therefore, by Proposition 3.10, there exists an isosceles triangle
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Tha,s i M,% with base a and base angles oy 4. Further, equal sides of
Tha,s are s —a/2. O

Proposition 3.12. Among all triangles in M? with base a and perimeter

2s0 (so < 7 if k = 1), the isosceles triangle has mazimum area.

Proof. By triangle inequality it follows that sg > a. By Proposition 3.11,
. . . . . a
there exists an isosceles triangle Ty with base a and equal sides sg — 5 Let

T be any triangle in M2 with sides a,b, ¢ such that a + b+ ¢ = 2s. Let
A, Ag denote the areas of triangles T, Ty respectively. Then, by (2) we get,

i (5) =y () 7 (2) 5 (55 e (25) o
(%) = 7 (3) 7 (257) 7 (5) 7 ().

A A
We show that A < Ap: Note that T ZO € I, where

(11)

0,%) ifr=-1
I; == (0,00) if k=0
0,3) ifr=1

A
and Tj is increasing on I,. Hence A < Ag if and only if Tj, <4> <

A
m <40> Then by (11) it is enough to verify that

T, <S°;b> T, <S°2_C> <17 (%) (12)
Case (i) & = 0:

LHS of (12) = <502—b> <802—c):<a+z—b> <a+i—c>

a?—(b—c)? _a? a\2 9 (G
16 = 16 (4) 1o (4) RHS of (12)
Case (ii) k # 0: Using (A-11) and (A-12) we get, LHS of (12) equals
Se(ME) S () Cu(339) Ot Cul) - Gl
Cu(B) Cu(355) " B +O() | Cul§) + Cul5)
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Ifb:c:so—gthen

o)
RHS of (12) = T2 <Z> S W
Since Cy(0) € P11 ife=1 we get

[1,00) ifk=-1

)—1
—27 _RHS of (12).

LHS of (12) = —k o <§> o

Theorem 3.13. The following are equivalent for a polygon o in M?:
(i)  is convez.

(1i) ¢ is intersection of finitely many closed half-spaces.

(1i1) The angle at each vertex of o lies in (0, 7).

Proof. (i) = (ii): Fix x¢ € interior of p. Let n be the number of vertices
of p. Let Sf, ..., ST be the closed half-spaces containing x( corresponding
to the boundary geodesic segments 71, ...,v, of Op respectively. Then we
show that p = S n--- NSt

eCSFn---nSt: Ifnot, 3 j € {I,...,n} such that p ¢ S;. So,
dyg € interior p such that yy & S;r. We can assume that zg & 65]‘.*'. Then
by convexity of p, the convex hull of {;, zo, yo} C g, and hence an open
set of M? containing midpoint of 74 is also contained in . This contradicts
that v; C dp. Thus p C S N---NS;F.

Sf'ﬂ---ﬁS;L" Ce  Ifnot, Jyo € S N--- NS} such that yy & p.
Consider 7 := [yo, zo]. As 29 € p and yo &€ g, I a point z € dp N such
that [z, yo] intersects p only at z. Let i € {1,...,n} be such that z € ~;.
Then yo € M2\ S;", which gives a contradiction.

(ii) = (iii): The polygon p being an intersection of finitely many closed
half-spaces, is convex. Hence at any vertex of p, the angle of the polygon
is less than .

(iii) = (i): By (iii), the polygon p is locally convex. As p is connected,
p is then a convex polygon. (|
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The following result follows by Theorem 3.2.

Proposition 3.14. Let p be a convex polygon with n sides. Let 64,...,0,
be the angles of p at its vertices. Then area(p) = {1, 0;) — (n — 2)7}.

Lemma 3.15. The perimeter of any conver n-gon in M? is strictly less
than 2.

Proof. Let o be a convex n-gon with vertices Py, ..., P, arranged in a cyclic
order. Put P,y1 := P;. Let a; be the arc-length of the geodesic segment
[P;, Pir1]V1 < i < n. As g is a proper polygon, {0 =: (0,0,0), P;, P11}
determine a plane H; in E? for each i € {1,...,n}. Then E3\ H; has two
connected components. We call these components having H; as common
boundary as open half-spaces. Let Hj' denote the closed half-space in E?
having H; as its boundary such that p C Hj Then X := ﬂ?le;r is a
solid cone in E3 with 0 as its vertex.

The plane H containing points Py, P», P5 intersects X transversely, and
p1 := X N H is a convex plane-polygon with n sides. Let Q1,...,Q, be the
vertices of p; which occur in a cyclic order. Consider the ‘truncated solid
cone’ X with vertices 0, @1, ...,Qn, whose boundary consists of polygon
o1 and plane-triangles {A(0, Qi, Qi+1) bi<i<n- (Here, Qp+1 := Q1 and for
1 <i<mn, A0, Q; Qit1) denotes plane-triangle determined by vertices

0, Qi & Qiy1).

Qi

Qit1

X1
Fig. 2

=

Clearly, the face-angles of the polyhedra X at the vertex 0 are ay, . .., ay.
Thus Z?:l a; is the sum of the face angles of X7 at 0. For each 1 <i <mn,
let v; and p; be the angles of the plane-triangle A(0, @Q;, Qi+1) at the ver-
tices @, Q;4+1 respectively. Let 3; be the angle of the polygon 1 at vertex
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Q;V1 < i < n. Note that ~;, u;, i € (0,7)Vi = 1,...,n. Consider a
sphere S with center @); having sufficiently small radius » > 0. Then SN X;
is a triangle in S whose sides are of length r~;, r u; & r ;. Thus strict tri-
angle inequality holds and we get 5; < v;+pi—1, Vi € {1,...,n} (uo := pn).
Therefore,

n

n n
nmo = Z(Gi + i + ) = Zai + Z(Mz’—l + )
i=1 i=1

i=1
n n n
> Zai+ZBi = Zai+(n—2)7r.
i=1 i=1 i=1
Hence, perimeter of p =3 | a; < 2m. O

Lemma 3.16. (Lemma of Cauchy) Let p and ¢ be two convezr n-gons in
M2 with respective vertices { P; }i=1...n and {P;}i—1.._n occurring in a cyclic
order. Let a; := d.(P;, Piy1) & a; := de(P;, Pir1) (1 <i < n—1) denote
the lengths of (n — 1) sides of @ and @ respectively. For 2 < i < n —1,
let o; (resp. ;) denote the angle of o (resp. @) at vertex P; ( resp. P;) of
o (resp. 9). Let ay, (resp. ayp) be the length of ‘remaining’ side of  (resp.
). Ifa; =a; foralli=1,...,n—1 and a; < @; foralli=2,...,n—1 then
an < ap holds. If in addition, there exists 1 € {2,...,n — 1} with a; < &;

then a, < a,.

Proof. By induction on n.
Claim 1: The Lemma of Cauchy is true for n = 3.

From the Law of Cosine for a triangle,

Cy(as) = Ck(a1) Cxlaz) + k Sk(a1) Sk(az) cosaz (k # 0),
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Fig. 4

a3 = a? + a3 —2ajaz cosay (k= 0).
Hence it is clear that the side a3 of a triangle in M, ,3 with fixed sides a1 and

as is a strictly increasing function of as. This proves Claim 1.

Now we assume that the Lemma of Cauchy holds for n — 1 (n > 4). Let
p and o be two n-gons as in the Lemma of Cauchy.
Claim 2: If a; = @; for some i € {2,...,n — 1}, then a, < a,. Further,
if aj < @ for some j € {2,...,n — 1} \ {i}, then a, < dap.

Fig. 5

Let «y; and ; denote the geodesic segments [P;_1, P;y1] and [P;—1, Pii1]
respectively. Since p and @ are convex we obtain two convex (n—1)-gons ¢’
and @' and two triangles T and T' as shown in the figure above. Note that
T and T are congruent triangles. In particular, the angles of T, T at P,_;
and P;_i(resp. at P;41 and P;41) are equal. This implies that o _; < a/_,
and aj, | < &, . Here, of_;, aj,, are angles of @' at vertices P;_1, P11
respectively. Similarly &;_;, a;,, are defined. Thus @' and @' satisfy the
assumption of the Lemma of Cauchy, and Claim 2 follows by induction as-

sumption.
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By Claim 2, we can now assume that p and @ are two convex n-gons as in
the Lemma of Cauchy which further satisfy a; < a; Vi € {2,...,n—1}. We
show that a, < d,: Increase the angle a1 of p at P,_1 until it becomes
equal to @y,—_1, while maintaining the (n — 1) sides constant. This way,

we obtain a new polygon ' with vertices P, ..., P,_1, P}, side-lengths
ai, ..., an—1, a,, = dg(P),, P1) and angles at vertices Py, ..., Py_2, Py_1
equal to aw, ..., ap_2, &1 respectively.

Case (i) ¢’ is convex:

Join Py, P,_1 by geodesic segment v (say). Since @’ is convex, v C ¢’
and v divides ' into two convex proper polygons. Apply Claim 1 to the
two triangles [Py, P,_1, P,] and [Py, P,—1, P}, whence a,, = di(Py1, P,) <
d.(P1, P)) =al, and a, < a], since a1 < ap_1.

T

©' (convex) Fig. 6

We then apply the induction assumption and Claim 2 to the n-gons g’
and @ which have the same angles at P,_; and P,_;, and obtain

a, = do(P1, P)) < dy(P1, Py) = dn.

Thus a, < a], < d, and we have concluded the proof for case (i).

Case (ii) ' is not convex:

In this case, as we increase ay,—1 by rotating side [P,_1, P,] around P, _1,
there exists a smallest value of,_; of the angle for which ' ceases to be
convex. This value lies between «,,—1 and &, _1.

Let P/ be the point thus obtained. By construction, P/ belongs to the
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Py

"o,
LS N

P1 ,«"‘— L
/E\

P, ©, (not convex)

Fig. 7

Py

line determined by P, and P,. We have
a;; = dn(PhPy/L,) = dH(PQ, Pyll,) — dH(Pl, PQ) = dH(PQ, Prlzl) — ai (13)

Applying triangle inequality to the triangle [Py, Py, P,] we get

= dr{( Z;P_n)_dn(PhPQ)
= dm(PZ;P_n)_dn(PhPZ)
de(Py, P,) — ay. (14)

Now we can apply induction assumption to the convex (n—1)-gons [P, . .., Py]
and [Py, Ps, ..., P,_1, P] to get

de(Py, Py) > di (P, PY). (15)
Finally, applying Claim 1 to the triangles [P, P,,, P,—1] and [Py, P}/, P,—1]

we get
al > ay (16)
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Thus,
in > d(Py, P,) — a1 [by (14)]
> de(Py, P) —a1r [y (15)]
=a, [by (13)]
> ap [by (16)].
This proves the Lemma of Cauchy. 0

Lemma 3.17. Among all convez n-gons in M? whose all sides but one are
given in length — say a1, ..., ap—1 — (with a1 + -+ ap—1 < 7w if K = 1),
area mazximizer is the convex n-gon whose vertices lie on a circle having its
center at the midpoint of the remaining side.

Proof. When n = 3, this result is proved in Proposition 3.9. Here we con-
sider n > 4. Let U denote the family of all convex n-gons in M2 whose all
sides but one are ay, ..., ap—1 (with a1 + -+ + a1 < 7wif Kk = 1). Let
ro == ay+ -+ an—1. Existence Upto congruence all polygons in U lie
inside B, (p,ro) where p € M2. Since B, (p,ro) is compact in (M2, d,) and
number of vertices is n for all polygons in U, there exists an ‘area maxi-

mizer’ p in U.

Let Ay, ..., Ay (Any1 := Aj) be the vertices of o which occur in a
cyclic order and such that d.(A4;, Ait1) = a;Vi=1,...,n—1. Put r:=
d.(A1, Ay)/2 and O := mid-point of geodesic segment [A1, A,]. We show
that dg(O,4;) =rVi=1, ..., n

Suppose d, (0, A;) # r for some ¢ € {2, ..., n—1}. Put a :=d. (A1, 4;)
and b := d.(A,, A;). Since dy is a metric on M2 we get a +b < aj + az +
crap—1 (< 7if Kk = 1), and by assumption A; does not lie on the circle of
radius r and center O. By Proposition 3.9, there exists a triangle [4], 4;, A} ]
such that dg (A%, 4;) = a, d.(A),, A;) = b and

area([A], A;, AL)) > area([A1, A;, An)) (17)

Further we can assume that the angles of [A], A;, A} at vertices A}, A;, A},
are close to the angles of [A1, A;, A,] at vertices A1, A;, A, respectively.
Let T be the triangle [A], A;, AL]. Let S; be the closed half-space of M2
containing A/, and having the line containing [A}, 4;] as its boundary. Let
Sy denote the other closed half-space. Consider the polygon )] C Sz with
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vertices A}, A, ..., A, with A, = A;, occurring in a cyclic order such that
©) is congruent to the convex polygon [A1, Ag, ..., Ai]. Let S be the closed
half-space of M? containing A} and having the line containing [A;, A as its
boundary. Let Sy denote the other closed half-space. Similarly, consider a
polygon h C Sy with vertices Aj(= A;), Aj_,,..., A;, occurring in a cyclic
order such that pf is congruent to the convex polygon [A], Aiy1,. .., Ayl
Polygons @} and ) do not intersect the interior of 7. Thus we have
constructed a polygon ¢/, with n vertices A}, A, ..., A!, occurring in a
cyclic order and such that ¢’ = o UT' U g,. By (17) and construction of
o, area(p') > area(p). Also, since the angles of T at vertices A, A;, A,
are sufficiently close to the angles of [A1, A;, Ay,] at vertices Aj, A;, A,
respectively, then the angles of ¢ at the vertices A}, A, = A;, A} are
strictly less than 7. By Theorem 3.13 it follows that ¢’ is a convex polygon.
Thus ¢’ € U and area(p’) > area(p), which contradicts the fact that p is an
‘area maximizer’ in . We conclude that d, (O, A;) =rVie {l,...,n}. O

Lemma 3.18. Let C be any piecewise smooth closed curve in M? whose arc-

length is strictly less than 2w. Then C is contained in an open hemisphere.
(cf. [34])

Definition 3.19. A digon D, , (x € M} and « € [0,7]) is a closed region
of M? bounded by two half great circles with end points x, —z and forming
an angle « at x.

Remark 3.20. The area of the digon
Dpya = {(cos@ cos ¢, cosf sing, sinf): 0 € [—g,g} 0 €10, a]}
o 3
is equal to 2« since / / cosfdf d¢ = 2a.. There is an isometry between
0 J3

any two digons with the same angle «. Hence for each a € [0, 7], area of
digon Dy o is 2oV € M12

Lemma 3.21. Let C be a piecewise smooth closed curve in M} with arc-

length 2m. If C is not a digon then C is contained in an open hemisphere.
(cf. [34])
4. REGULAR POLYGONS IN M?

A polygon in M? is said to be equilateral (resp. equiangular) if all its
sides have same length (resp. if all its angles are equal). A polygon is said
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to be regular if it is convex, equilateral and equiangular. A regular polygon
(proper regular polygon if k = 1) of n sides is called a regular n-gon.

Construction of regular polygons in M?2: Fixr >0 (r<Zifx=1)
and n > 3. Let pg € M2 be as in (1). Let Cx(po,r) denote the circle which
is the boundary of the disc By(po,r) contained in M2. Then Ck(po,r) is
nothing but a Euclidean circle in the plane {(x1, 2, |k| Ck(r)) | x1,22 €
R} C R? with center ¢ = C, () pg and radius S, (r).

Let Py,...,P, be n points in C.(po,r) which occur clockwise such that
L{P;—c,Pit1—c} = 2% Vi=1,...,n (here, P11 := P ). Let g, , denote
the convex polygon in M2 with P, ..., P, as its vertices. By construction,
the rotation, p2= about the oriented axis through ¢ normal to the plane
of Cx(po,r) is ansymmetry of o . Here the axis is oriented by the vector
(0,0,1). Thus, @y, is an equilateral, equiangular n-gon in M2. Any two
convex polygons constructed as above are congruent to each other for a
fixed n > 3 and fixed r > 0 (r < § if K = 1).

Let a be the length of a side of g, ,. Let @ be the midpoint of [P, P5].
Then the triangles [pg, Q, P1] is congruent to the triangle [pg, @, P»] and for
both these triangles the angle at the vertex @ is /2. The Law of Sine (B-3)

Sk Sk (3

applied to the triangle [po, @, P1] gives — (7;) = — (i)

s (3)  sin (2)

a=a(n,r)=2AS, (S,.g(r) sin (%) ) . (18)

Now we compute the angle § = 6(n,r) at vertices of g, ,. Recall that n > 3.

The Law of Sine (B-3) applied to the triangle [P, P2, po] we get
Se(r) _ Skla)

. Therefore,

= ) 19
sin (g) sin (27”) (19)
k=0 From (18) and (19) it follows that
CANE 2 sin (%) cos (%) Sy (1) _ ™ . (T W
S <2> B 2 sin (Z) Si(r) - (ﬁ) - (5 a 5) '
n—2
Therefore, 8 = O(n,r) = ( - ) 7 (k=0). (20)

k #0 From (18) and (19) we get,
S _ Sula) _ 25.(8) Col8) _ S sin(3) Cu(8)

sin (g)  sin (27”) ~ 2sin (%) oS (%) sin (%) cos (%)
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Thus

sin <g> = (k #0). (21)
Therefore, by (21) and (18),

n(?) - @ -2 (3)  J1-rS2(8) -0 (3)

2

Thus

From (21) and (22) we get,
0 cos (3)
t - = 0 0).
an (2) Cy(r) sin (%) (17 0)
Therefore

0 =0(n,r) =2 arctan ol (E) (k #0). (23)
’ Cr(r)

Let A denote the area of the regular n-gon @, ,.
k #0: By Proposition 3.14, A =k {n6 — (n — 2)w}. Therefore by (23),

A=Anr)=k {Qn arctan (Cgig‘))> —(n— 2)%} (k#0). (24)

1 2
k =0: Let T be the triangle [po, P1, P»]. Then area(T) = 5 r? sin <7T>
n

Hence,
2 2
A= A(n,r) =n area(T) = % sin <TZT> (k=0). (25)

Theorem 4.1. Any regular n-gon in M? is congruent to ©nr for a unique
r>0(r<fifk=1).

Proof. Let g be any regular n-gon in M?2. As ¢’ is a regular n-gon, n > 3
holds. Let a’ be the length of a side of /. By Lemma 2.11, na’ < 27 if
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k = 1. That is,
0,27) ifk=1
a e ( ”>
(0,00) ifk#1.
Let
g2 JOr/2) =1 7 (0,27/n) if k=1
(0,00) ifr#1 (0,00)  ifw#L

Consider the function f : J, — J/ defined by f(r) := 2 AS, (sin <E> S,.;(?")).
Then f : J, — JJ, is a bijection for a fixed n > 3. Hence for a’g J, Ja
unique 7 € Ji; such that o' = f(r). Thus @’ = a(n,r) for a unique r € J,.
Now we prove that @' is congruent to @, ,. Let Pj,..., P} (resp. P,
.., Pp) be the vertices of g (resp. of g ,) which occur in a cyclic order.
Let 6/ (resp. 6) be the angle of o (resp. of p,,) at its vertices. If 6/ <
0 (resp. > 6), then by the Lemma of Cauchy (Lemma 3.16), dg(Py, P)) <
dw(Py, Py) (resp. > d(Py, P,)) which contradicts that o' = a(n,r). So,
0’ = 6. Applying the Lemma of Cauchy again to the convex polygons
[P, Po....,Pj] & [P}, P}....,Pll, we get du(P},P}) = du(P1,P;)V j =
2,...,n. Similarly, d,;(P/ P') =d.(P;, P;)Vi,5 € {1,...,n}. By Proposi-

2 J
tion 2.4, there exists an isometry ¢ of M2 such that gp( ") = onr- O

Proposition 4.2. Let o be a regular n-gon in M? having side a, angle 0
and area A. Then 3 a unique r > 0 (r < 5 if K = 1) such that @ is inscribed

wn a circle of radius r. Further, equations

@ vt =as (G000, 26)
cot(m/n)
n(6/2)

) tan 2n—kA it
(iii) r=r(n,A) = AC (20(: (2) ¢ < om )) fr#0 (28)

n sin (2”)

(ii) r=r(n,0) = AC, < ) (k % 0), (27)

ifr=0 (29

hold, and any regular n-gon in M? (k # 0) is determined (uniquely up to
congruence) by any one of three:

0,7) if k=1 0,27) ifk =1
o 0,m) ifk CGe (0., Ac (0,2m) if K

(0,00) ifk=—1 0,(n—2)7) ifk=—1
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Further, any regular n-gon in Mg is determined (uniquely up to congruence)

by any one of two: a, A € (0, 00).

Proof. By the Theorem 4.1, there exists a unique r > 0 (r < § if K = 1)
such that p is congruent to p,,. Now equation (26), (27), (28) and (29)
easily follows from (18), (23), (24) and (25) respectively.

Finally, it can be verified that the functions in (i), (ii), (iii) are strictly
monotone functions and hence p is determined up to congruence by any
one of the entities 6 (if k # 0), a and A. O

Remark 4.3. Fix n € N. When x = 0 the angle 6 € (0,7) is not enough
to determine the regular n-gon. But for x # 0 the regular n-gons in M?
with angle 6 are congruent.

Corollary 4.4. Let (g )ren be a sequence of regular polygons in M? (proper
reqular polygons if Kk = 1) such that ¢y has k vertices ¥ k, and Ay =
(area(gy)) — A’ as k — co. For each k € N, let 1y, be the radius of the
circle in which @y 1s inscribed. Then

(i) lim 1= AS, (VA (4r — 5 4)/(27))

(i) lim (perimeter(gy)) = VA (4 — k A).
k—>00
. 2 2 2Ak
Proof. (i) £ =0: By (29), r; =r(k, Ax)* = ——5—~. Therefore,
k sin (T’T)
lim rp= lim ————5—~=—.
k—s 00 k—oo 27 sin T) s
27
(%)
Thus
A/
Lm 7, =14/ —.
k—s00 s

k#0: By (24),

cot(%) B Ap+r(k=2)m\ KA =27 w\ 2 — Kk Ay,
Cre(re) _tan< 2Kk B Y "\ Tk
Hence,
2 21 — Kk Ay,
Cy(rg) = cot (E) tan < 5% >
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Therefore,

RS,%(T]C) = 1—C’,%(rk):

That is,
K sin ("2’4};“) sin (4”22’4’“)
Si(re) = —
sin2 (%) cos? ( K ’“)
sin (g‘—,’;) sin (4”_'“1’“)
sin? (%) cos? (2” ”A">
So,
9 _ (dr—rA) A
khm SZ(rk) = 12
Hence,

_ / /
lim rk:ASR< (4r RA)A).
k— o0 27

(ii) Put ro = AS, (\/A’ (4m — /{A’)/(Qw)). Now, each @ is a regu-
lar k-gon inscribed in a circle of radius 7 in M2, and (ry) — 7o as

k — oo by (i). Hence, (perimeter(gy)) converges to the perimeter of the
circle of radius ro in M2. Therefore, klim (perimeter(pr)) = 2w Sk(ro) =
—0

VA (4 — rAY). O

5. ISOPERIMETRIC PROBLEM FOR POLYGONS IN M?

(0,00) it k=0,
Proof of Theorem 1.1: Fixn >3inN& A € (0,2m) ifk =1,

(0,(n—=2)7) ifk=—1.
Let F be the family of all polygons with n vertices in M? having area at
least A. By Proposition 4.2, there exists a regular n-gon g, , of area equal
to A. So, F is a nonempty family. Define L = glb {perimeter(p) : p € F}.
By Lemma 2.11, perimeter(pp,) < 27 if K = 1. Hence, L < 27 if K = 1.
Let (pr)cn be a sequence in F such that (perimeter(px)) \ L as k — o0
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and perimeter(pi) < 2m YV k if k = 1. We assume pg as in (1) is a vertex of
pr V k € N. By Lemma 2.14, we can assume that if x = 1 then each gy is
contained in the open hemisphere By (pg, 7/2). Let Xlgl), X}gz)’ ce X,gn) be
the vertices of pr with X ,gl) = po occurring in a cyclic order (determined by
‘boundary orientation’ of dgpy) for all £ € N. Then without loss of general-
ity pr € Bu(po, L +1) V k when x # 1. As M? is a compact manifold and
By (po, L + 1) is compact in M2 for k # 1, each sequence (X,gj)) admits
a converging subsequence V j = 1,...,n. Thus, without loss ofkgeé\]nerality,
we can assume that <X,gj))k N converges to some Y; in M2 Vj=1,...,n.
Clearly, Y1 = pg. Let Y, 41 e:: Yi. Then U} ,[Y;, Yiq1] is a simple closed
curve in M?2.

When k =1, L =", di(Y;,Yiy1) < 27. and hence by Lemma 2.14,
there exists a polygon o contained in an open hemisphere of M? having
Y1, Ya,...,Y, as its vertices occurring in a cyclic order. In particular, pg
is a proper polygon when £ = 1. When k # 1, let g be the polygon
in M2 with U_,[Y;, Yi41] as its boundary. Then perimeter(pg) = L and
area(po) > A. Tt remains to show that g is a regular n-gon.
go ts convex: If not, by Theorem 3.13, 35 € {1,...,n} such that po
is not locally convex at the vertex Y;. Put Yy := Y, and Y,41 = Yj.
Then we can choose a point Y}’ on the side [Y;_1,Y;] such that the trian-
gle [Y]’ .Y}, Y1) does not intersect interior of pg. Now consider polygon
p in Mz having Y7, Ya,...,Y,_1, Yj’, Yi1,..., Y, as its vertices occurring
in a cyclic order. Then perimeter(p) < perimeter(gpo) and area(p) >
area(gpg) > A. This contradicts the fact that pg is a perimeter minimizer
in F. So, po is a convex n-gon.

area(gpo) = A:  Suppose area(pg) = A+ 6 with 6 > 0. Choose a point
Yy € [Ya,Y3] such that Yy & {Ys,Y3} and area of the triangle [Y7,Ys,Y5] is
less than 0. As g is convex the triangle [Y7, Y3, Y5] is contained in gg. Then
the polygon with vertices Y1, Yy, Ya,...,Y, occurring in a cyclic order has
area greater than A and perimeter less than that of pg. This is not possible.
So, area(pg) = A.

g0 s equilateral: 1If pg is not equilateral, then there exists two succes-
sive sides of gp which are of unequal lengths. Suppose d,(Y7,Y2) =: b #
¢ :=d;(Y2,Y3). Join Y7 and Y3 by the geodesic segment [Y7,Y3]. The tri-
angle [Y1, Y, Y3] is contained in pg. The geodesic segment [Y7, Y3] as above
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divides g in two polygons, namely, triangle [Y7, Y2, Y3] and the (n — 2)-
gon with vertices Y1,Ys, Yy, ..., Y, occurring in a cyclic order. We call this
(n — 2)-gon as p. By Proposition 3.12, 3 an isosceles triangle [Y7,Y7, Y3]
in M? such that Yy, Y5 lie on the same half-space whose boundary con-
tains [Y1,Y3), de(Y1,Y9) = (b + ¢)/2 = dw(Yy,Y3) and area([Y1,Ys, Y3]) >
area([Y1,Ya,Ys]). Then the polygon pU[Y1,Y5, Y3] is a perimeter minimizer
in F with area strictly greater than A. This is not possible as seen in the
previous step. Thus g is an equilateral n-gon.

Let ‘a’ denote the side length of the convex equilateral n-gon gg.
0o ts equiangular:  We prove this by counsidering n even, n odd cases
separately.

n is even: Let n = 2k. By Lemma 2.11, ka = §a < 7 if k = 1.
Join Y] to Y14, by the geodesic segment [Y7,Y]4x] contained in pg. Let
O be the mid-point of [Y1,Y7,%]. Enough to show that d.(0,Y;) = r :=
de(O,Y1)Vi=2,...,n.

The segment [Y7, Y11x] divides pg into two convex polygons g1, p2 with
k + 1 vertices. Let p be the reflection of M2 through the line containing
[Y1,Yi4k]. If area(pi) > area(pz), then o1 U p(p1) gives a polygon of
perimeter L and area greater than A. This is not possible. So, area(p1) =
area(ps).

Consider the family of all the convex polygons with (k + 1) vertices in
MZ whose all sides but one are of equal length a. Let f = [Y{,..., Y/ ] be
the area maximizer in this family with [Y{, Y} ;] being the ‘remaining side’.
Then area(p)) > area(pr). If area(p)) > area(p1), then we can produce
a polygon of perimeter L = 2ka and area greater than A by reflecting ¢}
through the side [Y],Y},,]. Hence area(p|) = area(p1). Now, by lemma
2.13 it follows that d(O,Y;) =rVi=1,...,k+1. Similarly one can prove
that d.(0,Y;) =rVi=k+1,...,2k.

n is odd:  Suppose g is not equiangular. Let @} be a regular n-gon
of side a in M?2. By Proposition 3.10, there exists an isosceles triangle T
in M? having base a and very small angles a at the base. Let p%" be
the polygon with 2n sides obtained by ‘pasting’ triangle congruent to T'
on each side of gy so that area(pg") = area(gpo) + n area(T). This is
possible since g is a convex polygon. As gy is not equiangular, p3" is not
equiangular. Similarly construct a regular 2n-gon p%" by ‘pasting’ triangle
congruent to 1" on each side of . By the ‘m-even’ case, as perimeters
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of 3" and p¥ are equal, area(pd") < area(p?). Therefore, area(po) +
n area(T) < area(ph) + n area(T). So, A = area(po) < area(plh).
Also, perimeter(p) = na = perimeter(po). Thus % € F and pf is
a ‘perimeter minimizer’ in F. We have a contradiction as any ‘perimeter

minimizer’ in F has area A. We conclude that g is equiangular. O

6. THE ISOPERIMETRIC PROBLEM IN M2

Notations: For a piecewise smooth simple closed curve « in M2 let £(v)
denote the arc-length of 7. For k = 1 if such a curve v lies in a hemisphere
ST then v encloses a domain D, contained in S*. If k # 1 then such a
curve v always encloses a unique relatively compact domain D, contained
in M?2. We denote area(D.) by A(v).

Proof of Theorem 1.2:
Case (i) w«=1and A=2r: There erists a unique perimeter minimizer
among all piecewise smooth simple closed curves in M? enclosing area 2,

and it is a great circle :

Let J be the family of all piecewise smooth simple closed curves in M}
enclosing area 2m. Let S% := {(z,y,2) € S? | 2 > 0}. Since 05% € J,
T #0.

If 3C € J with £(C) < 27 then by Lemma 2.14, C is contained in an
open hemisphere. This contradicts the fact that C encloses area 2m. Hence,

C)>2vVCeJ. (30)
Define L := inf{{(C) | C € J}.
Since 85’_2,_ eJ,
L <(0S%) = 2m. (31)
Thus from (30) and (31), we get L = 27 and 052 is a perimeter minimizer
over 7.

Let Cyp be a perimeter minimizer over J. That is, ¢(Cy) = L = 27 and
A(Cp) := area enclosed by Cyp = 2m. If Cy is not boundary of a digon then
by Lemma 2.15, Cy is contained in an open hemisphere, a contradiction
again. Hence Co = 0D, o for some z € M? and « € [0, 71]. Therefore, 27 =
A(Cy) = area(Dy o) = 2. This implies that & = 7. Thus Cy = 0D, ,, that
is a great circle.

Case (ii) ke {-1,0,1} and A <2nif k =1:
Let po € M2 be as in (1). For ro > 0 (rg < 7/2 if k = 1), the circle
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Cro := 0By (po, o) encloses a domain of area 4752 () (< 27 if k = 1) with
perimeter 275, (r9) (< 27 if kK = 1). So, for K = 1 we need to consider
piecewise smooth simple closed curves of lengths strictly less than 27 only.
By Lemma 2.14, any such curve lies in a hemisphere.

Step 1. (Existence) Among all piecewise smooth simple closed curves in

M? enclosing area A, a circle of radius AS, <\/A (4m — /iA)/(Qﬂ)) in M2

has least perimeter:

Let G denote the family of all piecewise smooth simple closed curves in M?
(in % := {(=,y,2) € S?|2 >0} if kK = 1) enclosing area at least A. Let
C € G be arbitrary. If Y7, Y5,...,Y,, are points on a curve C € G which
appear in a cyclic order |with d.(Y;,Yis1) <7 Vi=1,...,nifk =1
(Yn41 := Y71)|, then they determine a polygon with vertices Y7, Ya,...,Y,
(which is contained in S? if k = 1). Define L := glb{/(C) | C € G}. Let
(Cpn)pen be a sequence in G such that £(C,) N\, L as n — oco. Let py € M2
be as in (1). We may assume that py € C, and that I(C,,) < L+1, Vn € N.
Hence C,, C By(po,L + 1), Vn € N. Then A(C,) < A(Bk(po,L+1)) =
4752 (%) VvV n € N. Therefore, we may assume, after taking a subsequence
of (Cpn),cn if necessary, that

0(Cn) N L and (A(Cp)), ey —>: A’ > A, (32)

As each C,, is a piecewise smooth simple closed curve, we can approximate

Cn by the boundary of a polygon @y, in M? with k(n) sides: i.e., vertices

of Pr(ny lie on Cp, 0 < £(Cpn) — U(Dpp(n)) < % and |area(py)) — A(Cn)| <

1 v n e N. (Here 9p denotes the boundary of p). Then it follows that
lim £(0py(ny) = L and n@}loo area(ppn)) = Al

n—-=o0
Put A, := area(pyy)) ¥ n € N. By Proposition 4.2, for each n € N
there exists regular k(n)-gon @) in M? of area A,. By Theorem 1.1,
L(OPk(n)) < Upr(n)) V1 € N. Let 75,,) be the radius of the circle in M? in
which Oy () is inscribed. By Corollary 3.3,

lim 7y, = ASk (\/m/(%r)) =:7rp.

n——ao0
Thus,

A = 4782 (%0) . (33)
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Again by Corollary 3.3, lim,, 00 £(09k(n)) = VA’ (47 — K A') = 2w S,(10).
Note that £(00p(n)) < L(Opi(n)) < £(Cn) ¥V n € N. Therefore,
L= lim ¢C,)> n@w L(OPk(n)) = 2mSk(r0). (34)

n—aoo

Let C,, denote the circle in M2 (in S% if k = 1) of radius ro. Then A(C,,) =
4mS2 (%2) = A’ (by (33)). So, by (32), Cy, € G, and by the definition of L,

L < 0(Cyy) = 27S,c(ro). (35)

By (34) & (35), L = 2wS,(ro) = £(Cy,). Hence C,, is a perimeter minimizer
inG.

Finally we show that A(C,,) = A: If A(C,,) # A then by (32) & (33),
A(Cy,) = 4mS% (%) = A’ > A. Then we can replace a small portion of circle
Cr, by a geodesic arc and produce a curve C in M? (in 5% if k = 1) with
¢(C) < €(Cr,) = L and A < A(C) < A(Cy,). Then C € G with £(C) < L.
This is not possible. Hence A(C,,) = A.

Step 2. (Uniqueness) Among all piecewise smooth simple closed curves in
M? enclosing area A, any perimeter minimizer is a circle in M2 of radius

AS, (m/(%)):

Consider the family G of all piecewise smooth simple closed curves in M?>
(in S% if k = 1) enclosing area at least A and of perimeter strictly less than
2n for k = 1. Put L :=glb{¢(C) | C € G}. In Step 1 above, we have proved
the existence of curve in G which is a perimeter minimizer. Let Cy € G be
any perimeter minimizer. Then ¢(Cp) = L (< 2m if kK = 1). Let Dy be the
domain in M2 (in S% if k = 1) enclosed by Co. By the arguments similar
to those made in the proof of Theorem 1.1, we can show that Dg is convex
and area(Dy) = A.

Fix a point P on Cy. Let Q be the point on Cy which divides Cy into
two arcs Cq , Cy of equal length. As ¢(Co) < 2min M , Q # —P if k = 1.
Let [P, Q] denote the geodesic segment joining P & @ in Dy. This segment
divides Dy into two regions DJ & Dy . If area(Dy) < area(Dy ), then
consider Dy := Dy Up(Dy ) where p is the reflection in M2 through the line
containing [P, @Q]. Then boundary Co of Dy is a perimeter minimizer in G
and area(Dg) > area(Dg). This is not possible. Hence, [P, Q] divides Dy
into two regions of equal area.

Let O be the mid-point of [P, Q] and ry := d,(P,Q)/2. We show that
de(O,M) = rg ¥ M € Cyp: Suppose IM € Cy such that d,(O, M) #
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ro. Let Dg be the region containing M with Cj” U [P, Q] as its boundary.
As Dy is convex, the triangle [P, M, Q] of M2 is contained in Dg. Now,
di(P, M) +d(M,Q) < £(Cf) = L/2 (< 7if kK =1) and M does not lie on
the circle in M?2 of radius ro and center O.

By the arguments similar to those made in the proot of Lemma 2.13,
we can construct a domain DJ in M? (in S? if k = 1) of area strictly
bigger than area(Dar ) whose boundary consists of a curve CS’ which is
congruent to Cg and a geodesic segment [P, Q'] (P, Q' are the endpoints
of 601 ). Reflecting BE through the line containing [P’, Q'] we can produce
a domain bv() of area strictly bigger than A and perimeter of boundary of bT)
equal to L. This is not possible. Hence d,,(O, M) = ro and Cy = 0B, (O, o).
[

Proof of Corollary 3: Let C be a piecewise smooth simple closed curve
having m components each enclosing area A; > 0. Let

r; = AS, (\/Ai (47 — RAZ')/(ZF)) (1<i<m).

Let C denote the disjoint union of the circles C; of radius 5, 1 < i < m.

Applying Theorem 1.2 to each component of C we get that perimeter(C) <
perimeter(C). Now, it is easy to see that a single circle with radius

45, < A(47r—/<;A)>

2T
is the best. O

Remark 6.1. (1) Fix Ly € (0,27]. Put ro := arcsin(Lo/(27)) €
(0,27] and Ag := 4msin® (%). Let C be any piecewise smooth sim-
ple closed curve in M? having arc-length ¢(C) = Lo. From Theorem
1.2, it follows that among all such curves, area maximizer is the
circle Cy,. For, consider the family F = { all piecewise smooth sim-
ple closed curves in M} enclosing area > Ag}. If A(C) > Ay, then
C € Fand ((C) = Ly = £(C,,) = inf {£(C)|C € F}. By Theorem
1.2, C =C,, and A(C) = Ay.

(2) A shorter though less elementary approach to prove Theorem 1.1
for M?, is to first prove Theorem 1.2 for this case and then derive
the results for n-gons using Heron’s formula or L’Huilier’s Theorem
as in |[43], Proposition 2.15].
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Proof of Theorem 1.4: Let C be any piecewise smooth simple closed
curve in M2 with arc-length ¢ := ¢(C) and enclosing area A := A(C) > 0
(A<2rmifr=1).
Case (i) k=1and A=2m:
Let J and L be as in the proof of Theorem 1.2 for the corresponding case.
Also recall that L = 27. Therefore, L? = 47% = 47A — A% and hence
02 =[((C))? > L? = 47A — A? holds for all C € J.

If for a curve C in J, [((C)]> = 41 A — A% = 472, then

UC)=VATA— A2 =21 =1L
and C is a perimeter minimizer in J. By Theorem 1.2, C is a great circle
i.e., a circle in M{ of radius § = arcsin (\/A (4m — A)/(QTF)).
Case (ii) ke {-1,0,1} and A<2rif Kk =1:
Let G and L be as in the proof of Theorem 1.2 for the corresponding

case. Put ro := ASy (\/A(47T— /-@A)/(27r)). By Theorem 1.2, the cir-

cle Cy, of radius 7¢ is the unique perimeter minimizer in G. Therefore,
L? = (2m8,(r0))* = 41 A — Kk A% and hence (2 = [((C)]? > L? = 41 A — k A2
holds for all C in G.

If for a curve C in G, [((C)]? = 4w A — k A%, then £(C) = V4T A — Kk A% =
L and C is a perimeter minimizer in G. By Theorem 1.2, C is a circle of
radius ro in M2, g

7. APPENDIX
7.1. Appendix A. We state some formulae about S,; and C,, when x # 0.
Cr(—a) = Cx(a), Sk(—a) =—Sk(a). ( )
Sk(a+b) = Sk(a) Ck(b) + Cula) Sk(b). ( )
Si(a —b) = Sk(a) Ck(b) — Ck(a) Sk(b). ( )
Sk(2a) =28,(a) Cyla). ( )
C%*(a) =1 -k S%(a). (A-15)
Cu(a+b) = Cgkla) Ck(b) — K Sk(a) Sk(b). ( )
Cyx(a—0b) = Cx(a) Ck(b) + k Sk(a) Sk(b). ( )
Cu(2a) = C%(a) — k S%(a) =1 -2k S5%(a) = 2C%(a) — 1. ( )
1 —Cula) =2k 5%a/2). ( )
14 Cu(a) = 2C%*(a/2). (A —10)

~— ~—
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Co(a+b) + Cla—b) = 2Cu(a) Cru(b). (A—11)
Crola+b) — Cu(a—b) = —2k S(a) Sk (b) (A-12)
2sﬁ<“‘2”)> cﬁ<“;b> — Si(a) + Sa(b). (A—13)
26, (“57) 5. (457) = 5u(0) - 5.0). (A-14)
mx(a;b>a4f;b>=caw+cuw. (4-15)
205, (15 ) 5. (%52) = o) - G0 (A-16)

7.2. Appendix B - Trigonometric formulae for a triangle in M?2.
Let [P, Q, R] be a triangle in M? having angles «, 3, at its vertices and let

b
a, b, c be sides opposite to angles «, 3,7, respectively. Put s = %.
Then we have following formulae:
v Sik(s —a)Sk(s —b)
LA B-1
MY \/ Se(a) S, (D) (B-1)
Y Sk(s) Sk(s —¢)
LA B-2
cos 5, \/ Si(a) Se(b) ( )

The sine rule:
sinae sinB  siny  24/S8k(s) Sk(s — a)Sk(s — b)Sk(s —c)

Sc(a) — Sk(b) — Sk(c) Sk(a) Sk(b) Sk(c)
(B —3)
The following holds when x # 0:
a—b
sirl(OZQB)cosQCK(g> (B—4)
ex (3)
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= sin = C
2 s(3)
Proof of (B-1): We give the proof of (B-1) for triangles in M2 (k # 0).
The proof for triangles in Mg is similar and simpler.

By the Law of Cosine for triangles in M2 (k # 0) we have

_ Cile) = Ckla) Cﬁ(b).

cos(a_6> i 'YSK<G—2H)>. (B—1)

cos(y) =  So(@) S (D) (B-18)
By (A-9),
gein? ) — 1 Gl )— Ci(@) Cu(b) _ £ Sla) S(b) + Cr(a) C(b) — Ci(c)
2 (a)S (b) K S (@) S,(b)
_ Cﬁ(a ) Ck(c)
= Tk Si(a) Sa(b) [by (A-7)]
c+a—>b c—a-+b
2k Sk p

- < a? < ) [by (A-16) and (A-1)]

_ 2854(s— b)SH(s —a)

~ Sk(a) Sk(d)

Now (B-1) follows easily.
Proof of (B-2): We give the proof of (B-2) for triangles in M? (k # 0).
The proof for triangles in M} is similar and simpler.

By (B-8) and (A-10) we have:

27 Cys(c) — Cy(a) Cyx(b)

oty = U T S 0 5,0
_ —Cu(a) Cx(b) + £ Sk(a) Sn(b) + Cr(c)
K Sk(a) Sk(b

~ —Cyla+ b) + Ck(c)

) 2K5H(a+b+c H<a+b—c> by (A-16) and (A-1)]

Sy (a) Sk(
25k(s) Sﬂ(s —¢)
Sk(a) Se(b)
Now (B-2) follows easily.
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Proof of (B-3): y (A-4), (B- 1) and (B-2) we get,
siny QSin%COS% 2 1/Sk(8) Si(s — a)Sk(s — b)Sk(s — ¢)
Se(c) Sy (c) S,{(a) Sk(b) Sk(c)
Hence,
sine sinB siny  24/Sk(s) Sk(s — a)Sk(s — b)Sk(s — c)
Se(a)  S.(b) Sn(c) Sk (a) Sk(b) Sk(c)
Proof of (B-4): By (A-2), (B-1) and (B-2) we get,
sin atp = singcosé—l—cosgsiné
2 B 2 2 272

Si(a) Sk (b) Sk(c)
~ cos(2) <S“(S i “)> by (B-2)
~ s (2) 25 <2S e b) e (a 2 b)
S.(c)

[by (A-13), (A-1)]

W 3 E) o (

T E S gen

) [by (A-4)]
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Proof of (B-5): Similarly, by (A-3), (B-1) and (B-2) we get,

sin (a—ﬁ) = sing cosé—cosgsiné
2 2 2 2 2
B Y\ [ Sk(s—0b) — Sk(s—a)
= o (3) (P

_ Cos(z) i <a2

Proof of (B-6): By (A-6), (B-1) and (B-2

)
Ccos atp = cosgcosé—singsinﬁ
2 - 2 2 2 2

_ \/ﬁ(s)sn(s—a) fn(s)&(s—b)
50 Su(@) || Su(@) Su(0)
Sk(b) Sk(c) Si(a) Sk(c)

_ \/S,;(s—a)Sn(s—b) <S,€(s)
Si(a) Sy(b)
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Proof of (B-7): Similarly, by (A-17), (B-1), (B-2), (A-4), (A-13) and (A-1)

we get

a—pf 0" 15} .o . B .Y (Sk(s) +Sk(s—c)
cos = COS— COS— + sln — SIn — = Sln —
2 2 2 2 2 2 S,i(c)
2s — ¢ c a-+b
= sinfy 25){( 2 >CH <§> —sinfy SR( 2 ) O
N 2 ¢ ¢ T2 A
25 (2) Ci (2) S (2)

7.3. Appendix C - Proof of Proposition 3.8.

(i) = (ii) Let f be an isometry of M2 such that f(P) , =
Q/ and f(R) = R. Then, a := dm(Pa Q) = dn(f(P)af(Q)) =
di(P', Q") =: d. Similarly, b=10" and ¢ = ¢.

(ii) = (i) This follows immediately from Proposition 2.4.

(i) = (iii) By the Law of Cosine it follows that

k=0:
2 2 2 N2 N2 (o2
cosa:b te—a :(b) + ()" — (d) = cosa'.
2bc 20 ¢
Kk #0:
. Ck(a) — Ck(b) Cx(c) . Cn(a/) — Cﬁ(b/) Cﬂ(c’) _ /
CORAT T80 Sele) kS SH(d) P

As o, € (0,m) we get o = o/

(iii) = (ii) By the Law of Cosine we have
k=0:
a> =0+ —2bccosa= (V)2 + ()2 =2V cosa = (a)%
Since a’ > 0 we get a = a'.
Kk #£0:
Cu(a) = Ck(b) Cx(c) + £ Sk(b) Sk(c) cosa

= Cu(t))Cu(c) + k Sk (V) Sk(c') cosa’
= Cy(d)
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(iii)
(iv)
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, 0,7) k=1,
I, =
(0,00) if k=—1.
Since a,a’ € I, we get a = d’.
Similarly we can prove that b =19 and ¢ = ¢.

= (iv) As(ili) = (ii) wehavea=d,b=V,c= and a = .
By the Law of Cosine it follows that 3 = 3’ and v = +/.
— (iii) By the Law of Sine applied to the triangles T' and T" we

have,
Se(a)  Sk()  Sk(c)
sino/  sinf  siny
and
Sela)  Seld)  Sa(c)
sina  sinf  siny’
Hence,
Se(t)  smB St
Se(c) sy Seld)
Therefore
Sn(b) SH(C/) = Sﬁ(b,) SK(C)' (C - 1)
By the Law of Cosine we have,
k=0:
B a’+ b2 -2 B 2a®> —2ac cosf3 _a—ccosf3
T e 2ab R T
a —c cosf3

Similarly, cosy’ = . From the hypothesis it follows that

b/
_ A

a CbCOSB e ,COSB. Therefore, a (b’ —b) =cos (V¢ —b().

Thus from (C-1) it follows that b = ¥'. Now, a = @/, b = ¥/ and

v =4/ is another form of (iii).
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Kk #0:

cosy =

[by (A-5)].
Since a € I],, Si;(a) # 0. Therefore we get
Ck(c) Sk(a) + Cx(a) Sk(c) cos B
Sk(b) ‘
Similar calculations on Triangle 7" yields
Cr(c) Sk(d") + Ck(a’) Sk () cosp’
Sr(V')
Cule) Si(0) + Crla) Salc') <o
Sk (') '
Since v =~ we get S, (V') [Cx(c) Sk(a) + Ck(a) Sk(c) cos f]
= Sk(b) [Ck()) Sk(a) + Ck(a) Sk(c") cos f]. That is,
Si(a) [Sk(b) Cr(c) = Sk(¥) Cr(c)]
=~ Cu(a) <035 [Se(b) Salc)) — SuV) Sx(0)] - (C—2)
As Si(a) # 0, from (C-1) and (C-2) it follows that Sk (b) Ck(c') —
S.(b') Ck(c) = 0. That is,
Sk(b) _ Ckle)
Se(V)  Cu(d)
From (C-1) and (C-3) we get Ty(c) = T..(¢). As ¢,d € Il we get
c=d. Now,a=ad,c=c and g = ' is another form of (iii).

cosy =

cosy =

(C=3)

(ii) = (v) In the proof of (ii) = (iii), we showed that o = «’.
Similarly it can be proved that § = " and v =+

(v) = (iv) when k 7 0: Let A, A’ denote areas of triangles T, T”
respectively. By Theorem 3.2,
A=r(mr—a+B+7v) =k (r—do + 5 ++") = A'. Therefore, by
Proposition 3.6 it follows that
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’ bl
CT,. (%) CT (4) + ki cosy  Clx (%) CT (5) + K cosy/
siny N sin+/ '
Since v = 7/ we get

CT, (g) CT, (g) = OT, (‘;) OT, (g) . (C —4)

Similarly we have

CT, (g) CT, (%) — CT, (g) CT, (g) : (C - 5)
and

b c b d
CT, <2> CT, (5) = T, <2> OT, (2> . (C —6)
Multiplying (C-4) and (C-5) we get
2 (@ b N_orz( v <
OT? (2) CT, <2> CT, (2) — 012 (2> CT, (2 T (5 )

As CTy(x) # 0 for x € I, by (C-6) we get CT? (%) = CT? (%')

That is,
2 (0 g2 (@ _
TH(2>_TH<2>. (C—17)

0,5) ifr=1
(0,00) if K =—1.
T.(a), Ti(a’) > 0 and, hence from (C-7) we get Ty (a) = Ty (a'). Fi-

nally, since T} is an injective function on I}/ we get a = a'.

/ ! ! 1" " o__
Asa,ad’ € I}, 5,% € I where I,; =

K 5 Therefore,

Similarly it can be shown that b = V' and ¢ = ¢/. Thus, in fact
we have (v) = (ii).

This completes the proof of Proposition 3.8. U
Acknowledgement: We are grateful to the referee for the comments which
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ABsTRACT. We study an elementary hypergeometric 3F> (%) series

studied by Ramanujan in his second notebook. We derive a closed-
form for this series in terms of the Barnes G-function and log(rw). In
the process, using the integrals fo% In? (sin ) dg and fo% In (sin q) dq we
give an elementary proof of Finch’s hypergeometric 4Fs (3) series due
to Sofo and Nimbran (Integral Transforms Spec Funct. 31 (2020) 966-
981), where they have proved using the (BBP-type) identity. Further,
using the recent result of Campbell we solve an open problem consid-
ered by Steven Finch, as far back as 2007, concerning the computing
a closed-form for the hypergeometric 3F> function. Finally, we offer
explicitly an intergral representation for the hypergeometric 3 F» (—1)
series, alternating version of the Ramanujan’s hypergeometric 3 F» (1)

series, also considered as an open problem by Steven Finch in 2007.

1. INTRODUCTION

On page 106 of his second notebook |9, Chap. IX, p. 106, entry 16. example
ili], Ramanujan studied the hypergeometric 3F (%) function

2n\ o—
B 222 |l _ZOO )2 ™ —ngo: L™
S o - 37 2 -
3,3 = (2n+1) (Bn+1)* 3V3

n=0

Among other things Ramanujan studied the identities
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= G T
; 2o (an 4 12 28 2)

1y - G) o« I
2) _nZ:O23n (2n+1)2 - 4\& 10g(2)+ \@ (1.2)

The series in (1.2) has been studied recently by the author of this paper
in his article [20] who derive a new evaluation for it.

In this paper, we give an elementary proof of the identity (1.1) men-
tioned above. We express the series in closed form using the logarithm of the
transcendental number, 7, and the the double gamma function (or Barnes
G-function), I's (2) = 1/G (z), the later being defined by [4],]5],[6],|7] (see
also [8, pp. 94-96])

_Z_MW> . (_Z z2>
(F2(3+1))_1=(27T)z/2e< 2 2 11 (1+5>ke ok

k
k=1

where v = 0.57721... is the Euler-Mascheroni constant.

Berndt [10, p.264| proved (1.1) using the method of substitution and
Zucker [23, Equation (2.13)] expressed the series (1.1) in closed form using
the identity

jus

0 2k i—1
(k) = (1) /‘5 logi_1 <2 sin Q;) do,

4k (2k+1)  (E-1! o

in terms of Dirichlet L-series, Lg(s), defined by

La(s) = xa(k)k™*,
k=1

where x4(k) is a character modulo d.
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In addition, we will offer an alternative rigorous solution for the hyper-
geometric 4F3 (%) series, posed as an open problem by Finch in [1, p.5],
reads explicitly as:

1 00 (2n)
=Sl 1.3
2) nz:% 25 (2n + 1)° -

The symbolic evaluation for this difficult hypergeometric series in (1.3)
was given implicitly in [16, p.979] by Sofo and Nimbran using the (BBP-
type) identity. An alternate and explicit evaluation for the series in (1.3)
was offered in [17, pp. 129-130] by Campbell, Levrie and Nimbran.

Further in this paper, we give closed-form expression for the following

hypergeometric 3F5 (—%) series, also left as an open problem by Finch in

[1, p.5]:

1\ <« (-1n2n
_ 2) =) ) en s (1.4)

n=0

Finally, we offer an intergral representation for the following alternating
version of the Ramanujan’s hypergeometric 3F (1) series, also left as an
open problem by Finch in [1, p.5]:

111 (1) (2m)?
3 F) ( 212%2 - 1) = 22(4n1()2n(1)1)' (1.5)

n=0
The closed-form expression for the nonalternating version of the hyper-

00 2n\2
1) = ZO") = %, had been
n=

1
2

N[
of—=

592
3
1,5

recorded by Ramanujan on page 123 in his second notebook [9, Chap. X,

geometric series in (1.5), 3F ( 5T (3T D)

p. 123, entry 29. corollary 1|. The proofs for this nonalternating version can
be traced through the articles [11, Equation (29.3), p.40],[12, Equation
(2.4)], [14, Thm. 13, p. 17| and [21]. Hypergeometric series, similar to this
nonalternating version, but a more advanced one where the difference is that

1111
in denominator contains (2n+1)? instead of (2n+1), 4 F3 ( 2’12; 232 1) =
’ 999
o0 (Zn 2
> (g7 Was considered in Mathematics Student article [22] in 2015
=0
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by Nimbran and closed-form expression in terms of G for Nimbran’s 4F35 (1)
series was given in |18, Equation (13)], [19, Equation (32)].

While the closed-form expression for (1.5) seems to be out of reach by

present methods, we provide an intergral representation for (1.5) below.

We recall that the (generalized) hypergeometric function may be defined
to be the complex analytic function so that [3], for p,q € N={1,2,3,...}
and ai,...,ap,b1,...,bq,x € C,

X

[al,ag,...,ap :i (al)n(GZ)n"'(ap)ni
P b1,b2,...,bq 0 (b1)n(b2)n - - (bg)n m!

where (a)y = a-(a+1)---(a+k—1) for k € N denotes the Pochhammer
symbol.

Throughout this paper, we use the same notations and definitions as
[15], letting ( ") denotes the central binomial coefficient, which is defined
forn > 1 by (2;) = (2n)!/ (n))*, ¢ (s) denotes the Riemann zeta function,
which is defined by ¢ (s) = 3.°°, X, R(s) > 1, G denotes the Catalan's

n=1 ns’
1 %7 1,1 oo ( 1)n+1
constant, which is defined by G = 7, F» 55 |[1] =202 1 @n)? and
2132
G denotes the Catalan-like constant, which is defined by G = (L1 (’*1))

In the following, csc™! () denotes the inverse cosecant, which is de-

fined for * € (—o0,—1] U [1,00) by csc!(z) = —¢In (1/1 - ?12 + é),

sinh ™! (z) denotes the inverse hyperbolic sine, which is defined for = €
(—00,00) by sinh™! (z) = In (J: +V1+ 3:2) , sin™! (z) denotes the inverse
sine, which is defined for € [~1,1] by sin™! (z) = —¢In (w: +V1-— :102> ,
with sin™! (1) = ¢sinh™! (x) and Li,(x) denotes the polylogarithm func-
tion, which is defined for |z| <1 by Li, (z) = > 7, i—:, neN, n>2.

To evaluate (1.1), (1.3) and (1.5), we shall establish some lemmas.
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1
Lemma 1.1. Let o > —5 The following equality holds:

1

1
2
z%n(x)dr = ———.
/0 (@) (2a 4 1)?

Proof. The proof is given in the paper [13].

Lemma 1.2. The following integral formula holds true:

[]e)]

6 r
/6ln(sint)dt:—glnﬂ—Wln2+7rln< 2 (5)
0

3 rﬂ))'

Proof. In the article [2, Equation (4.5)], Choi, Cho and Srivastava proved
that

(@R}

/gln <281ng) dv:—gln(2w)+2mn <F2 (2)> (1.6)

0 [y (%)

We make the substitution v = 2t on the left side of (1.6), so that % =2

Then, /3 In (2 sin %) dv = 2/6 In (2sint) dt
0 0

=2 /6 ln(2)dt—|—/6 In (sint) dt
0 0
T 6
:1n2+2/ In (sint) dt
3 0

I (

I (

)
)

(e [e)

= —gln (27) + 27 In (

[N EN]

giving us that the following equality holds:

z I, (5
(2
:_Elnﬂ_z1n2+ﬂln 2(673)
0 3 T2 (5)
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Lemma 1.3. The following integral formula holds true:

jus

1 v G
In (si =——1In2—-—.
/0 n (sin q) dgq Lo 5

Proof. The proof is detailed in the paper [15, Proof of Lemma1.2].

O
Lemma 1.4. The following integral formula holds true:
i om Gln2 2373
In? (sinq) dg = —- In?2 — -G
/0 w(sing)dg = 55 "2+ 5=+ e =
Proof. The proof is detailed in [15, Proof of Lemma 1.1].
O

Lemma 1.5. The following identity holds:

- GO 1
Zgnn)ﬂz%sm L(2x).

n=0
Proof. The proof is detailed in [21, Proof of Theorem 1.1(Step One of the

First Proof)].
g

Theorem 1.6. The evaluation

iw(?)—ﬂln(ﬂ)—i—gln@)—Zﬂln (FQ(

(e [e1

)

)

02 (2n+ 1)? BE Iy (%)
holds true.
Proof. i (i) = i (i) <— /1 %" 1n (z) dx)
S 9in (2n 4 1)7 L 24n 0

_ _/Olln(fw E% <2:> (@”] "

Invoking the well-known generating function of the central binomial

>~ (2n 1 1
coeflicient, Z:O < i >k” =— k< 1 Ve have,
n=

1— 4k’
= ()
Z 23n

1
1
S 7 / In(@) 4.
= (2n+1) 0 4 — g2

dx
We make the substitution: x = 2sint, so that — = 2cost

dt
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U In(2) Q
Then, —2 ————dr = -2 In (2sint) dt
e = =2 [ sing
m m Ts (3)
=—In(wr)+ =In(2) —27ln 621,
Tin(n) + 5 (2) (FZ o

and the theorem is proved.

Theorem 1.7. Finch's 4F5 (%) series in (1.3) admits the evaluation

3
28V210 | BVRT 2 ) V26
768 64 2

1
Proof. Using the well-known definite integral formula / 22 In? (z) dz =
0

, we begin with the following equalities,

(2n+1)°
o n o (2n
S mr o (1], )
_ ;/011112 () lg <2:> (3;2)”] d
_ V2 [P ()

dx
2 Jo 2 — x2

d
We make the substitution: = v/2sing, so that d—x = +v/2cosq
q

It follows that,

1 2 D) z
@ L(:E)de = \2[/04 In? (\/isinq) dq

2 Jo 92 _
5 st ™
:\2[[/41n2\f2dt+/41n2(sinq)dq +
0 0
V21Inv2 [/4 ln(sinq)dq]
0

V2 71 Im . 5 2373 T, 9
Ve r Tip2o 4 2T g Tip2g

5 |1g™ A F g 2t g G-

23v21%  3v2r V2
- R n? 2

768 (&) =59
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and the theorem is proved.

Here in the proofs of Theorem 1.6 and Theorem 1.7, Bernstein's theorem
[25, Thm. 9.30, p.243] justifies interchanging the order of integration and
summation because of the positivity of the coefficients.

O

Theorem 1.8. Finch's series in (1.4) evaluates to

. (1-V3 1+v3
\@Ll2<\/§) \[L2< /2 >—|—

W20~ L (Va-v2) (2 V3).

Proof. In the recent article [24, p.34], Campbell had listed the following

generating function involving reciprocal of central binomial coefficient:

> n 2LLi2(—«/ —g—i) 2LL12< 1—§+$>
_|_

nz;)( " (2n + 1)2 NG - NG
n _\/?_i T
L2 +21 ( 1—‘Z+L\2f—|-1> (ﬁ>
2Vz vV

Then for x = —2 the following result is deduced

> 1)n2n _(1-V3 143
HZ:O 2n+1 2L12< NG ) \[LQ( /5 )

+3\7f€( 2- \/iln<\/§—\/§+1>ln<\/§—1>

V2+v3-1 V2
V3 1+V3
‘”2< ﬂ) “2< v )
32009

2
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—ﬂln< (1+ﬂ);31>ln( 2—\/3)

(V2+v3)" -
)
IS N
o))

and the theorem is proved.
OJ

Theorem 1.9. (Alternating version of the Ramanugjan's Hyperge-
ometric 35 (1) series).

The following integral representation for the series in (1.5) holds:

Srer (el V)
0

n —— dp
71202471(271“‘1) s 1_p2

Proof. Invoking the Wallis’ well-known integral formula, namely,

2 g : 2n (271)
/ (sin@)“" df = 2gn ,  n>0.we have,
T Jo

0o (_1)n (Znn)2 B o) (_1)71 (27?) 1 m
_i =" ()

N — 22" (2n+1) \ 7 Jo ' ’

By the dominated convergence theorem, we are allowed to switch the

o) 2
order of the operators Y . and [ .df, giving us
0

n=0
=02 [ rE (G ()
;24n(2n+1)_7r /0 nz:; 2n+21 40

WP
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9 N .
2 /2 sin (Lsmﬁ)da
0

s sin 6
9 L
_ /2 sinh . (smH)d(9
7\ Jo sin 0
o . dp
We make the substitution: sinf = p, so that 0 cosf = /1 — p2.

It follows that,

2 /Q sinh ™! (sin 0) A 2 /1 sinh™! (p) dp
0 0

s sin 6 ™ p 1—p2
9 11n(p—|—\/1+p2>
™ /0 /1 —p?

We have to calculate the integral at the RHS, but this seems to be out
of reach for the moment. We also note that equivalent expressions of the
integral at the RHS have been used a number of times in the Mathematics

Stack Exchange online resource.!
O
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ABSTRACT. One of the well-known examples of second order linear re-
currence relation is the sequence { F;, } of Fibonacci numbers. Fibonacci
numbers and their several generalizations have interesting properties
and various applications in almost every field of science such as in
Physics, Biology, Mathematics. One of its interesting properties in-
cludes the fact that the sequence {F,} is always periodic when consid-
ered modulo any positive integer m > 1. There is extensive research
which studies the periodicity of various generalizations of { F}, } modulo
10°. The main aim of this article is to consider the periodicity of the
sequence {F(j )} of k-Fibonacci numbers for the odd values of & when
considered modulo 10°; for every integer e > 1. The sequence {Fiy )}
is one of the interesting generalizations of the sequence {F,}, defined
by the recurrence relation

Fony =kFgn_1) + Flen-2), n > 2,

where Fi o) = 0, Fx1) = 1. We go through several cases which
together covers all the values of odd k and develop the formula for the
length of period of {Fx )} modulo 10%e > 1.

1. INTRODUCTION

The Fibonacci sequence {F},} is one of the best known and most studied
number sequences. The terms of this sequence are defined by the recurrence

Fo=F,1+F, 2 n2>1,
with the initial terms Fy = 0, F} = 1. The Fibonacci sequence has been ex-
tended in various manners, with some approaches maintaining the original
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Key words and phrases: Fibonacci sequence, Generalized Fibonacci sequence,
k-Fibonacci sequence, Periodicity of sequence
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conditions while focusing on retaining the recurrence relation. For wide-
spread research in this topic, one can refer Koshy [17,18|, Kramer, Hoggat
[9], Livio [11], Vajda [15], Horadam [2], Shannon, Horadam [3], Kilic [7],
Yang [16], Ocal, Tuglu, Altinisik [1].

In [14], Falcon and Plaza introduced the k-Fibonacci sequence with one
parameter k. The terms of the k-Fibonacci sequence {F{; )} are defined
by the recurrence relation

Fins) =kFun) + Fopn-1, n=1,

with Fg0) =0, Fg. 1) = 1.

In 1960, Wall [4] studied the periodicity of { F},} extensively. Vinson [10]
also studied and extended Wall’s work. The periodicity of various gener-
alized Fibonacci sequences modulo an integer m > 1 has been studied by
several authors. Shah [6] considered the periodicity of the Tribonacci se-

quence {T,,} and proved that
Thi12.4x10t = Tn (mod 10%),

where ¢ > 1 and n > 0. The terms of the sequence {T},} are obtained by

the recurrence relation

Tn =dn—1+ Tn—2 + Tn—37
with 77 =0 and 75 =15 = 1.

Hathiwala and Shah [8] studied the periodicity of the Tetranacci se-
quence {t,} defined by
ln =th—1 +ln—2+th-3+th_4,

where t; =t =0 and t3 = t4 = 1. They proved that

tn+3.9><10r =1, (mod 1OT),

forall» >4 and n > 0.
Patel and Shah [13] studied the length of period of Pell-Lucas sequence
{PL,} and proved that

PL1.2><106t+n = PLn (mod 106),

where e > 3 and n > 0. They also introduced the concept of blocks within
the period. In [14], Falcon and Plaza considered the periodicity of the k-
Fibonacci sequence modulo m = k? 4 4. Koshy [18| studied the periodicity
of the Pell sequence {P,}, the sequence of Pell numbers.
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Dursun Tasci and Gul Ozkan Kizilirmak [5] investigated the period of
the k-Fibonacci sequence modulo 2”. No specific work has been done so
far for the periodicity of the sequence {F(k,n)} when considered modulo
10¢, e > 1. In this paper, we consider the periodicity of the sequence {F(k:,n)}
for odd values of £ when considered modulo 10¢, e > 1.

2. THE PERIOD OF {Fi; )}

This section is concerned with the basic results related with the period-
icity of {F(j)} for odd values of k, when considered modulo m > 1. The
results mentioned here are also true for even values of k.

Definition: By F{;,) (mod m), we mean the sequence of least non-
negative residues of the terms of k-Fibonacci sequence taken modulo m > 1.

Definition: By pu(m) (or simply p), we mean the length of the period
of the sequence {F(y )} for any modulo m > 1.

Some of the easy consequences of these definitions are mentioned below.

Lemma 2.1. The following congruences hold:
(a) Fjpu—2) =m—k (mod m)
(b) Fip—1y=1 (mod m)
(¢) Fgpy =0 (mod m)
(d) Fpsr) =1 (mod m)
(¢) Flipntur) = Finy (mod m), for any integer .

Marc Renault [12] introduced the periodicity of Fibonacci sequence and
also proved some interesting results for periodic nature of F' (mod m). The
following results can be easily proved using the above lemma and periodic
nature of Fy ) (mod m).

Lemma 2.2. The sequence Fyy, ,y (mod m) is always periodic.

Lemma 2.3. The periodic sequence Fy ) (mod m) repeats from its start-

ing values 0, 1.

Fact 2.4. If both F{;,,,) =0 (mod m) and F{} ;,41) =1 (mod m) hold true,
then u(m) | n.

Theorem 2.5. If n | m, then u(n) | p(m).

Corollary 2.6. u(m) | u(mn), for any positive integers m and n.
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Theorem 2.7. If m = [[¢;" is the prime power factorization of a positive

integer m, then
pu(m) = lem [p (g;")]

the least common multiple of pu(q;") for various values of i.

Corollary 2.8. If m is composite, then u(m) is also composite.

Theorem 2.9. p(lem[m,n]) = lem[u(m), u(n)].

3. VALUE OF (2°) FOR ODD VALUES OF k

When k = 1, clearly F;,) = Fy, the sequence of Fibonacci num-
bers, whose periodicity was studied thoroughly in [17]. When k = 2,
clearly Fij ) = Pn, the sequence of Pell numbers. Results related with
P, (mod 2°) can be found in [18|. Throughout this work, we thus consider
the periodicity of {Fy )} for odd integers k > 3. The following result was
proved by Dursun Tasci and Giil Ozkan Kizilirmak [5].

Theorem 3.1. For any integer e > 1 and when k > 3 s odd,

w(2°) =3 x 2¢71, (3.1)

In the next section, we derive the value of p(5°) for the cases k =
+1,+3,5 (mod 10).

4. VALUE OF p(5¢), WHEN k=10t + 1
In this section, we first find the value of u(5) when k& = 10t + 1;¢ > 1.
Lemma 4.1. u(5) = 20, when k is of the form k=10t + 1;t > 0.

Proof. To prove the required result, we need to prove that

Fliot41,200 = Fluotr1,00 =0 (mod 5), (1)
and  Fior11,21) = Flaore1,1) =1 (mod 5). .
We use induction on ¢ to prove these results. When we consider ¢ = 0, we
get F(g n) = Fy. It is known that the Fibonacci sequence has periodicity of
20 modulo 5. Thus, u(5) = 20.

Now, considering t = 1, we get k = 11. In this case we need to prove that

Fi120=0 (mod5) and Fii21 =1 (mod5).
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Then the corresponding recurrence relation is
Fi120 = 11F11 19 + Fi1,18
=11 [(11)18 +17(11)'% 4+ 120(11)™ + 455(11)'2 + 971(11)1°
+1287(11)% + 924(11)% 4 330(11)* + 45(11)? + 1}
+ [T+ 16(11)!° + 105(11)'% + 364(11)!" + 685(11)°
+792(11)7 + 462(11)° + 120(11)3 + 9(11)} .
Using Fermat’s theorem, we get
Fii20 = {1424+ 14+2+4+1}+{1+14+4+24+24+4} =1+4=0 (mod 5).
Also, by the corresponding recurrence relation,
Fi1201 = 11F11 20 + Fi1,19
=11 [(11)19 + 18(11)Y +136(11)*® + 560(11)'3 4 1335(11)*
+1972(11)° + 1716(11)7 + 792(11)® + 165(11)% + 10(11)}
+ [(11)18 +17(11)'¢ 4 120(11)™ + 455(11)'2 + 971(11)1°
4+ 1287(11)% + 924(11)° 4 330(11)* + 45(11) + 1}.
Using Fermat’s theorem,
Frion ={143+1+24+1+2}+{1+2+14+2+4+1} =0+1=1 (mod 5).

Therefore, 1(5) = 20 when k = 10t 4 1. Hence (4.1) holds for ¢ = 1.
Now, assume that the result holds for some ¢t = 7.
That is, let (5) = 20 holds for k£ = 10r + 1.

Thus, the following holds:
Flaor+1,200=0  (mod 5),
(104120 (4.2)
and  Fior41,21) =1 (mod 5).

By Lemma 2.1 (b), (c), and (d), we have
(4) Faor+1,200 =0 (mod 5),

(44) Flior+1,9) =1 (mod 5),
(Z’L'L) F(10T+1721) =1 (mod 5) (43)
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To prove the result for ¢t = r + 1, it is sufficient to show that

Faog+1)41,200 =0 (mod 5), (1.4)
and F(IO(T‘+1)+1,21) =1 (mod 5)

Now, By the recurrence relation of the k-Fibonacci sequence, for k = 10(r +
1) + 1, we obtain

Fors11,200 = (107 +11) Fliop411,19) + Fluor411,18)- (4.5)

Thus, we have

Forg11,200 = (107 + 11) Fiop411,19) + Flaor+11,18)
= (10r +11) [(107’ +11)'8 + 17(10r 4 11)*6 + 120(10r + 11)1
+ 455(10r 4 11)*2 + 971(10r + 11)*° + 1287(10r 4 11)8
+ 924107 +11)° + 330(107 + 11)* + 45(107 + 11)? + 1]
+ [(10r + 11)!7 4 16(107 + 1) + 105(10r + 1113
+ 364(10r 4+ 11)M + 685(10r + 11)? 4 792(10r 4 11)7
+462(107 + 11)° + 120(10r + 11)3 + 9(10r + 11)] .
Using Fermat’s theorem,
Faor11,20) = {142+1424+4+1}+{1+1+4+242+4} = 144 =0 (mod 5).

Also, by the recurrence relation of the k-Fibonacci sequence, considering
k=10(r+1)+ 1, we get

Faogr+1)+1,20) = (10(r + 1) + 1) Fo(rg1)41,200 + Faoer41)41,19)-  (4.6)
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Thus, we have
Faors11,21) = (107 + 11) Flior411,20) + Flior+11,19)
= (10r 4 11) | (107 + 11)* 4 18(107 + 11)'7
+ 136(107 + 11)* + 560(10r 4 11)*3

+ 1335(10r + 11)' 4 1972(10r + 11)°
+ 1716(10r + 11)7 + 792(10r 4 11)°

+165(10r + 11)3 + 10(10r + 11)]
+ [(10r +11)18 4 17(10r + 11)'6
+120(107 4+ 11)™ + 455(10r + 11)"2

+971(10r + 11)* +1287(10r 4 11)8
+924(107 4 11)® 4 330(107 + 11)*

+45(10r + 11)2 + 1].
Using Fermat’s theorem, we have
Faorgi1,21) = {1+3+142+ 142 4+{1+2+14+24+44+1} =0+1 =1  (mod 5).
Thus, the result holds for t = r + 1, and hence for all ¢, as required. O
Lemma 4.2. u(5) = 20, when k is of the form k =10t — 1;t > 1.
This can be proved using the technique similar to the last lemma.

Theorem 4.3. u(5°) = 20 x 5~ V:e > 1, when k is of the form k =
10t +1,¢ > 0.

Proof. To prove this result, it is first required to prove that

Flg20x5-1y = Fir0) =0 (mod 5%,

(4.7)
and  Fy ooxse-141) = Flg) =1 (mod 5°).
From Lemma 4.1 it is clear that the result holds for e = 1.
Agssume that the result holds for some e = r > 1.
Thus,
p(57) =20 x 50V p > 1, (4.8)

Then by lemma 2.1 (b),(c) and (d), we have the following:

(’L) F(k,20><5r—1) =0 (mOd 57”)
(ZZ) F(k‘,20><5771—1) =1 (rnod 5T) (49)
('LZZ) F(k:,20><5’"*1+1) =1 (mod 5T)
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To prove that the result holds for e = r + 1 also, it is sufficient to prove
that

F(k720><57‘) =0 (mod 5T+1), (4 10)
1 .

and  Fij00x5r4+1) =1 (mod 57D,
By considering n = 20x5~1) in the recurrence relation Flrsn) = kFsn—1)t+
F(k’5n,2), we get

Flr20x57) = kF(r20x57—1) + F(k,20x572)-
By lemma 2.1 (a) and (b), we get
(mod 5",

57"-‘1-1 ) (mod 57"—}—1)'

Flr20x57—1) =1
and  Fz20x57—2) = (
Therefore, we get

Flesoxsy =k x (1) + (6T —k) =0 (mod 50+Y). (4.11)

Also, by considering n = 20 x5~ in the recurrence relation of k-Fibonacci

sequence, since

Flesntt) = (B2 + 1) Flesn—1) + kF e 5n-2),
we get
Fleooxsr+1) = (K 4+ 1) Fga0x57—1) + kF (g 20x57—2)-
By lemma 2.1 (a) and (b), we get

Frooxsr—1) =1 (mod 5™1), Fogxsr—gy = (""" —k) (mod 5™*).
Therefore,
Fiooxsri) = (K2 +1) x 1+kx (65U —k) =1 (mod 5. (4.12)
Then by (4.11),(4.12) and fact 2.3, we have
p(57FDY 20 x 57 (4.13)
Since 5" | 5"+ implies p(57) | w(57 D), we get
20 x 5"V | p (50D, (4.14)
Then by combining (4.13) and (4.14), we get
p(50 1)) =20 x 507D or p(5(rFD) =20 x 5"

We shall show that the case ,u(5r+1) — 920 x 571 is not possible. In fact,
we show that
Flj20x50-1y # 0 (mod 51y,
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More precisely, we prove that
Flg,20x50-0) = 5"R  (mod 5(r+1))a7“ >2; (4.15)

for some odd R which is not a multiple of 5.

(r—2)

Now, by considering n = 20x5 in the recurrence relation of k-Fibonacci

sequence, we get

Fi20x50-1) = KE{( 20 x50-10_1y + Fge 205501 _2)- (4.16)
By lemma 2.1 (a) and (b), we have

F(k,20><5T71—1) =1 (mod 5T), F(k720><5’"*1—2) = (5T — k) (mod 5T)
In modulo 5"t we get
Fly00x50-1_1) = 1 or (1457,
and F(k720><5(r—1)_2) = (51” - k) or (2 X 57‘ - k)

Then by (4.16) we get
Fly00x50-2) = kx (1 or 1+5")+(5"—k or 2x5"—k) =5"R  (mod 5(r+1)),
Therefore, Fij, 00x5-1) # 0 (mod 5"71), as R is odd. Thus, we conclude
that p(5" 1) = 20 x 57! is not possible. Hence, u(5" 1) = 20 x 5. O

The following result can be proved using the similar arguments.

Theorem 4.4. If k is of the form k = 10t —1, t > 1, then u(5°) = 20 x 51
fore>1.

5. VALUE OF p(5°), WHEN k =10t +3

In this section, we first find the value of n(5) when k = 10t + 3;¢ > 1.

Theorem 5.1. If k is of the form k =10t + 3, t > 0, then u(5) = 12.

Proof. To prove the required result, we need to prove that

Fors,12) = Flaogs,0) =0 (mod 59,
. (5.1)

and  Fiot43,13) = Faorrs,y =1 (mod 59).

If we consider t = 0, then we have k = 3.

In this case the corresponding recurrence relation is F3 12 = 3 X F3 11+ F3 10.
Thus, we have

Fyi0=3x {(3)10 +9x(3)8+28x (3)°+35x (3)*+10 x (3)2 + 1

£ (3)° 8% (3)7 421 x (3)°+20x (3)° 45 x (3)}.
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Using Fermat’s theorem, we have
=3x{(3)2+4x1+3xB)*+1}+{3+3x(3)>+1x3} (mod 5)
F310=3x{4+4+2+1}+{3+1+3}(mod 5) =3+ 2= 0(mod 5).
Also, since F313 = 3 X F312 + F3 11, we have
F313 =3 X F312+ F311

=3 x {(3)“+10>< (3)? + 36 x (3)7 + 56 x (3)5+35><(3)3+6x3}

+ {(3)10 +9x (3)® 428 x (3)°+35 x (3)* + 10 x (3)% + 1}.
Using Fermat’s theorem, we get
= 3{(3)3 + (3 +3+ 3}

+ {(3)2 T 4+3(3)% + 1} (mod 5).
F313=3x{24+2+3+3}+{44+4+2+1}(mod 5) =0+1 = 1(mod 5).
Thus, p(5) = 12 when k = 3.

Now, assume that the result holds for some ¢ = r > 1.Thus, p(5) = 12 holds
for k= 10r + 3.

Thus, by assumption, the following holds:

Fror43,12) =0 (mod 5), (5.2)
and F(10T+3,13) =1 (mod 5) .

Then by lemma 2.1 (b),(c) and (d), we have the following:
(i) Flior43,12) =0 (mod 5),
(i) Faor4s,11) =1 (mod 5),
(i4i) Fior+313) =1 (mod 5). (5.3)

To prove that the result holds for t = r+ 1 also, it is sufficient to prove that
Faogr+1)+3,12) =0 (mod 5),

7

1

(5.4)
and Fio(r41)43,13) =1 (mod 5).

Now, taking k& = 10(r+1)+3 in the recurrence relation of sequence { Fi, »)},
we get

Faog+1)+3,12) = (10(r +1) + 3) X Fiop41)43,11) T F10(r+1)+3,10)-
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Thus, we have
Faor413,12) = (10r + 13) F1or413,11) + Fl1or+13,10)
= (10r + 13) [(10r +13)10 4 9(10r + 13)8
+ 28(107 + 13)% + 35(10r + 13)*
+15(10r + 13)2 + 1}

+ [(107" +13)° + 8(10r + 13)7
+21(10r + 13)° + 20(10r + 13)3

+5(10r + 13)]
Using Fermat’s theorem, we get
=3x{(3)2+4x1+3x3)?+1}+{3+3x2+1x3}(mod 5)
Frort13,12) =3x{4+44+2+1}+{3+1+3}(mod 5) = 3+2 = 0(mod 5).

Also, by considering & = 10(r + 1) + 3 in the recurrence relation of k-
Fibonacci sequence, we get

Faoes1y+3,3) = (10(r + 1) +3) X Fuor41)+3,12) + Faoe+1)+3,11)-
Thus, we have

Fror413,3) = (107 + 13) F10r413,12) + Flior+13,11)
= (10r + 13) [(10r +13)1 4 10(10r + 13)°
+36(107 + 13)7 + 56(107 + 13)°

+35(107 + 13) + 6(10r + 13)}

+ [(10r +13)° + 90107 + 13)°
+ 28(10r + 13)% + 35(10r + 13)*

+10(107 + 13)2 + 1} .
Using Fermat’s theorem, we get
=3x{(3)*+1x (3P +1x3+1x3}+{(38)*+4x1+3x (3)*+1}(mod 5)
Fror413,13) = 3x{2+2+3+3}+{4+4+2+1}(mod 5) = 0+1 = 1( mod 5).

Thus, result (5.4) holds for t = r+ 1, and hence for every ¢, as required. O

The following results can be proved using the similar arguments.
Theorem 5.2. If k is of the form k =10t — 3, t > 1, then u(5) = 12.

Theorem 5.3. If k is of the form k = 10t+3, ¢t > 0 and k = —7 (mod 50),
then u(5¢) = 12 x 572 for all e > 1.
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Theorem 5.4. If k is of the form k = 10t+3, ¢t > 0 and k Z —7 (mod 50),
then p(5¢) = 12 x 571 for all e > 1.

We combine the theorems 5.1,5.3 and 5.4 to write the value of p(5°)
when £k =10t + 3;t > 0 and e > 1.

Theorem 5.5. If k is of the form k=10t + 3, t > 0, then
12, e=1,
p(5)=1412x52 e>1andk=-7 (mod 50),
12x 571 e>1and k% -7 (mod 50).

The following results can be proved on same line for the value of p(5¢)
when k=10t — 3;t > 1,e > 1.

Theorem 5.6. If k is of the form k =10t —3, ¢t > 1, and k = 7 (mod 50),
then 1(5¢) = 12 x 572 for all e > 1.

Theorem 5.7. If k is of the form k =10t —3, ¢t > 1, and k Z 7 (mod 50),
then 1(5¢) = 12 x 57! for all e > 1.

We combine the theorems 5.1,5.6 and 5.7 to write the value of u(5¢)
when £k =10t — 3;t > 1 and e > 1.

Theorem 5.8. If k is of the form k=10t — 3, t > 1, then
12, e=1,
p(5) =<12x572 e>1land k=7 (mod 50),
12x51 e>1and k#7 (mod 50).

6. VALUE OF p(5¢), WHEN k =10t +5

In this section we consider the case when k£ = 10t +5; ¢t > 0. It is clear that
this can be expressed as k = 10t + 5 = 5%(2¢' + 1), where « > 1, ¢/ > 0..

Theorem 6.1. If k = 10t + 5 can be expressed as k = 5%(2t' + 1), where
a>1andt >0, then
2, e < a,
p(5%) = 42 x5  e>a and k = 5°,
2x5L e>a and k # 5°.

Proof. We consider k = 10t + 5 = 5%(2t' + 1), where a > 1,¢' > 0.
Case-1: Since e < «, we write a = e + a for some a > 1. Now,

Fise(a41)m) = 572 + 1) Fisa2141) m—1) + Fl5e(2/41),n—2)
=52t + DFsa@t41)n-1) T Flse@r11)m-2)
= 5% X 5U2t" + 1) Fse (20 41),n—1) + Fl5e(2041) m—2)
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Therefore,

Fsaar1)n) = Flseee41)n-2) (mod 5°).
Thus, p(5¢) = 2 when e < a.
Case-2: We consider the case £k = 5% a > 1 when o < e. We use induction
on e to prove the result. Since Fisa ;) = 5 F(za n_1) + F(50 n_2), by taking
modulo 5, we get F(sa ;) = F(5a ,—2). Therefore, ;u(5) = 2. Thus, result is
true for e = 1.
Now, assume that result holds for some e = r > 1. Thus,

p(7) =2 x 507 > 1, (6.1)
Then by lemma 2.1 (b),(c) and (d), we have the following:
(4) Fikoxsr-o) =0 (mod 5"),

(ZZ) F(k‘,2><5r_0‘71) =1 (mOd 5T),

(I’LZ) F(k,2><57'_a+1) =1 (mOd 5T) (62)
To prove that the result holds for e = r 4+ 1 also, we need to prove that
F(k72><5r—a+1) =0 (mOd 5T+1),

. (6.3)
and  F(poxsr—ati4y =1 (mod 57,

Since Fy 5n) = kF (1 5n—1) + F(k,5n—2), by taking n =2 x 5=) we get
F(k72><5('r7a+1)) = kF(k72><5('r7a+1)_1) + F(k72><5(r7a+1)_2). (64)
By Lemma 2.1 (a) and (b), we get
F(k,2><57'*"‘+1—1) =1 (mod 5T‘+1>,
and  Fyoxsr—ot1_g) = (5" — k) (mod 5"t1).
Therefore, we get
Foxsr—arny = k(1) + (5" —k) =0 (mod 5"*1). (6.5)
Also, by considering n = 2 X 5("=a) in the recurrence relation of k-Fibonacci
sequence, since
Flisnt) = (2 + D F g sn-1) + kF o 5n-2),
we get
F(k,2><5(“a+1>+1) = (k‘2 + 1)F(k,2><5(7*°‘+1)71)
+ k:F(k,QXS(T*&H)fQ)'
By Lemma 2.1 (a) and (b), we get
F(k72><5r—a+171) =1 (mod 5T+1),
F(k72><5r—a+172) = (5T+1 — k’) (mod 5T+1).
Therefore, we get
Floxstr—oatnp1) = (B+1) +k(B —k)=1 (mod 5. (6.6)
Then by (6.5), (6.6) and Fact 2.3, we have
p(57) | 2 x plr—atl), (6.7)
Since 5" | 5"+ implies p(57) | p(57*1), we get
2 x 507 | u(5™Y). (6.8)



PERIODICITY OF k-FIBONACCI SEQUENCE MODULO 10¢ FOR ODD k 115

Then by combining (6.7) and (6.8), we have
p(5") =2 x 5 or 2 x prTeth),
We shall show that the case u(5"T!) = 2 x 5("=®) is not possible. In fact,
we will show that
Fljaxso-eay 0 (mod 571,

More precisely, we will prove that

Floxsr—ay =5"R (mod 51, r>a>1. (6.9)
for some odd R which is not a multiple of 5.
Now, by considering n = 2 X 5('—a=1) in the recurrence relation of k-
Fibonacci sequence, since

Fiisn)y = kF e sn—1) + Flrsn—2);

we get

Flaxstr—ary = kFg axs0-0 1) T Fi 2x50-0)_9)- (6.10)
By Lemma 2.1 (a) and (b), we have

F(k,2X5T7a—1) =1 (mod 5T),
F(k:,2><5T70‘—Q) = (5T — k?) (mod 57’)
In modulo 5", we get
Flyoxstr-—a_1y =1or 1+ 5"
Fliaxsr-ar_gy = (5" — k) or (2 x 5" — k).

Therefore, by (6.10), we get
F(k’,2><5<r70‘)) = k(l or 1 + 57‘) + (57’ — k or 2 X 57’ — k) = 5TR (mod 5T+1).
Thus, F(k,2x5(7‘—a>) # 0 (mod 5"*!), as R is odd. We now conclude that
(5" = 2 x 5(m=%) is not possible. Hence, u(5"1) = 2 x 5r—a+l),
Case-3:
Since a < e, k = 5%(2t' + 1), when k # 5%. To prove this result, it is first

required to prove that
Froxse—1y) = Fio) =0 (mod 59, (6.11)
and  Flgoxse-141) = Fi) =1 (mod 59). .

For e = 1, we need to prove that p(5) = 2. That means to show that

Fio) = Fioy=0 (mod5) and Fyg) =Fy) =1 (mod5). (6.12)
Here we have k = 5%(2t' + 1).
Considering o« = 1 and t/ = 0, we get k = 5. Now, by the recurrence relation
of k-Fibonacci sequence, we get

(1)F52 =5 X Fi1) + Fro) =5 x (1) + 0 = 0(mod 5).
(ii)F53 =5 X Fso + F51 = 1(mod 57 F),

Therefore, u(5) = 2. Thus, result is true for e = 1.

Now, assume that result holds for some e = r € N. Thus,
u(5) =2 x 507D r> 1 (6.13)
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Then by lemma 2.1 (b),(c) and (d), we have the following:
(1) Flgaxs50-1y =0 (mod 57),
(#) Fipaxse-n_1y =1 (mod 5"),
(ii7) Foxse-n41) =1 (mod 5"). (6.14)
Now, we prove that the result holds for e = r 4+ 1 also. That is to prove
that
Flraxsy = 0(mod 50)) and  Figaxsr41) = 1(mod 50FY). (6.15)
By considering n = 2x 5" in the recurrence relation of k-Fibonacci sequence,
we get
Firoxsry = kFpaxsr—1) + Flraxsr—2)- (6.16)

By lemma 2.1 (a) and (b), we have
F(k 2%57—1) =1 (mod 57"—1—1)’

and  Foxsr—9) = (57" — k) (mod 5"11).
Therefore, we get
Faxsry =k x (1) + (50D — k) = 0(mod 5. (6.17)
Also, by considering n = 2 x 50"=1) in the recurrence relation of k-Fibonacci
sequence, we get
Flraxsr+1) = (K% + 1) Foaxsr—1) + kF(gaxsr—2)-
By lemma 2.1 (a) and (b), we get

Firoxsr—1y =1 (mod 571,
and  Figax5r—2) = (5" —k) (mod 5.
Therefore,
Firoxsrin) = (k2 +1) x 1+ k x (50T — k) = 1(mod 50 HV)).  (6.18)
Then by (6.17),(6.18) and fact 2.3, we have

(5 TDY 2% 5" (6.19)
Since 5" | 5("t1) implies p(57) | w(57 D), we get
2 % 501 | u(50D), (6.20)

Then by combining (6.19) and (6.20), we have
p(5U )y =2 x50 or  p(30TYY =5 x 2 x 5 =2 % 57
We shall show that the case u(5+1)) = 2 x 50"=1) is not possible.
In fact, we will show that F(k,2X5(,«_1)) # 0(mod 5(’”“)). More precisely, we
will prove that
Fljxs50-1) = 5" R(mod 50TD) r > 2; (6.21)
for some odd R which is not a multiple of 5.
Now, by considering n = 2 x 5("=2) in the recurrence relation of k-Fibonacci

sequence, we get

F(kQXST 1)) _kF(kZXE)(T 1) )+F(k’2><5(r 1) _ —2)" (622)
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By lemma 2.1 (a) and (b), we have
Flroxse-n_py =1 (mod5"), Fyoxser-1_g =("—k) (mod5").
In modulo 5" we get
F(k,2><5<"'*1>_1) =1lor (1 + 5T)7

and  Fiy oy50-1)_9) = (5" — k) or (2 x 5" — k).
Therefore,

Flyoxse-ny =kx(Lor 1+5")+ (5" —k or 2x 5" — k) = 5" R(mod 5rHy,
Then, F;, 5561 # 0(mod 5+1D)) as R is odd.
Thus, we now conclude that ,u(5(7“+1)) =2 x 5("=1 is not possible.
r+1)\ _ T3
Hence, up(5U"F1) =2 x 578 {xpy or u(10°) .

In this final section, we present a theorem which serves as a conclusion
for the entire paper where the value of 11(10¢) for odd values of k is presented.
These results follow from theorem 2.7 and all the results of sections 2 to 6.

Theorem 7.1. (a) If k is of the form k=10t + 1, t > 0, then
60, e=1,
©(10%) = < 300, e=2,
15 x 10¢71, e > 2.
(b) If k is of the form k=10t — 1, t > 1, then
60, e=1,
w1(10%) = < 300, e=2,
15 x 10¢71, e > 2.
(c) If k is of the form k =10t + 3, t > 0, then
(i) If k= —7 (mod 50), then
12, e=1,2,

1(10°) = s
6 x 1074, e > 2.
(ii) If k # —7 (mod 50), then
12, e=1,
©(10°) = ¢ 60, e=2,

3x 107 e> 2.
(d) If k is of the form k =10t — 3, t > 1, then
(i) If k=7 (mod 50), then
12, e=1,2,

1(10°) = L
6 x 1077, e > 2.
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(ii) If k # 7 (mod 50), then
12, e=1,
p(10°) = < 60, e=2,
3x 107 e> 2.
If k is of the form k =10t +5 =5%(2t' + 1), a > 1, then
(i) If ' >0, e < «, then
1(10°) = 6, e=1,
3x2¢71 e 1.
(i) Ift' =0, e > «, then
w(10%) = 3 x 2¢71 x 5eme,
Ift' > 1, e > «, then
6, e=1,

n(10%) =
3x 107 e> 1.
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ABSTRACT. In this paper, we discuss the conditions for Killing or par-
allel vector fields, as well as concircular flatness on the Riemann soli-
tons. Additionally, we analyze totally umbilical, degenerate and totally
geodesic hypersurfaces of Riemann solitons using Gauss’s and Wein-

garten’s formula respectively.

1. INTRODUCTION

An n-dimensional (n > 3) differential manifold (M,q4in, grm) with a
non-vanishing vector field V' is a Riemann soliton [12] if

1
§£<§l9rm © Grm + Rcur.t = AGrel, (1.1)

where grm, Reur,, Ac and Sl“} are Riemannian metric, curvature tensor

of manifold, a real constant and Lie derivative for the vector field V re-

spectively and m%tl'(t) = —2Rcur, (grm(t)), Grel. = %grm ® grm, and the

Kulkarni-Nomizu product ® is defined F 1 and F 2 by
(F1O )XY, ZW) = Fo(X,W)FaY,Z) + F1(Y, Z)F 2(X, W)
_Fl(Xaz)FZ(Y,W)_Fl(YaW)F2(X7Z)7

for all vector fields X,Y, Z and W on (Mpain, Grm)-
Previous relations and equation (1.1) allow us to express

2Reur (X, Y, Z, W) + grm (X, W) (£ grm) (Y, Z)

+9rm (Vs Z) (L8 9rm) (X, W) = grm (X, Z) (£ grm) (Y, W)

—Grm (Y, W)(£¢9rm) (X, Z) = 2Xc[grm (X, W)grm (Y, Z)
—grm(X, Z)grm (Y, W)]. (1.2)

2020 Mathematics Subject Classification: 53C15, 53C25
Key words and phrases: Riemann soliton, Sectional curvature, Parallel vector field,
Killing vector field, Gauss Equation, Weingarten equation.
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In recent years, the significance of solitons has been increasingly recognized.
Several researchers have contributed to this important area, including Al-
tin and Unal [1], Hamilton [11], Shanmukha and Venkatesh [17], Blaga and
Ozgur [7], Barman |2, 3, 4, 5|, Duggal and Sharma 8], Erken [10], Nurowski
and Randall [13], O'Neill [14], Ozen [15], among others.

The present paper is organized as follows: the introduction provides a brief
overview of Riemann solitons. In Section 2, we examine the conditions
under which a Riemann soliton admits a Killing vector field or a parallel
vector field and is concircularly flat. Finally, we investigate hypersurfaces
of Riemann solitons that are totally umbilical, degenerate and totally geo-
desic,using Gauss’s formula and Weingarten formula respectively.

2. RIEMANN SOLITONS

Theorem 2.1. If a Riemann soliton possesses a Killing vector field or a
parallel vector field, then its sectional curvature is a function of the soliton’s

real constant.

Proof. A well-known formula [8] establishes a relationship between the Lie
derivative (£/?) of the metric tensor and the Levi-Civita connection (V'¢),
which is given by:

From equations (1.2) and (2.1),

2Reur (X, Y, Z, W) + grm (X, W)[grm(VEV, Z) + grm(VEVY )]
+9rm (Y 2)[9rm (VEV, W) + grm (V5 V, X))

—9rm(X, Z)[grm(VEV, W) + grm (Vi5V, Y]

—grm (Y, W) 9o (VEV, Z) + grm(VlCV X))

J-

= 2Xc[grm (X, W) grm (Y, Z) = grm (X, Z) grm (Y, W) (22)

Parallel vector field :- [6] A vector field (V') is Parallel vector field, that
means, VlCV =0, for all X on (Mmain, Grm)-

Killing vector field :- A vector field (V) on (Mmain, grm) is a Killing
vector field [8] if it satisfies the condition (£ig,,)(Y,Z) = 0, for all Y, Z
on (Mpain, Grm)-

Putting (£4¢,,)(Y, Z) = 0 in equation (1.2) or V£V = 0 in equation (2.2),
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for both cases we see

Rcur.t (X, K Z, W) = )\c[grm(X’ W)grm(K Z) - grm(Xa Z)grm(Yv W)]
(2.3)
Sectional curvature :- The sectional curvature Kgec.cur. 0N (Mpmain, Grm)
. Reur., (X,Y,X,Y)
B [grm(X7Y)P*grm(X7X)grm(Y7Y)’
mal basis X,Y of a tangent plane on (Mpain, Grm)-

[16] is given by: Ksec.cur. for any orthonor-

Based on the sectional curvature condition and equation (2.3),
Ksec.cur. = Ac.

We have thus shown that the proof is complete. O

Concircular curvature tensor :- Concircular curvature tensor Z.,,
is defined by (|18], [19])
Zcon(X7 Y7 VV, U) = Rcur.t (X, Y, VVa U)

L [ (VW) gem (X, U) = gom (X, W)gem (Y, )], (2.4)

“nln—1)
where r is the scalar curvature of the manifold.
Concircularly flat :- [19] Concircular curvature tensor Z.,, is said to be
concircularly flat if and only if Z.,,(X,Y,W,U) = 0.

Theorem 2.2. If the Riemann solitons satisfy the conditions of either a
Killing vector field or a parallel vector field, then the Riemann solitons will

be concircularly flat if and only if the scalar curvature is n(n — 1)A..
Proof. From the system of equations (2.3) and (2.4),

m}[grm(yv W)grm(Xv U)

_grm(Xa W)grm(yv U)]a (25)

Zcon(Xa K M/u U) = {>\C -

If {\; — ﬁ} = 0, that means, » = n(n — 1)\, in equation (2.5) then
Zeon (X, Y, W,U) = 0 Again if Z.,,(X,Y,W,U) = 0, then equation (2.5)
implies 7 = n(n — 1)A.. Hence, the theorem is proven. O

3. HYPERSURFACE AS RIEMANN SOLITONS

Let us consider an (n — 1)-dimensional hypersurface (Mpyper, Bags) in
(Mmain»grm)a such that (MhyperaBfo) C (Mmainvgrm)7 where Bfo de-
notes second fundamental form of hypersurface (Mpyper, Basy).
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The Gauss formula [8] between Levi-Civita connection V"P¢" of hypersur-
face (M hypers B2y f) and Levi-Civita connection V' of manifold (Mnain, Grm)

is defined as
VY = VMY 4 Bys (X, Y)N, (3.1)

where X,Y € (Mhypera Boyr) and N € (Miain, 9rm) and gpm(N,N) =
€main = 1.
Using equations (2.2) and (3.1),
2Rcu'r.t <X7 Y, Z7 W) = 2Rcur.t (X7 Y7 Z7 W)
—grm(X, W)[Bfo(Ya V)grm(N, Z) + B2ff(Z7 V)grm(N,Y)]
~9rm (Y, Z2)[Bass (X, V)grm(N, W) + Bayp (W, V) grm(N, X)]
—I—ng(X, Z)[(Bfo(Y> V)ng(N, W)) + Bsz(VV, V)ng(Na Y)]
+grm(Y7 W) [grm(Bfo(Xa V)grm(Na Z) + Bfo(Z> V)grm(N7 X)]a (32)

where

2Reur (X, Y, Z2,W) + G (X, W) [grm (V3P V, Z) + g (VP V,Y )]
+9rm (Y, Z)[Grm (VP V, W) + o (VEPTV, X))
—grm(X, Z) [Qrm(v]}lfyperv, W)+ grm(v%perv Y)]
—Gom (Y, W) [grm (VPV, Z) + o (VP V, X))
= 22c[Grm (X, W) grm (Y, Z) = Grm( X, Z)grm (Y, W)
is the curvature tensor of the Riemann solitons for hypersurface (M hypers Baff)-
Equation (3.2) represents the Riemann soliton equation relating the geome-
try of the manifold and the hypersurface, derived using the Gauss formula.
Totally umbilical:- [9] (Mpyper, Bagy) is totally umbilical if Byrp(X,Y) =
kgrm (X, Y),VX,Y € ]\thypeT, where k is the smooth function.
Using totally umbilical condition on equation (3.2),
2Reur, (X, Y, Z, W) = 2R, (X, Y, Z,W)
_grm(Xa W) [kgrm(Y7 V)grm(N7 Z) + kgrm<Z7 V)grm(N Y)]
—Grm(Ys 2)[kgrm (X, V) grm (N, W) + kgrm(W, V) grm (N, X)]
+9rm (X, 2)[kgrm (Y, V) grm (N, W) + kgrm (W, V) grm (N, Y)]
+9rm (Y, W)kgrm (X, V) grm(N, Z) + kgrm(Z, V) grm(N, X)],  (3.3)
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If Rewr, (X,Y,Z, W) =0 in equation (3.3),
2Reur, (X, Y, Z,W) = g (X, W) [kgrm (Y, V)grm(N, Z
+kgrm(Z, V) grm (N, Y)] + Grm (Ys Z) [k Grm (X, V) Grm (N, W
+kGrm (W, V) gem (N, X)] = grm(X, Z)[kgrm (Y, V) grm (N, W)
+kGrim (W, V) Grm (N, Y)] = grm (Y, W) [kGrm (X, V) grm (N, Z

+kgrm(Z,V)grm(N, X)), (3.4)

)
)
)
)

Hence, the theorem holds:

Theorem 3.1. If the curvature tensor of the manifold (Mpqin) vanishes
and the hypersurface is totally umbilical with respect to the Riemann soliton,
then by Gauss’s formula, the curvature tensor of the hypersurface is given

by equation (3.4).

Degenerate:- [9] A manifold (M,qin) is degenerate manifold if there exists

a vector N # 0 of Mqin, such that grm (X, N) = 0,VX € Mpqin-

From degenerate condition on manifold and equation (3.2), Reyr, (X,Y, Z, W) =
QRCW,t(X, Y, Z, W), that means, the curvature tensors of manifold (M,qin)
and hypersurface (Mhyper) are both equal.

Based on the above discussion, the following theorem is presented:

Theorem 3.2. On degenerate Riemann solitons where the Gauss formula
is applicable, the Riemann curvature tensor of the manifold (M qin) is equal
to the Riemann curvature tensor of the hypersurface (Mhyper)-

The Weingarten formula [9] between Levi-Civita connections V#P¢" and
V¢ of hypersurface (]\;[hyper, Bs¢f) and manifold (Mpain, grm) respectively,
is defined as

VN = —AxX +7(X)N, (3.5)
where grm(Basr(X,Y),N) = gom(AnX,Y), X,Y € (Myyper, Bags); N €
(Mpnqin) and 7 is 1-form of hypersurface.

Substituting V' = N into equation (2.2) yields a new equation, which we
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then combine with equation (3.5),
2Reur, (X, Y, Z, W) = 2Xc[grm (X, W)grm (Y, Z)
—rm(X, Z)grm (Y, W) + 20 (X, W) grm (B (Y, Z), N)
—Grm(X; W) grm(Z, N)T(Y) = grm (X, W)grm (Y, N)7(Z)
+29rm (Y, Z2) grm(Baf (X, W), N) = grm (Y, Z) grm (W, N)7(X)
—9rm(Y, Z)grm (X, N)T(W) = 29:m(X, Z)grm(Bass (Y, W), N)
+9rm (X, 2)grm(W, N)T(Y) + grm (X, Z) grm (Y, N)T(W)
—2Grm (Y, W) grm (Bay (X, Z), N) 4 grm (Y, W) grm(Z, N)T(X)
+9rm (Y, W)grm (X, N)7(2). (3.6)
Totally geodesic:- [9] (Mpyper, Bagy) is totally geodesic if Boss(X,Y) =
0,VX,Y € Mpyper. Using totally geodesic condition in equation (3.6),
2Reur. (X, Y, Z, W) = 2Xc[grm (X, W) grm (Y, Z)
~9rm(X; Z)grm (Y, W) = grm (X, W) grm(Z, N)7(Y')
= rm(X; W)grm (Y, N)T(Z) = grm (Y, Z) grm(W, N)7(X)
~9rm(Y, Z)grm(X, N)T(W) + grm (X, Z) grm(W, N)7(Y)
+9rm(X, Z)grm (Y, N)T(W) + grm (Y, W) grm(Z, N)7(X)
+9rm (Y, W) grm (X, N)7(Z). (3.7)
We can write the following theorem:
Theorem 3.3. If the hypersurface (Mpyper) is totally geodesic with respect
to the Riemann solitons, then the curvature tensor of the manifolds (Mqin,),
derived using Weingarten’s formula, is given by equation (3.7).
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AN ELEMENTARY PROOF OF THE CONVERSE OF
BROUWER’S FIXED POINT THEOREM

REKHA K P AND SHIJU GEORGE
(Received : 31 - 03 - 2025 ; Accepted : 15 - 05 - 2026)

ABsTRACT. In this paper, we present an elementary proof of the con-
verse of Brouwer’s fixed point theorem.

1. INTRODUCTION

A topological space X has the fixed point property if every continuous
map f: X — X fixes at least one element of X. There are numerous fixed
point theorems in mathematics, the most fundamental among them being
Brouwer’s fixed point theorem [1], which states that any convex compact
subset of the Euclidean space has the fixed point property. On the other
hand, as a special case of Theorem 2.3 of [2], it follows that any convex set
in the Euclidean Space with the fixed point property is compact. A simpler
geometric proof of this classical result in fixed point theory is provided in
this paper.

2. NOTATIONS

Throughout this paper, C' denotes a convex subset of R” and C' denotes its
closure.

For z,y € R", we denote

lz,y) ={(1 =Nz + A\y;0 < A < 1}

L(z,y) ={(1 = Nz + Ay; 0 < A}

3. MAaIN RESULTS

Lemma 3.1. If C has the fized point property, then C is closed.
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Proof. Let w € C. Then 0 € —u+ C = —u + C and —u + C is convex with
the fixed point property. Hence, we assume u = 0.

Choose a maximal linearly independent subset S = {x1,29, -, 21} C
C. By restricting to the subspace spanned by S, we may assume that k = n.
Then H = {a1z1+asza+---+apzy; a; >0Viand aj +as+---+a, < 1}
(x1+z2+---+xy). Clearlyy € H.

1
is an open subset of C'. Define y = 1
n

Further, 1(0,y) = {A\y;0 < A < 1} = {n+1(a:1 +xa+ - +3); 0 <A<
1}CHCC.
Then the map f : C — C defined by
Ay it el <y
fa) =4 2yl
iy otherwise.

is continuous and hence by our assumption, it has a fixed point. The only
possible fixed point of this map is 0 and hence 0 € C. Therefore C is
closed. O

Lemma 3.2. If C has the fized point property, then C is bounded.

Proof. We may assume 0 € C.
Suppose C' is unbounded. Then for each n € N, there exists x, € C
such that |x,| > n. Since C' is convex [(0, z,) C C.

For each n € N, define y,, = ﬁxn
Tn

Since y, is a sequence on the unit sphere, it has a convergent subse-
quence (yp, ) that converges, say to y.
Claim: L(0,y) C C

Let z € L(0,y). Then — =y. For each k € N, define z,, = |z|yn, -

z
2|
For any k > |z|, we have |z, | > ng > k > |z| = |2y, |. Since {(0, 2y, ) C
C, we have z,, € C for all k£ > |z|. Thus, we obtain a sequence z,, in the
closed set C, which converges to z. Thus z € C, which proves the claim.
By the above claim, the map f : C' — C defined by f(z) = (Jz|+ 1)y is
a well defined continuous map that does not fix any point, a contradiction

to our assumption. Thus C is bounded. U

The above two lemmas, together with the Heine-Borel theorem, estab-

lish the converse of Brouwer’s fixed point theorem.
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Theorem 3.3. A convex subset of R™ with the fixed point property is com-
pact.
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CAPUTO-HADAMARD FRACTIONAL DIFFERENTIAL
EQUATIONS IN BANACH SPACES

RABAH HAOUA AND ABDELKADER KEHAILI
(Received : 25 - 03 - 2025 ; Accepted : 18 - 04 - 2026)

ABsTRACT. In this paper we are concerned to prove the existence of
solutions of boundary value problem for Caputo-Hadamard fractional
differential equations inclusion in a Banach space. Our analysis relies
on the set-valued analog of Moénch’s fixed point theorem and the tech-
nique of measures of noncompactness. Also, we present an example
of the main result is included as well as some suggestions for future
research.

1. INTRODUCTION

The fractional calculus deals with extensions of derivatives and integrals
to non-integer orders, which was started to be considered deeply as a pow-
erful tool to reveal the hidden aspects of the dynamics of the complex or
hyper complex systems (see [1, 2, 3,4, 5, 7, 8,9, 10, 14, 16, 17, 18, 19]).
The Hadamard fractional derivative was suggested in early 1892 (see [20]).
More recently, a new derivative which involved a Caputo-type modification
on the Hadamard derivative known as the Caputo-Hadamard derivative was
suggested (see [21]). W. Benhamida, J. R. Graef and S. Hamani (see [22|)
studied the boundary value problem

CDY%(t) = f(t,y(t), teJ=1[0,T], 0<a<l, (1.1)

T
y(T) + y(0) = b/o y(s)ds, bT # 2, (1.2)

where ¢ D® is the Caputo fractional derivative, (E,||.||) is a Banach space,
f:JxE — E is a given function and b is a constant. Motivated by the
work above, in this paper, we study the existence and uniqueness of positive
2020 Mathematics Subject Classification: 26A33; 34A37; 34A12.
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solutions for the m-point boundary value problems for Caputo-Hadamard
fractional differential equations of the form

(GDY)(t) = h(t), te J=[1,T], 0 <a <1, (1.3)

with fractional boundary condition:

T
y(T) +y(1) = B / o(s)ds, (1.4)

where %}DO‘ is the Caputo-Hadamard fractional derivative of order «,
f,o:J xE — E are given functions satisfying some assumptions that will
b specified later and E is a Banach space with norm ||.|| and S is a constant.
In this work, we present existence results for the problem (1.3)-(1.4) using a
method involving a measure of noncompactness and a fixed point theorem
of Mdnch’s type.

This technique was mainly initiated in the monograph of Bana and Goebel
(see [23]) and subsequently developed and used in many papers; see, for
example, Bana and Sadarangoni (see [24]), Guo et al. (see [26]), Laksh-
mikantham and Leela (see [27]), Moénch’s (see [28]), and Szufla (see [29]).
The organization of this work is a follows.

In section 2 contains basic definitions and results needed in the sequel. In
section 3 is devoted to present the main results describing the existence of
solutions for Caputo-Hadamard fractional differential equation (1.3)-(1.4).

Finally, we show serval numerical example to explicate our results.

2. PRELIMINARIES

In this section, we present some necessary definitions, lemmas and the-
orems which will be used in this paper. For more details, we refer to
[11, 12, 13, 14, 15, 16, 21, 23, 25, 29|.

Let J =[1,T], T > 0 and consider the Banach space C(J, E) of continuous
functions from J into E with the norm

1Yo = sup{lly(®)] - ¢ € J},

Analogously, C"(J,E) is the Banach space of functions f : J — E, where
f is m time continuously differentiable on J.

fllen = 3£ = 3 max| 90
k=0 k=0

, neN.
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In particular if n =0, C°(J,E) = C(J,E).
Denote by L!(.J, E) be the Banach space of measurable functions y : J — E
which are Bochner integrable with the norm

T
ol = / ly(s)] ds.

Let L*>°(J,E) be the Banach space of bounded measurable functions y :
J — E equipped with the norm

|yl oo =inf{c>0:|y®)|| <e¢, ae te J}.

Let AC(J,E) in the Banach space of functions y : J — E, which are
absolutely continuous AC!(.J, E) is the space of functions y : J — E which
are absolutely continuous whose first derivative v/, is absolutely continuous.
Moreover, for a given set V of functions v : J — E let us denote by

V() ={v(t):veV}, ted,
and
V(J)={v(t):veV, teJ}.
For the convenience of the reader, we present some concepts of Caputo-

Hadamard type fractional calculus to facilitate the analysis of problem (1.3)-
(1.4).

Definition 2.1. (Hadamard fractional integral) [25]
Let 0 < a<b<ooandy: [a,b — R the left-sided Hadamard fractional
integral of order v > 0 of y is defined by

t a—1 N
a0 = s | <1og2) o) E, tewy, @1

S

where I stands for the well-known Gamma function by T' (o) = [ t* e~ dt
and log(.) = log,(.).
Definition 2.2. (Hadamard fractional derivative) [14]

The left-sided Hadamard fractional derivative of order o« > 0 of a continuous

function y : [a,b] — R is given by
Dy (t) = 5177 (1)

W ACT

where n = [a] + 1 with o] denotes the integer part of the real number «
and § = t% provided the right integral converges.
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Definition 2.3. (Caputo-Hadamard fractional derivative) [21, 11]
Let o« > 0 and n = [a] + 1. If y(t) € AC} [a, b], where 0 < a < b < co and

ACP [a,b] = {h:[a,b] — E: 6" 'h(t) € AC ([a,b] ,E)}.
The Caputo-type modification of the Hadamard fractional derivatives of

order « is given by

n—1 ¢k a
GD%y(t) =u D ( Z‘SZf 1og ) (2.3)

k=0

Theorem 2.4. [21]
Let a > 0 and n = [o) + 1. If y(t) € ACY [a,b], where 0 < a < b < 0.
Then G, D%, y(t) exist everywhere on [a,b]:

(1) If o ¢ N— {0}, D y(t) can be represented by

GD y(t) = I" 6"y (t)

_ F(nl_a) / t <10g DM_I 57@@)? 24

(2) If « € N — {0}, then
DGy (t) = 6"y(t), (2.5)
in particular
Do+ y(t) = y(t). (2.6)
Caputo-Hadamard fractional derivatives can also be defined on the posi-

tive half azis RT by replacing a by 0 in formula (2.4) provided that y(t) €
ACE (RT). Thus one has

¢ D2 (t)—lft log HHa" (s)@ (2.7)
H a+y - P(n—a) ; gS Yy S . .
Proposition 2.5. |21, 14]
Let a >0, >0, n=[a]+1 and a > 0, then

(1) 112 (log 1)°™ (t) = o (log 1),
(2) %Dg‘+ (log )’8 1(15) = F(FB( )) (log 7)5 ! B>n.
(3) $D% (log£)* =0,k =0,1,...,n— 1.

Theorem 2.6. [25]
Let y(t) € AC§ [a,b], 0 <a<b<ooand « >0, >0, Then

G0 (1) 0 = (1) @) (28
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and
Gos (“DLy) () = (CD5 ) ). (2.9)
Lemma 2.7. [21] Let y € AC§ [1,400) and o > 0. Then
n—1 o;
Siy(1 :
uI® (5D%) (t) = y(t) - if ) (logt)'. (2.10)
i=0 )

Now let us recall the definition of the Kuratowski measure of noncom-
pactness.

Definition 2.8. [13, 23] Let E be a Banach space and Qg the bounded
subsets of E. The Kuratowski measure of noncompactness is the map p :
Qr — [0, o0] defined by

p(B) =inf{e>0:B C U B;,diam (B;) < €}; here B € Q.

The Kuratowski measure of noncompactness satisfies some important prop-

erties:

e ;1(B) =0« B is compact (B is relatively compact).
w(B) = i (B).

ACb= p(4) < p(B).

1(A+ B) < p(A)+ p(B).

#(eB) = || (B)ic € R.

w(convB) = u (B).

Here B and convB denote the closure and the convex hull of the bounded
set B, respectively.

Definition 2.9. A multivalued map f : jXxE — E is said to be carathéodory
if

(1) t — F(t,u) is measurable for each u € E.

(2) uw — F(t,u) is upper semicontinuous for almost all ¢ € J.

Let us now recall M6nch'’s fixed point theorem and an important lemma.

Theorem 2.10. (Mdnch’s fized point theorem) |28, 30] Let D be a bounded,
closed, and conver subset of a Banach space E such that 0 € D, and let N

be a continuous mapping of D into itself. If the implication
V =¢conuN (V) or V.= N(V)J{0} implies u(V) =0,
holds for every subset V of D , then N has a fized point.
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Lemma 2.11. [26] If V € C(J,E) is a bounded and equicontinuous set,
then

(1) The function t — « is continuous on J.

V(1))
(z)a({f dtazGV})S ))dt.

3. MAaIN RESULTS

Let us start by defining what we meant by a solution of the problem

(1.3)-(1.4).

Definition 3.1. A function y € AC} ([1,7T];R) is said to be a solution of
(1.3)-(1.4) if y satisfies the equation §D%(t) = f(t,y(t)) on J and the
function y satisfies the condition (1.4).

For the existence of solutions for the problem (1.3)-(1.4).

We need the following auxiliary lemma.

Lemma 3.2. Let h, 0 : [1,400) — R be two continuous functions. A

function y is a solution of the fractional integral equation

V0= | t (log t) Ok
5/ (3.1)
2F(a)/1 (lOgDa_lh(S)iS’

if and only if y is a solution of the fractional boundary value problem

(GD)(t) = h(t), te J=[1,T], 0 <a <1, (3.2)

T
y(T) +y(1) = 8 / o (s)ds, (3.3)

Proof. Applying the Hadamard fractional integral of order « to both sides
of (1.3) and by using Lemma 2.7, we obtain

y(t) =i I°h () + 1, (3.4)

the boundary condition (1.4) implies that

T
Hfah(T) + 2c1 = B/l
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B/ s)ds — = Hlah(T)].

Finally, we obtain the solution (3.1)

W= | t (logi)a_lh@) &

I'(a)
B T
3,

SO

o(s)ds
_ 2F1(a) /IT <1og f)a_l h(s) %.

3.1. Existence and uniqueness result via Banach’s fixed point the-

0

orem. This section is devoted to the study of the existence of solutions for
problem (1.3)-(1.4), in which The function f is defined by f : [1,T|xE — E
such that (E, ||.||) Banach space and ¢ € E. In what follows, we present exis-
tence results for the problem (1.3)-(1.4) using a method involving a measure
of noncompactness and a fixed point theorem of Mdnch type.
In the following, we prove existence results, for the boundary value prob-
lem (1.3)-(1.4) by using Monch fixed point theorem, under the following
hypotheses.
(Hyl) The function f,g: J x E — E is carathéodory conditions,
(Hy2) There exists pf,pg € L (J,Ry), such that
It v)|l < pp(t)|ly] for a.e. t € J and each y € E,
lg(t,y)|| < pg(t)||ly|| for a.e. t € J and each y € E.
(Hy3) for a.e. t € J and each bounded set B C E, we have
Jim o (f (Jer x B)) < pr(t)a(B),
lim a (g (Je i X B)) < pg(t)a(B),

k—0t
where « is the Kuratowski measure of compactness and J; , = [t — k, ] .

Theorem 3.3. Assume that hypotheses (Hyl)-(Hy3) hold. If

jr(iogT))H flim + 15 Il (0= 1] <1, &

then the boundary wvalue problem (1.3)—(1.4) has at least one solution in

C(J,E).
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Proof. We transform the problem (1.3)-(1.4) into a fixed point problem by

defining an operator
N:C(J,E)— C(J,E), (3.6)
as

S

T
ot ue)as (37

N(0) = 1 | (10 z)a_l £ (s.() 2
+
1

- 2r1(a) /1T (10g Z)al f (5,9(5)) %.

Clearly, from Lemma 3.2, the fixed points of N are solutions to the problem
(1.3)-(1.4). Let R > 0 and consider the set
Dr={yeC(JE): |yl < R}. (3.8)

We can check with out difficulty that, the subset Dpg is closed, bounded and
convex. We shall show that N satisfies the assumptions of Monch’s fixed
point theorem. The proof will be given in three steps.

Step 1: First we prove that N is continuous.

Let {y,} be a sequence such that y,, — y in C (J,E). Then, for each t € J,

we have

T a—1
(00®) - (V)0 < gy [ (lom ) 170 3mle) — St
T
+ 2/1 l9(5,yn(s)) — g(s,y(s))|ds
1 T 1 T a—1
/1 <logs> £ (s,yn(s)) — f(s,y(s))| ds

2T (av) s
< 57 (a7 (0BT (5. 3(s)) = £ s.(5)
2D s ) — gl )

Let p > 0 be such that ||y,||,, < p and ||y||, < p. Then from (Hy2), we
have

£ (s,yn(s)) — f(s,y(s))| < 2ppy (s) = 01 (s), (3.9)
and

19(s,yn(s)) = g(s,y(s))| < 2ppy (s) = 02 (s), (3.10)
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where o1 € L' (J,R,) and o9 € L' (J,R}).
Since f, g are Carathéodory functions, the Lebesgue dominated convergence

theorem implies that
IN(yn) — N(y)|loo — 0 as n — oo.

Then N : Dp — Dp is consequently continuous on C (J,E).
Step 2: Second, we show that N maps Dpg into itself. For any y € Dg,
from (Hy2) and (3.5) imply that for each ¢t € J, we have

i [ (e )" rswom |
[ lsonias + o [ (10g D) ssueon &
R |

[ mlolas + s [ (0T ) " a2

IN(y)(B)] <

!

e
Sm(logT) pf+R|5| (T—1)+2I‘(:;1)(T_1)
SR[Q}(I{)‘%T)) 7l + 12 gl (7 _1)] <R

Step 3: N maps bounded sets into equicontinuous sets of C'([1,7],R).
We show that N(Dpg) is bounded and equicontinuous. In view of step2 it is
clear that N(Dpg) is bounded. To show the equicontinuity of N(Dpg). Let
ti,to € J, t1 <ty and (TS Dg. Then

(Ny)(t2) = (Ny)(t1)]



CAPUTO-HADAMARD FRACTIONAL DIFFERENTIAL EQUATIONS 139
< 02 og ) — (ogi0)).

Asty — tg, the right-hand side of the above inequality tends to zero. Hence
N (Dr) C Dg. Finally we show that the implication holds. Let V C Dpg
such that V = conv(N(V)|J{0}). Since V is bounded and equicontinuous
and therefore the function ¢ — v(t) = pu(V(t)) is continuous on J. By
assumption (Hy2) and the properties of the measure u we have for each
teld.

<o [ (100 t>a_1pf<s>u<v<s>>dj L[ putvionas

tamas [ (06 D)" o

< FlatD) (log T)* [[pf |l oo v(s) + |§(T — 1) [[pgll o0 v(s)
1 a
+ Tlatl) (log T)* |lp£ |l foo v(8)
3 a 18]
< vl MW(atl) (log T)* llpsll oo + 7(T =D lpgllpoe | -

This means that

ol [1 = (g Q08T sl + 5 = Dl ) | <0 1)

Thus

sz (08 T)* Iyl oo + BHT = 1) [Ipgll e < 1.

4. AN EXAMPLE

We give an example to illustrate the usefulness of our main results. Let
us consider the following fractional boundary value problem. Let

o0
E=1'= {(yl,yg, oy Yny eee) Z lyn| < —l—oo} ,
n=1



140 RABAH HAOUA AND ABDELKADER KEHAILI

be our Banach space with the norm

9
lynlle =D 19nl-
n=1

Consider the boundary value problem
CDY%(t) € F(t,y(t)), for almost all t € J=[0,T], 0 <a <1, (4.1)

with fractional boundary condition

T
y(T) +y(0) = b/l y(s)ds, bT # 2, (4.2)

where © D is the Caputo fractional derivative, F: [0,1] x R — P (R) is a
multivalued map, P (R) is the family of all nonempty subsets of R. Set

F(t,y):{’UGRZfl(t,y) S'USfQ(tay)}a

where fi, fo : [0,1] x R — R. We assume that for each ¢ € [0,1]], f1 (¢,.)
is lower semi continuous (i.e., the set {y € R : fi (¢,y) > p} is open for each
p € R), and assume that for each t € [0, 1]], f2 (¢, .) is upper semi-continuous
(i.e., the set the set {y € R: fo (t,y) > pu} is open for each p € R). Assume
that there are p € C'([0,1];R") and 1 [0;00) — (0;00) continuous and
nondecreasing such that

max (|f1 (&, y)], [f2(&y)]) <p @) ¢ (yl), t€[0,1], y R,

It is clear that F' is compact and convex-valued, and it is upper semi-
continuous. Assume there exists a number M > 0 such that
3(logT)*
(e + 1)
Since all the conditions of Theorem 3.3 are satisfied, problem (4.1)-(4.2) has
at least one solution y on [0, 1].

161
1Psll oo + 5 IPgllpoe (T = 1) | < 1.
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ON CLOSED FORMS FOR TWO LOGARITHMIC
INTEGRALS

NANDAN SAI DASIREDDY
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ABSTRACT. The author aims at deriving two closed form integral ex-
pressions for the logarithmic functions by evaluating certain trigono-
metric integrals and by making use of a log—sine integral and a hyper-
geometric 5 F (1) series result given in this STUDENT article.

1. INTRODUCTION AND PRELIMINARIES

The main focus of the present paper is to establish the following two
integral expressions for logarithmic functions, by evaluating certain trigono-

metric integrals:

s G

/ In® (sint) dt, / In” (sint) dt.
0 0

The works of (among others) Choi et al. [6], David Borwein et al. [7],

Jonathan Borwein and Straub [8], Levrie and Nimbran [10], and Srivastava

et al. |3] may be cited in connection with the aforementioned developments.

Throughout this paper, (2kk) denotes the central binomial coefficient,

which is defined for £ > 1 by (2kk) = Ei?));’ (z,a) denotes the Hurwitz

(or generalized) zeta function, which is defined by ((z,a) = Y;2, m
(R(z) > 1;a € C\{0,-1,-2,...}), and {(z,1) == ((2) = 350 =
is the Riemann zeta function, Cl,, (0) denotes the Clausen function, which

is defined by Cl, (0) = 302, k6 (n is even),

2020 Mathematics Subject Classification: Primary 26A36, 33B15, 40C10, 11M35;
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Key words and phrases: Generalized zeta function, Riemann zeta function, Clausen
function, double Gamma function, log—sine integrals, central binomial coefficient
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Ls, (0) = — foe In"~' (2sinZ)dz  (r € N\ {1}) is the log-sine integral
of order r and

(T2 (2 +1)) " = (2m)*/? e(

double gamma function, (cf. [1], [2]; see also [4, pp.94-96]), where v =
0.57721... is the Euler-Mascheroni constant.

(v+1)22

5-0% )Hiil [(1 . z)ke(”i)} is the

Recall that the double Gamma function can be expressed in terms of
the Clausen function (see [5, Eq. (4.5)]):

Ly (1—1t)y _ sin(rrt) 1
tog (F2(1+t)) - _“Og( - ) = 5-Ck(2nt), 0<t<l.

In this paper we will use the special case t = % :

n () - ) - geen (5. vren

The value of Clz () for = % in terms of the Hurwitz zeta function was
presented by Choi and Srivastava ( [9, Eq.(1.17)]):

Cl (g) - \gg [C<2;) - 23”1 . (1.2)

Later on we will also need the value of Cly (5). In their article [3,
Eq. (3.17), p. 838|, H. M. Srivastava, M. L. Glasser and V. S. Adamchik had
found the generalized Clausen sum expressible in terms of the Hurwitz zeta

function:

™ 1 1 1— 372
b (%)= 2| 2k, 5 2k, ~ | | — ———((2k)|, keN.
Cla () \/3[6 <¢( ,3>+<< 6)) 5 )]7 €N
(1.3)
Substituting & = 2 in both sides of (1.3), we obtain the following equa-

tion:

ClL (g) =3 {12196 (c(&é) +c<4, é)) — ;L(l) (4)] ,
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Neote th:}t from o) 1 &
o Z
prd (6b + 1)4 (3b +1)* 16 3b +2)4

and

= 1 80
- - M4
@Z(3b+1)4+bz:(36+2) 516
1 1
it immediately follows that, §(4, 6) =17¢ <4, 3> —80¢ (4)

and hence
L (g) =3 <7l2g<4, ;) - gg(4)> . (1.4)

2. MAIN RESULTS

Lemma 2.1. The following integral formula holds true:

/O’é In (sin) dt = 7 In (2) - f [C<2, ;) B Qj] |

Proof. In their article [6, Eq. (4.5)], J. Choi, Y. J. Cho and H. M. Srivastava
proved that

5 L I Ty (2)
/0 In (25111 5) dx = —gln (27) + 27 In <I‘2 (Z)> . (2.1)

By making the change of variable of x — 2t for the left side of (2.1) we
see that

/3 In (2sm )d;v—Q/G In (2sint) dt
0 0

:2</02 1

T 6
:ln2+2/ In (sint) dt
3 0

In (2)dt + /’5 In (sint) dt)
0
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_ .7 T2 (8)
= —gln (27) + 27 In <I‘2 (Z)>

giving us that the following equality holds:

s

6 . T T FQ(
/0 In (sint) dt = —gln(ﬂ) - gln(2) +7ln (

Iy (

(e[S}

I

)

Using (1.1) and (1.2) we get the desired result.

Lemma 2.2. The following integral formula holds true:

G . 7 ™ V31n (2) 1 272
In? = — 4?24+ (2,2 ) - = .
/0 n” (sint) dt 5167 + 5o + G {C( ,3) 3

Proof. In their article |6, Eq. (3.7)], J. Choi, Y. J. Cho and H. M. Srivastava
proved that

/3 In? (2 sinf) dr = L?T3. (2.2)
A 2 108

Enforcing a substitution of x = 2t on the left side of (2.2) we find
/3 In? (28111 E) dx = 2/6 In? (2sint) dt
0 2 0
s s s
=2 (/ In? (2) dt + / In? (sint) dt + 21112/ In (sint) dt)
0 0 0

)

oot

2 2 T
= %11122— %1112111(277) - §1n22+47r1n21n (FzE

~—

[SNEN]

™

6
+2 / In? (sint) dt
0

T3
~ 108"
giving us that the following equality holds:
s 5
002 (s T 3, T o T I (3)
/0 In“ (sint) dt = o16" + gln 2+ 3 In2In (27) — 27 1n (2) In (FQ )
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Using (1.1) and (1.2) we get the desired result.

O
Theorem 2.3. The following integral formula holds true:
& ™ T 73 V31n? (2) 72
In? (sint)dt = ——In32 — = ———1In e
[ intyat = ~F 4<’<> T in(2) +
9f1n — 1  8IV3& 1
2:0 (3i+1)2 32 & (3i+1)*
5f
+7C( )

1 In®(z)
0 Via?

Proof. The integral [,° ¢ I3 (2sint) dt reduces to

2sint.

dx by taking x =

This last integral can be rewritten as a series using the well-known gener-
1
T—45

_6
(20+1)%? @ >

and

ating function of the central binomial coefficient, > 7 (2”) "=

the well-known definite integral formula fo 22 1n? (z) dx = —
1

3

It follows that,

/01 mdx = ;/Olln?’ (z) Li.; <2:> (i)”] dx

In the recent article [10, p. 167], Levrie and Nimbran have evaluated the

following series in terms of Clausen's function:

- (2:) T 3 7r
> Gy T ¢ @ (5) (23)

and using (1.4), formula (2.3) can be written as follows:

imf&% =5+ (7pe(05) - o)



148 NANDAN SAI DASIREDDY

jus

= —1/6 In® (2sint) dt
3 Jo

L[5 LI 2, [© :
=-3 In” 2dt + In” (sint) dt + 31n” 2 In (sint) dt

0 0 0

%
—In2 !/ In? (sint) dt]
0

_ Ty Ve (2) [g(z, 1) - 2772] — 7—ngn@)

18 12 3 3 216
1 jus

/6 In? (sint dt) .
3Jo

The theorem follows immediately.

Here in the proof of Theorem 2.3, Bernstein's theorem [11, Thm. 9.30,
p. 243| justifies interchanging the order of integration and summation be-

cause of the positivity of the coefficients.
OJ

Theorem 2.4. The following integral formula holds true:

3
(2 (3) + Lﬂ-g In2 (2) _ 2\/§1n (2) m°
T 36 9

us

/6 In (sint) dt = %11142—1-3
0

ad 1 81v31In 2 1
3v/31n? (2
*f“<>§;<3¢+1>2+ s &= @Bit+1)!
V34 1n (2) 20297° 9 i": k6

TR O R Ay

7

2k
= ()
Proof. The log—sine integral Lss (%) =—[; In* (2 sin %) dx reduces to
—2 [,5 In* (2sint) dt by taking = = 2t.

This last integral can be rewritten as —2 UO% (In (2) + In (sin¢))* dt] .

Expanding gives,
g g 3

Lss (5) zz/ In* (2) dt—81n® (2)/ In (sin t) dt2/ In* (sint) dt
0 0 0

™ ™

63 2 62
—8In (2)/ In® (sint) dt — 121n (2)/ In” (sint) dt.
0 0
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Using the results from Lemma 2.1, Lemma 2.2 and Theorem 2.3 the the-
orem follows, since we have that (see [8, Equations (83f) and (84)], for

instance)

T 2029 6 9 <&

1 (5) -~ - S0
3 30240 27r;
0

Acknowledgement: I greatly appreciate the timely review and valuable
feedback from the reviewer, who suggested me to prove Theorem2.4. The
reviewer emphasized that to simplify the proof of Theorem 2.3.
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FOURIER UNIQUENESS (ALMOST) FROM SCRATCH

ETIENNE MATHERON
(Received : 23 - 06 - 2023 ; Accepted : 10 - 01 - 2026)

ABsTRACT. We give short and direct proofs of the injectivity of the
Fourier transforms on the circle and on the real line. Using exactly the

same ideas, we also give a new proof of the Stone-Weierstrass Theorem.

1. INTRODUCTION

A basic fact in the theory of Fourier series is the “uniqueness theorem?”,
according to which an integrable function f : [0,27) — C is uniquely deter-

mined by its Fourier coefficients

27 )
f(n) = f(t)e ﬁ, n € Z.
0 2w

Equivalently, if f : [0,27) — C is an integrable function such that f(n) =0
for all n € Z, then f(t) = 0 almost everywhere.

However basic, this is a non-trivial fact. In spite of that (or, perhaps,
because of that), it has become standard, in textbooks on Fourier analysis,
to deduce the uniqueness theorem from more general results. For example,
one may use the L' version of Fejér’s Theorem; or, one can first show by any
means (Stone-Weierstrass Theorem, continuous version of Fejér’s Theorem,
...) that the trigonometric polynomials are dense in the space of continuous
2m-periodic functions, and then conclude by a duality argument.

Now, imagining oneself preparing an introductory course on Fourier se-
ries for students knowing the basics of Lebesgue integration but “nothing
more” (which may happen for real), it is natural to wonder if the unique-
ness theorem can be proved “from scratch”, immediately after giving the
definition of Fourier coefficients. This is not a merely academic question.

2020 Mathematics Subject Classification: 42-01, 28-01, 46-01

Key words and phrases: Fourier transform, Stone-Weierstrass Theorem, Monotone
Class Theorem

© Indian Mathematical Society, 2026 .
150



FOURIER UNIQUENESS (ALMOST) FROM SCRATCH 151

Indeed, the uniqueness theorem entails the completeness of the trigonomet-
ric system in L?(0,27), which is the key point in the L? theory of Fourier
series; so it seems quite desirable to have it at one’s disposal as quickly as
possible.

As it turns out, a direct proof of the uniqueness theorem does exist.
This proof goes back at least to Lebesgue (see |7, Chapter 1I, 24]), and it
can be found in the “classics” [10], [1] and [4]. The idea is to first reduce the
result to the case of continuous functions by observing that if an integrable
function f : [0,27) — C has all its Fourier coefficients equal to 0, then
so does the continuous function F(t) := ¢ + Sé f(s)ds for some suitable
constant ¢ (since ﬁ(n) == f(n) for all n # 0); and then to prove that
a continuous function which is non-zero at some point ¢ cannot have all
its Fourier coefficients equal to 0, by using a sequence of trigonometric
polynomials peaking at t. The second part of the proof can also be found

in some “modern” textbooks, e.g. [9].

In this note, we propose an even more direct proof of the uniqueness
theorem. As the one we just outlined, it is completely elementary except
for the same non-trivial fact used as a “blackbox”, namely that if f is an
integrable function on some interval I < R such that S(a,b) f(t)dt = 0 for all
bounded open intervals (a,b) < I, then f(¢) = 0 almost everywhere on I.
The latter can be proved for example by applying the so-called Monotone
Class Theorem, see Section 5.

Essentially the same proof yields the corresponding uniqueness result
for the Fourier transform on R; which is of course not surprising. Perhaps
more unexpectedly, the very same ideas also lead to a seemingly new proof
of the Stone-Weierstrass Theorem.

2. FOURIER COEFFICIENTS

In this section, we prove the uniqueness theorem for Fourier coefficients:

~

Theorem 2.1. If f : [0,27) — C is an integrable function such that f(n) =
0 for all n € Z, then f(t) = 0 almost everywhere.

Proof. 1t is enough to show that S(a b) f(t)dt = 0 for every open interval
(a,b) < [0,2m). This will follow from the next two facts. Here, by a

trigonometric polynomial, we mean a linear combination of the functions
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e n e Z. Note that, by assumption on f, we have Sgﬂ f(&)P(t)dt =0 for
any trigonometric polynomial P.

Fact 2.2. There exists a real-valued trigonometric polynomial ¢ such that
q(t) <0 on (a,b) and ¢(t) > 0 on [0, 27)\[a, b].

Proof of Fact 2.2. Let

q(t) := sin (t 5 a) sin (’?’) .

Since 5% € (0,7) and % € (—m,0) if t € (a,b), we have ¢(t) < 0 on (a,b).
Similarly, ¢(t) > 0 on [0, 27)\[a, b]. Moreover, using the well known formula

sin(u) sin(v) = 3 (cos(u — v) — cos(u + v)), we see that

o) =5 {cos (”‘2“> ~cos (t— “;bﬂ,

so that ¢ is indeed a trigonometric polynomial. (|

Fact 2.3. There exists a sequence of real-valued trigonometric polynomials
(Pr)ken with 0 < P, < 1 for all k, such that Py(t) — 1 pointwise on (a, b)
and Py (t) — 0 on [0, 27)\[a, b].

Proof of Fact 2.3. Let g be the trigonometric polynomial given by Fact 2.2
and let r(t) := 1 + cq(t), where ¢ > 0 is chosen in such a way that 0 <
r(t) < 2 on [0,27). This is possible since the function ¢ is bounded. Then
0<r(t)<1lon(ab)and 1l <r(t) <2on |0,27)\|a,b]. Choose a sequence
of positive integers (ng) such that ng > 2% for all k and 2¥/n; — 0, e.g.
ni = 3F, and let

r(t)’f)”’{

N

Py(t) == (1 -

Each Py is a real trigonometric polynomial such that 0 < P(¢) < 1 on

[0,27). Moreover, since

r k
fog(Fe(0) = melog (1= 05 ) ~ r(0,

Nk

we see that Py(t) — 1 on (a,b) and Pg(t) — 0 on [0, 27)\[a, b]. O

It is now easy to show that S(a,b) f(t)dt = 0. Let (Px) be the se-
quence of trigonometric polynomials given by Fact 2.3. By definition,
Pp(t) = 1(4)(t) almost everywhere on [0,27) — in fact, everywhere except
at a finite number of points. By the Dominated Convergence Theorem, it
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follows that XS” Pi(t)f(t)dt — S(a ) F(#) dt; which concludes the proof since
2T Pe(t) f(t) dt = 0 for all k. .

Remark 2.1. The above proof can be slightly modified to show that if p
is a complex Borel measure on T such that ji(n) = 0 for all n € Z, then
@ = 0 (which means, by duality, that the trigonometric polynomials are
dense in C(T)). Indeed, considering p as a measure on [0,27), the proof
shows that p((a,b)) = 0 for every open interval (a,b) < [0, 27) whose end-
points are not atoms of |u|, the total variation of u, since in this case the
above sequence (P) converges |u|-almost everywhere to 1¢,). Since |y
has only countably many atoms, the family of all such intervals generates
the Borel sigma-algebra of [0,27), and the result follows by the Monotone
Class Theorem.

3. FOURIER TRANSFORM ON THE LINE

The Fourier transform of an integrable function f : R — C may be
defined by

f(x) = JR f(tye ®dt, xeR.

In this section, we give a direct proof of the uniqueness theorem:

~

Theorem 3.1. If f : R — C is an integrable function such that f(x) =0
for all z € R, then f(t) = 0 almost everywhere.

Proof. We adapt the proof of Theorem 2.1. So, a trigonometric polynomial
is now a linear combination of functions of the form e, A € R, and the
assumption means that {3 f(t)P(t) dt = 0 for every trigonometric polyno-
mial P. It is enough to show that S(a’b) f(t)dt = 0 for every bounded open
interval (a,b) < R.

Let £ > 0. We choose a bounded interval I S (a,b) such that SR\I If] <

Having fixed the interval I, there exists a real trigonometric polynomial
q such that ¢(¢) < 0 on (a,b) and ¢(t) > 0 on I\[a,b]. For example, one

may take
. [(t—a\ . [t—0b
q(t) :=sin —p ) sin{ ),

where T' > 0 is large enough to ensure that +(I — [a,b]) < (=, 7).
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As above, it follows that there exists a sequence of real trigonometric
polynomials (Py) such that 0 < Py < 1 on I and Pg(t) — 1(,)(t) almost
everywhere on I. Then {, f(t)Py(t)dt — Sab) f(t)dt by the Dominated
Convergence Theorem. Now, we have S[ () Pp(t)dt = — SR\I t) Pe(t) dt
since §p, f(t)Py(t) dt = 0; 0 |§, f(£)Pe(t) dt| < SR\[H )| dt < eforallkeN,

and hence ‘S(a b) f(t )‘ dt < e. Since € > 0 is arbitrary, this concludes the
proof. O

Remark 3.2. The above proof is a rather straightforward modification of
that of Theorem 2.1. It does not seem immediately clear that Lebesgue’s
proof outlined in the introduction can be similarly adapted.

Remark 3.3. It is rather tempting to try to prove along the same lines
the uniqueness theorem for the Fourier transform on L'(G), where G is a
locally compact abelian group. In this setting, a trigonometric polynomial
is a linear combination of continuous characters of G, i.e. continuous ho-
momorphisms v : G — T (considered as complex-valued functions on G).
The most obvious analogue of Fact 2.2 would be the following: for any set
O in some basis for the topology of GG, one can find a real-valued trigono-
metric polynomial ¢ such that ¢ < 0 on O and ¢ > 0 on G\O. However,
this already implies that the continuous characters separate the points of G,
which is a non-trivial result at this level of generality. Even “worse” from
our point of view, it seems that the simplest way to prove the separation
property is... to use the uniqueness theorem, as for example in |2, Propo-
sition 3.5.2]. So, it appears that our approach cannot yield the uniqueness
theorem “ from scratch” in this general setting.

4. STONE-WEIERSTRASS

In this section, we recycle the ideas used in the proof of Theorem 2.1 to
get a “new proof” of the Stone-Weierstrass Theorem. Compared with the
standard one (see e.g. [8]), this proof cannot be considered as elementary
since it makes use of the Hahn-Banach Theorem and the Riesz Represen-
tation Theorem; yet, we find it rather amusing. As for “novelty”, it seems
fair to point out that it looks very similar — albeit more self-contained — to
the dazzling one-page proof of the lattice version of the Stone-Weierstrass
Theorem due to Khurana [6].

Let us recall the statement of the Stone-Weierstrass Theorem.
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Theorem 4.1. Let X be a compact Hausdorff space, and denote by C(X) the
real or complex space of all continuous function on X. If A is a subalgebra
of C(X) containing 1 such that the real-valued functions in A separate the
points of X, then A is dense in C(X).

Note that in the complex case, the standard version of the Stone-
Weierstrass Theorem involves a separating algebra closed under complex
conjugation. However, this version follows from Theorem 4.1 as stated,
since if a linear subspace A c C(X) is separating and closed under conjuga-
tion, then the real functions in A are also separating. Moreover, it is in fact
enough to prove Theorem 4.1 in the real case, for if A is a linear subspace
of C(X) such that the real functions in A are dense in Cr(X), then A is
dense in C(X).

The proof of (the real version of) Theorem 4.1 relies on the next two
facts, which play the roles of Facts 2.2 and 2.3 above. More precisely, Fact
4.3 is a clear analogue of Fact 2.3, whereas Fact 4.2 says that the family of
sets satisfying something like the conclusion of Fact 2.2 is rich enough. To
state these two facts, we need to fix some notation.

In what follows, we endow the space X with its Baire sigma-algebra,
i.e. the sigma-algebra generated by the compact Gs sets. The word “mea-
surable” will refer to this sigma-algebra. Note that every f € C(X) is
measurable, since for any a € R, the set {f < a} is compact and Gj.

If 9 = (q1,-..,qq) is a finite family of real-valued functions on X, we
set

Oq:={z€ X : ¢(z) <0forallic[l,d]}
We also define

6q :={z e X : ¢;j(z) > 0for some i € [1,d]}.

If v is a finite positive Baire measure on X, we will say that a measurable
function ¢ : X — R is “v-adequate” if v({g = 0}) = 0; and

we denote by O, the family of all subsets of X of the form Oq,
where q is a finite family of v-adequate functions in A.

All sets in ,, are open and measurable; and by definition of “v-adequate”,

we have

v(X\(Oq v 5q)) =0 for every Oq € O,.
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Fact 4.2. For any finite positive Baire measure v on X, the family 9, is a
basis for the topology of X.

Proof. The family O, is closed under finite intersections and covers X (since
X = {—1 < 0}); so it is a basis for a topology 7 on X, which is coarser than
the original topology 7x since each O € 9, is open in X. Since (X, 7x) is
compact, it is enough to show that this topology 7 is Hausdorft.

We first observe that for any g € A, one can find a v-adequate function
g € A such that |§ — q|« is arbitrarily small. Indeed, let € > 0. For any
a € (0,¢), the function ¢, := ¢ + al belongs to A and [|gn — ¢l < €.
Moreover, the sets F, := {go = 0} are pairwise disjoint. Since v is a
finite measure, it follows that v(Ey) = 0, i.e. ¢, is v-adequate, for all but
countably many « € (0,¢).

Now, let z,2’ € X with x # 2’. Since A is separating, one can find a
function f € A such that f(z) # f(2'), say f(z) < f(z'). Choose « such
that f(z) < a < f(2'). Then ¢ := f — al belongs to A, and ¢(x) < 0 <
q(z"). Moreover, by our initial observation, we may also assume that ¢ is
v-adequate. Then O := {q < 0} and O’ := {q > 0} = {—q < 0} are T-open
sets separating z and z’. O

Remark. The proof works for any linear subspace A c C(X) containing 1

and separating the points of X.

Fact 4.3. For any finite family q = (¢1,...,q4) < ‘A, one can find a se-
quence (Pg)reny < A such that 0 < P, < 1 for all k, Py(x) — 1 pointwise
on Og and Py(z) — 0 pointwise on 5(1.

Proof. The proof of Fact 2.3 shows that for ¢ = 1,...,d, one can find a
sequence (P;x)geny © A such that 0 < Py < 1 for all k, P;p(xz) — 1 on
{¢i <0} as k — o0, and P, ;(z) — 0 on {¢; > 0}. If we set P}, := ngl P; 1,
then the sequence (P) does the required job. O

Remark. The proof works for any algebra A of real-valued bounded func-

tions containing 1.

Proof of Theorem 4.1. By the Hahn-Banach Theorem and the “Baire mea-
sure version” of the Riesz Representation Theorem (for the latter, see e.g.
[8] or the very elegant [3]), it is enough to show that if p is a real Baire
measure on X such that SX Pdu =0forall Pe A, then yp = 0. We fix such
a measure /i, and we let O := 9),, where |u| is the total variation of p.
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Claim. The family O generates the Baire sigma-algebra of X, and we have
1(0) =0 for every O € O.

Proof of Claim 4. To prove the first part, it is enough to show that any
compact Gy set E c X belongs to the sigma-algebra o(9) generated by O.
Write E = ﬂneN V,, where the sets V,, are open in X. Since O is a basis for
the topology of X by Fact 4.2 and since F is compact, we see that for each
n € N, one can find finitely many sets in O, say O1,, ..., Ok, n, such that
Ec Ui, Opn € Vi Then E = (e UM, Opn, 50 E € 0(9).

As for the second part, let O = Oq € O, where q = (q1, . .., qq) is a finite
family of |u|-adequate functions in A. Then |u|(X\(Oq u 6q)) = 0. Hence,
the sequence (P;) < A given by Fact 4.3 converges |u|-almost everywhere to
1o,. By the Dominated Convergence Theorem, it follows that . Py du —
1(O) as k — co; which concludes the proof since §, P dp = 0 for all k. O

Since the family O is closed under finite intersections, we can now con-
clude that = 0 by Claim 4 and the Monotone Class Theorem. OJ

5. THE MONOTONE CLASS THEOREM

In this “appendix”, for the sake of completeness, we prove the version of
the Monotone Class Theorem we have used in the previous sections.

Let X be an abstract set, and denote by 2% the family of all subsets
of X. We will say that family 9t c 2% is a monotone class if it has the
following properties:

« X eM;
o if A, A €M and A c A, then A"\A € M;
o if (Ap)nen is an increasing sequence of sets in M, then  J, .y An € 2.

The terminology “monotone class” is not universally used for such families;
many people say “Dynkin system” instead.

The usefulness of this notion is due to the fact that there exist natural
families of sets which are easily seen to be monotone classes but are a prior:
not sigma-algebras. For example, if (X,9) is a measurable space and if
p1, p2 are two finite positive measures on (X, B) — or, more generally, two
complex measures — such that u1(X) = pe(X), then the family 9t = {A €
B; ui1(A) = u2(A)} is a monotone class.

As stated for example in [5], the Monotone Class Theorem reads as

follows.
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Theorem 5.1. Let X be an abstract set, and let O be a family of subsets
which is closed under finite intersections. If M < 2% is a monotone class

containing O, then M contains the sigma-algebra o(O) generated by O.

Proof. The idea is to show that the monotone class 9y generated by O is
a sigma-algebra. For any C € My, let Me := {F € 2X : En C e My},
and observe that 91¢ is a monotone class. Now, the proof proceeds in three

steps, as follows.

(i) For any A € O, the monotone class M4 contains O because O is
stable under finite intersections. It follows that A n B € 9 for any
A€ O and all B e My.

(ii) By (i), the monotone class Mp contains O for any B € M. It
follows that 91y is closed under finite intersections.

(iii) Since the monotone class My is closed under complementation, it
is closed under finite unions by (ii). So it is in fact closed under
countable unions, and hence it is a sigma-algebra.

O
As an immediate consequence, we get

Corollary 5.2. Let (X,B) be a measurable space, and let O be a family of
measurable sets which is closed under finite intersections. If u is a complex
measure on (X, B) such that u(O) =0 for all O € O, then u(A) =0 for all
Aeo(D).

Proof. As observed above, the family 9t = {A € B; u(A) = 0} is a mono-
tone class. O

And finally, the “blackbox” result mentioned in the introduction:

Corollary 5.3. Let I be an interval of R, and let f: I — C be a Lebesgue
integrable function. If S(a ) f(t)dt = 0 for all bounded open intervals (a,b)
I, then f(t) = 0 almost everywhere.

Proof. We may assume that the function f is Borel; and considering Re(f)
and Im(f) separately, we may also assume that f is real-valued. By the
Monotone Class Theorem and since the family 9 of all bounded open
intervals (a,b) < I generates the Borel sigma-algebra of I, we see that
§4f(t)dt = 0 for every Borel set A c I. Applying that to the sets
At = {f >0} and A~ := {f < 0}, the result follows. O
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ABSTRACT. Let R be a ring with or without 1 and C(n, R) be the
subset of M(n, R) of (row) circulant matrices. It is known that C(n, R)
is a subring of M(n, R). One way to prove this result is using the
group ring of a finite group. In this note, we give a simple proof of this
fact avoiding the use of group rings and using only elementary linear

algebra.

1. INTRODUCTION

Let R be a ring (not necessarily commutative) with or without 1 and
C(n, R) be the subset of M(n, R) of (row) circulant matrices. The question
that naturally arises to a curious undergraduate student is that if C(n, R)
is a subring of M(n, R). In Theorem 1 in [2], an isomorphism is established
between the group ring RG of any finite group G of order n and a certain
subring S (explained later) of M(n, R). By specializing to the case when
G is cyclic of order n, the fact that C(n, R) is a subring of M(n, R) and is
isomorphic to the group ring RG of a finite cyclic group G is obtained. In
this paper, we give an elementary and direct proof of the fact that C(n, R)
is a subring of M(n, R) avoiding the use of group rings and using only basic
linear algebra. To be precise, we prove

Theorem 1.1 (Main Theorem). C(n, R) is a subring of M(n, R).

Our proof is accessible to an undergraduate student with a basic knowl-
edge of rings, matrices and linear maps.
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2. NOTATIONS

In this section, we set up some notation and briefly explain how we can
show that C(n, R) is a subring of M(n, R). Throughout, we let C(n, R) be
the subset of M(n, R) consisting of matrices of the following type

ao ai Tt Ap—2 Qp-—1
an—1 ap ai Ap—2
n—-1 Qg
as ay
| a1 az o+ Gp-1  GQ |

We call C(n, R) the set of (row) circulant matrices. Let RG be the
group ring of G over R where G = {g1,...,¢gn} is a finite group of order n.
n

For a = Z ag,9; € RG, consider the following matrix

i=1
Quotg Qi oo Qo1
o -1 o1 e a1
9o 91 9o 92 9o 9n
M(a) = € M(n, R).
[ Yntar Yot T QYgntgn

Let S be the subset of M(n, R) given by
S={M(a)|a € RG}.

The main content of Theorem 1 in [2], is to show that S is a subring of
M(n, R) by using the fact that RG is a ring and establishing an isomorphism
between RG and §. Taking G to be a finite cyclic group of order n, it follows
that S = C(n, R) and hence it is a subring of M(n, R).



162 KUMAR BALASUBRAMANIAN, NANDINI PARKHI

3. MAIN THEOREM

In this section, we give an elementary proof of the main theorem (Theo-
rem 1.1) using only basic linear algebra and avoiding the use of group rings.
Before we continue, we prove some preliminary results that we need. For a
matrix X = (x;;) € M(n, R), we write

X:[Xl Xy - Xni|

where X; is the i column of the matrix X.
Lemma 3.1. Let R be a ring with 1 and A = [Al Ay - Al €

M(n,R). A is a circulant matriz if and only if A, = TF YAy for all
1 <k <n, where

0 0 -~ 01
10 0 0

T=10 1 --- 0 0 :[62 e -+ en 611|EM(’I?,,R).
00 -~ 1 0

Proof. Tt is easy to see that the /" column of T%~! is given by

e L
€(¢+k—1) mod n» ifl#n—k+1
Thus we see that
TF1 = |eg €k+1 --- €n €1 ... egp_1| € M(n,R).

Let A be the circulant matrix given by

[ ao a o Gp-2 anfl_
an—1 ap ai an—2
A= an—1 Qo
az al
| &1 az 0 Qp-1 Qo |

let AT be its transpose. Then for 1 < k£ < n we have

T
Ak = |Qk—1""-0a1 ag an_l...ak:|'
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Thus
TF 1Ay = epag + epy1an-1 + -+ + enay + e1a5_1 + -+ + ep_1a1 = Ap.
Conversely, if TF=1A; = Ay, for all 1 < k < n, clearly A is circulant. a
Lemma 3.2. Let R be a ring with 1 and let T € M(n, R) be defined as
T= [eg es - en el}.
Then T s invertible and we have

-1
T :[en €1 +c ep_9 en_l].

Proof. Since T is row equivalent to the identity matrix, it is invertible. A
simple computation shows that 71T = TT~! = 1. Indeed, we have

77T = [T‘lez T leg .- T le, T_lel} = [61 ey - €en_q en]
and
TT- ! = [Ten Ter -+ Tep_g Ten,l] = [61 ey -+ €n_i en} .
O

Lemma 3.3. Let T' € M(n, R) be as before and A € C(n, R). Then we have
AT =TA.
Proof. It is enough to show that T~'AT = A. For 1 < k < n, we have
T = €(k+1) mod n- Thus
(TYAT), = T Y AT, = T AT, = T Y Ap = T1TFA, = TF 1A, = Ay
O

3.1. Proof of Theorem 1.1. Suppose that R is a ring with 1. Let A, B €
C(n, R). Suppose that A = [Al Ay - An} and B = [Bl By --- B,l.
We will show that A+ B, AB € C(n, R). The other axioms for a ring are
easy to check. For 1 < k < n, we have

(A+B), = Ap+ B, =T" A + T 1B, = T*1(A + B);.
Thus A+ B € C(n, R). Using Lemma 3.1, it is enough to show that
(AB)k = Tkil(AB)l.
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Using Lemma 3.3 we have
(AB)y = ABy = AT* !B, = T""'AB, = T" *(AB),.

It follows that C(n, R) is a subring of M(n, R). In the case when R is
a ring without 1, we can embed R into a ring R with 1 (see Theorem 1.10
in [1]) and we get an embedding of M(n, R) into M(n, R). The result now
follows from the observation that C(n, R) = C(n, R) N M(n, R).
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ABsTRACT. We aim to give a short and direct proof of an old and well-
known identity > 00 | H7/n® = 177"/360. The crux of the argument
lies in writing the denominator term n of the series as an integral
representation. Although the proof is completely elementary, it is based
on a less trivial result of Wang and Lyu [18] on the ordinary generating
function for the sequence {HZ/n},>1 and an entry of a generalized
integral identity found in Table 110 of the reference book Nouvelles
tables d’intégrales définies [20].

1. INTRODUCTION

Ever since the time of Euler, the so-called nonlinear harmonic sums had
been investigated. We mention that a nonlinear harmonic sum is a series
which involves products of at least two (generalized) harmonic numbers [17].

We give a truly elementary proof of the identity

Hi\\*> [(Hy\?> [H3\’ 17
.l -2 == = 1.1
(1)+<2>+ 3) " 360 (11)

where H,, = Z;L:1 571 is the well studied classical harmonic number.

The Sandham—Au-Yeung series refers to the problem of evaluating the
infinite series in equation (1.1), and it appeared as problem 4305 in The
American Mathematical Monthly |1, p.431] proposed by H. F. Sandham and
a solution due to Martin Kneser appeared in The American Mathematical
Monthly |2, p.267|. There is an interesting historical account in [21].
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There are many short proofs of (1.1), but most rely on additional knowl-
edge. A nice collection is given in [13]|. One proof commonly used is based
on double integrals and the calculation of the logarithmic integrals with the
tail of the dilogarithmic function (see |5, Proposition. A.1] or [6,7,16]). A
second approach is based on the Abel’s summation formula (see [8] or [11]).
Other proofs rely on Parseval’s theorem [3] or application of residue calcu-
lus to v expansions [4, p.24]. Yet other proofs involve a Master Theorem
of Series, such as the one in |9, Lemma 4] or calculation of the nonlinear
harmonic sums [?]. Without attempting to provide a complete list, there
are proofs in [10,13-15] and references therein.

2. DEFINITIONS
Let us first introduce the classical Bernoulli numbers B,, defined by

i 1
Bo=1 and Z(mf >BZ-—0 (m € N).
1

i=0
For convenience, we recall the definition of the well-known Polylogarithm

function:
Lip (2 ka (21 <1; peN\{1}).

One has in particular

2 7
Lip, (1) =¢(p), Lia(1) =¢(2) = —, <¢(4) =
6 90
where ( is the famous Riemann Zeta function ((p) = > poq k7P.

We begin with two lemmas that will be needed for the proof of the
theorem. The second part of second lemma is a special case of Equation
(3.93) in [15].

Lemma 2.1. The following tdentity holds:
ZHT% el Lig(aj)_Lig(a:)ln(l—x)_l<1n3(1—x)>
s\ )

n T x T

n=1

Proof. Starting with the generating function for the sequence {H2/n},>1
given in (see [18, Equation (4.6)] or [13, Equation (10)], for instance)

S L @) Ly (@) (1 —2) — swd (1=a) (o <1, @£ 1)
n=1

(2.1)
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Dividing both sides of (2.1) by z, the result immediately follows.

O
Lemma 2.2. The following equalities hold:
ULis (z) 1 Lig (z)In (1 — ) 1
de = —7* (b do = ——n*.
O R U e
Proof. (a) Observe that the integrand h?’T(m) has a removable singularity

at x = 0 and as x goes to 0, the integrand goes to 1.

/ng / Z il/l "hd
= — x X
0 n3 n:1n3 0
1

and this proves (a).

(b) Notice that, as z — 0, goes to —1. Therefore when x is very
close to 0, the integrand W —Lis (x) . So the integral
fol %ﬂu_m)dm will behave like the integral of — Lis (z) on [0,1],
and the integral fl M

1=2) g converges.
The substitution: Lis ( ) = u immediately leads to the following

ln(l x)

equality:
' Lip (z) In (1 — ) ) 1 1
dr = — du = —=C%(2) = —=—=*.
/0 . x /0 udu 2( (2) 7
Now, we aig, %W@ét(%l} to state the theorem.
Theorem 2.3. The following identity holds: -
1 17
— H2= 7
nz_:l n? " 360
Proof.
2 n—1 n, n—1
Z Z H/ d:c—/ (Znas )d:p
n=1 n=1
171 o 11,3 _
:/ ng(m)dx_/ Liz (z)In (1 a;)dx_l/ In” (1 a:)dx
0 x 0 x 3 0 X

11,371 _ 113 (1 —
:1W4+1W4_1/ M@dleﬁzx_l/ n”(1-2),
0 T 40 3Jo
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Recall ( [20, Formula (5), Table 110, p. 159]),

1 2r—1 T
1 1- —1
[ s B, gen. e
0 €T r
Setting r = 2 on both sides of (2.2) yields
11,3
In° (1 —x) 4 1 4
———Fdx=271"By = ——m". 2.3
/0 . x "By =T (2.3)
With (2.3) in hand, the consequence is:
o0
1 1 1/1 17
S toal 4\ _ 20 4
2 =gty <157T> 360"
n=1
which completes the proof. O

Remark 2.4. In the Ref. [20, Formula (5), Table 110, p. 159], the expression

2r—1
for fol de has a typo, the correct one being

"I (1 - —1)" o
/ ™ (-2 dr = )l 22272 By, (r €N).
0

xT T

The argument in the second line and fifth line of proofs of Theorem 2.3
and first part of Lemma 2.2 (i.e., interchanging integration and summation)
is known as Bernstein's theorem (see [19, Thm.9.30, p.243]). It is instruc-
tive here to check that (and why) the coefficients are positive.

Acknowledgement: Comments and suggestions from a referee are grate-
fully acknowledged.
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METRIZABILITY OF F-METRIC SPACES

SUMIT SOM
(Received : 17 - 09 - 2025 ; Accepted : 10 - 05 - 2026)

ABSTRACT. Very recently, B. C. Anghelina [Some fixed point theorems
in the framework of f-metric spaces, Fixed point theory, 26 (2) (2025),
343-358] introduced the concept of an f-metric space which is a gener-
alization of metric space. In this short note, we show that the newly

introduced f-metric space is metrizable.

1. INTRODUCTION

In 1906, Fréchet first introduced the notion of a metric space. Let X be
a non-empty set. A function d: X x X — [0,00) is said to be a metric on
X if the following conditions are satisfied:

e d(xz,y) =0 if and only if x = y;
o d(z,y) =d(y,z) for all z,y € X;
o d(x,z) <d(z,y)+d(y,z) for all x,y,z € X.

A topological space (X,7) is said to be metrizable if there exists a
metric d : X x X — [0,00) on X such that 7 = 75 where 74 denotes the
topology induced by the metric d. Authors often generalize the notion of
metric spaces by introducing a suitable distance function on a non-empty
set. In 2007, Huang and Zhang [4] introduced the notion of a cone metric
space by taking the values of a distance function in a real Banach space
with respect to a cone in that space. In 2011, Khani and Pourmahdian [5]
proved that such cone metric spaces are metrizable. Recently, Anghelina
[1] introduced the notion of an f-metric space with respect to a class of
functions f : [0,00) x [0,00) — [0,00) such that  lim O)f(:r,y) =0 and

z,y)—(0,
f(z,y) > f(2',y) for all z,2’,y,y € [0,00) with the property that = > 2
and y > /. Let X be a non-empty set. A function d : X x X — [0,00) is
said to be an f-metric on X if the following conditions hold:
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e d(xz,y) =0 if and only if x = y;
e d(z,y) =d(y,x) for all z,y € X
o d(z,2z) < f(d(z,y),d(y, z)) for all z,y,z € X.

If d is an f metric on X then the triplet (X, d, f) is called an f-metric
space. In [1], author showed that every metric space (X,d) is an f-metric
space for some function f : [0,00)x[0,00) — [0, 00) satisfying the conditions

which we already mentioned above. Firstly, we recall the result from [1].

Theorem 1.1. [1] Let (X,d) be a metric space and 6 : [0,00) x [0,00) —
[0,00) such that
° lim 6O(xz,y) =0;
(z,y)—(0,0) (@)
O(z,y) > 0(z',y) for all z,2',y,y" € [0,00) with x > 2’ and y > y/;

x < 0(x,z) for all x € [0,00);

f(z,y) = 0(x +y,x +y) for all 2,y € [0,00);
pd<x7 y) = 9(d<$, y)a d(.f, y))

Then (X, pa, f) is an f-metric space.

In this short note, we address the converse of Theorem 1.1. we show
that every f-metric space is metrizable. We use metrization theorem due
to Niemytski and Wilson in our proof. But still, it is unknown the explicit
structure of the metric d with respect to which the space become metriz-
able. Before proceeding to our metrizability result, we like to recall the
metrization theorem due to Niemytski and Wilson (see page 137 in [3]) as
follows.

Theorem 1.2. [3] Let X be a topological space and F : X x X — [0,00) be
a distance function on X. If the distance function F satisfies the following
conditions

(i)F(z,y) = 0 if and only if x =y for all x,y € X

(11))F(xz,y) = F(y,z) for all x,y € X;

and any one of the following conditions

(11i-A )given a point a € X and a number € > 0, there exists ¢(a,e) > 0
such that if F(a,b) < ¢(a,e) and F(b,c) < ¢(a,e) then F(a,c) < &;
(111-B)if a € X and {an}nen, {bn}nen are two sequences in X such that
F(ap,a) — 0 and F(an,by,) — 0 as n — oo then F(by,a) = 0 as n — oo;
(13- C)for each point a € X and positive number k, there is a positive number
r such that if b € X for which F(a,b) > k, and c is any point then F(a,c)+
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F(b7 C) Z ,r.’
then the topological space X is metrizable.

2. METRIZABILITY OF f-METRIC SPACES

Now, we show that the newly introduced f-metric space in [1] is metriz-
able.

Theorem 2.1. Let (X,d, f) is an f-metric space. Then X is metrizable.

Proof. Let (X,d, f) is an f-metric space. By the definition of an f-metric
space, the distance function d satisfies the first two conditions of the metriza-
tion theorem by Niemytski and Wilson. Now, we show that the distance
function satisfies condition (iii-B) which is mentioned in Theorem 1.2 (in
fact, it can be seen that all the conditions (iii-A),(iii-B),(iii-C) are satified
by the f-metric d). Let a € X and {ay, }nen, {bn }nen be two sequences in X
such that d(ay,a) — 0 and d(an, b,) — 0 as n — oco. By the third condition
of an f-metric space, we have

d(bp,a) < f(d(by,an),d(an,a)).

So, as d(ay,a) — 0 and d(an,b,) — 0 as n — oo, by the property of the
function f, we have f(d(by,an),d(an,a)) — 0 as n — oo. From above,
we get d(bp,a) — 0 as n — oo. This shows that the f-metric space is
metrizable. (|

Note 2.2. By applying Chittenden metrization theorem [2], we can also
prove the metrizability of an f-metric space. The proof is similar as above
and can be done by the property of the function f.

CONCLUDING COMMENTS

In [1], author introduced the concept of an f-metric space with respect
to a class of functions f : [0, 00) x [0, 00) — [0, 00) satisfying two conditions.
They obtained that if (X, d) is a metric space then (X, pq, f) is an f-metric
space for some function f and f-metric pg. In this note, we consider the
converse part. We prove that if (X,d, f) is an f-metric space then X is
metrizable. But, it is still unknown the form of the explicit metric with
respect to which X is metrizable. We left it as an open question.

Acknowledgement: We are grateful to the referee for the comments which

improved the quality of the paper.
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DIFFERENTIAL INEQUALITIES FOR POLYNOMIALS
WITH RESTRICTED ZEROS
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ABSTRACT. In this paper, we prove some results for a polynomial P(z)
of degree n having a multiple zero at some point within the unit disc
and the rest of zeros lie either in |z| > k,k > 1 or in |2] < kk <
1. Our results besides generalizing some Erdos-type inequalities for
polynomials also in particular refine a result due to Govil [9] by using
simple and elegant technique.

1. INTRODUCTION
n
Let P,, denote the class of all complex polynomials P(z) := Zajzj
j=0

of degree at most n. It was Bernstein [6], who formulated a well-known
classical result regarding the estimation of |P’(z)| in terms of |P(z)| on
|z| =1 for z € C and proved the following:
Tn‘ax |P'(2)] < n‘mlax |P(2)]. (1.1)
z|=1 z|=1
The result is sharp and equality holds only when P(z) is a constant multiple
of z™. Tt is natural to ask what happens to inequality (1.1), if we impose
restrictions on the location of zeros of P. In this connection the following
inequalities are the earliest belonging to this domain of ideas which have a
clear impact on the subsequent work carried forward since then.
If P(z) # 0 in |z| <1, then
max |P'(2)| < = max|P(2)], (1.2)
|z|=1 2 |z|=1
whereas in reverse direction, if P(z) # 0 in |z| > 1, then (1.2) can be
replaced by
max [P (z)] > gmax 1P(2)|. (1.3)
=1

|2[=1 |2|=

2020 Mathematics Subject Classification: 26C10, 30C15, 12D10
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Both the inequalities are sharp and equality in each holds for the polyno-
mials P(z) = az" + [, where |a| = |5|. Inequality (1.2) was conjectured
by Erdds and latter verified by Lax [11], whereas inequality (1.3) is due to
Turéan [16].

Malik [12]| generalized inequality (1.2) by proving the following:

If P(z) #04n |z| < k, k > 1, then

" max|P(2)). (1.4)

P(2)| <
mi)l(‘ (@) < 14k jz1=1

|2
The above inequality is sharp and extremal polynomial is P(z) = (z + k).
As a analogous result to (1.4) in case k < 1, it was proved by Govil [9].

If P(z) #0in |z| < k, k <1, then

max | P'(z)| < n

p 1.5
mave < Tiw lrg'?g! (2)]; (1.5)

for which |P'(2)| and |Q’(z)| attain maximum at the same point on the

1
circle |z| = 1, where Q(z) = 2"P(=).
z

2. THE PROOFS

The following lemmas will be crucial for the proofs of our theorems.

Lemma 2.1. If P(z) is a polynomial of degree at most n and Q(z) =

2"P(1/%), then for |z| =1
2
QEN+ 1P G < 5 { Mot Masr ],

i(a+2k7‘r>

where M, = ax ‘P(e n )‘ and My 1s obtained by replacing o by
SRSN

o+ 7.

The proof of Lemma 2.1 is a simple consequence of the principle of

mathematical induction.

Lemma 2.2. If (yj);"’:l be a sequence of real numbers then for alln € N

P gt (2.1)
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The proof of Lemma 2.2 is a simple consequence of the principle of

mathematical induction.

Lemma 2.3. Let P(z) = [[ (2 — 2;) be a polynomial of degree n, which

o,
it

does not vanish in |z| < k,k < 1 and let Q(z) = z"P(=). If |P'(2)| and

|Q'(2)| attain mazimum at the same point on the circle |z| = 1, then

1 "z =k
P'(2)| < — k" g P(2)].
wax|P/(9)] < {5 { o ;Zj+k}glg>;| )

Q| =

The above lemma is due to Aziz et al.[4].
In this paper, we first prove the following result.

n .
Theorem 2.4. Let P(z) = ) a;2’ be a polynomial of degree n, which does
§=0

1

not vanish in |z| < k,k <1 and let Q(z) = z"P(=). If |P'(2)| and |Q'(z)]
z

attain mazimum at the same point on the circle |z| = 1, then

max|P’(z)\g{ " i <|“°‘_kn|“"|>}maxp(z)\. (2.2)

j2]=1 L+k* 14k \Jao| + K an| ) [ Jz1=1

Remark 2.5. Since P(z) does not vanish in |z| < k,k < 1. Therefore
lag| > k™|ay|, showing that Theorem 2.4 improves inequality (1.5).

Remark 2.6. For k = 1, Theorem 2.4 reduces to a result due Kumar [10].

Proof of Theorem 2.4. By Lemma 2.3, we have
1 "z — k
Pl < _ kn J P
P'e) < 1 (n ;Zj+k>r (2)]

1 n @_1
_ _n k
=T (n k Z\i )\P(z)|.

>
Since M > 1, using Lemma 2.2, we get

L1 12
-1 201
J A +

1 |ao| — k"|an|
- — g[GOl =R Gl ) by
1+ kn (" <1a0|+k"|an| (=)

n @_1
|P’<z>|s1j,€n<n—k"ﬂ ; >|P<z>
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That is for |z| =1

k" ‘ao‘ - k”‘an‘
P < " P(2)|.

This completes the proof of Theorem 2.4. O

We next prove the following generalization of Theorem 2.4.

n—s )
Theorem 2.7. Let P(z) = z5< > ajzj> be a polynomial of degree n,
j=0

having all zeros in |z| > k,k < 1 except a zero at the origin of multiplicity
s > 0. Also let both |P'(z)| and |Q'(2)| attain mazimum at the same point

on the circle |z| = 1, then

max |P'(2)] < {"*Sk LA (‘ao’_k _ |“"—S|>}max\p(z)|.

L+ kn=s  14kn—s

|2|=1 lao| + k™3| an—s| 2|=1
(2.3)
For s = 0, Theorem 2.7 reduces to Theorem 2.4.
n—s .
Proof of Theorem 2.7. Let P(z) = 2°¢(z), where ¢(2) = ap+ > a;2’ is a
j=1

polynomial of degree n — s, which does not vanish in |z] < k,k < 1, then
using (2.2), we get

|¢’<z>\<{ n-s kv <\a0!—k"5\an—s\>}|¢(z)|' 24)

1+ k= 14 k"5 \ao| + k" %|an—s|

Now we have
2P'(2) = s2°¢(2) + 2°11¢ (2) = sP(2) + 2°T1¢ (2).
For |z| = 1, we have
|[P(2)] < s|P(2)] + 16/ ()]. (2.5)
Combining (2.4) and (2.5), we get for |z| =1

_ k,n—s |CLO| _ kn—5|a]n78|
P, < s|P n S . .
P()] < s <z>\+{1+km s (o =) o)

Now using max |P(z)| = max |¢(z)|, we get
z|l=1 =1

|| ||

n+ sk™° E"S 0 (ao| — K" %|an—s|
P'(z)| < — P(z)].
Ei}f| (Z)‘ — { 1 + kn_s 1 _|_ kn_s <‘a0’ + kn_s‘an—3| gl‘i)f‘ (Z)|

This completes the proof of Theorem 2.7. 0
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Further for the polynomials P € &, ,, where &, , = {P i P(z) =

n
aop +Zajzj, 1<u< n} instead of assuming a zero of order s at the origin,
=
we assume that there is a zero at a point zp of order s with |z9] < 1 and

prove the following generalizations of (1.2) and (1.4).

n—s
Theorem 2.8. If P € &, ,, such that P(z) = (z — 20)° (ao + Zajzj>,
J=u

1<u<n—s50<s<n-—1, has no zero in |z| < k, k > p, p > 1, except a
zero of multiplicity s, 0 < s < n at 29, where |z0] <1 —n and n > ng, then
for |z] =1

1
/ 1 1 s u(n —s) 2
P < n?-— {n?-2 P(2)]?
1
{M§+M§+ﬂ}2.
2 2
where n = stk + 1) ng = ks and My, Myyr are defined in

n(k—p)+2s0” " k—p
Lemma 2.1.

Taking zp = 0, Theorem 2.8 reduces to the following.

n—s
Corollary 2.9. If P € 2, ,, such that P(z) = 2° <a0+2ajzj>, I1<up<
J=p

n—s,0<s<n-—1, has no zero in |z| < k, k > p, p > 1, except a zero of
multiplicity s, 0 < s <n at z =0, then for n > ng and |z| =1

/ 1 1 ks +np 2
P <Z>'§2[”2‘Mz+M?{”2‘2”<M)P<Z>'2H
a a+m

1
2 2 2
{azeaz, )2
Remark 2.10. Since for |zp| <1 —n and n > no,

$ p(n —s)

Therefore Theorem 2.8 improves a result due to Aziz [3].

—_
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Remark 2.11. If we take p = 1 in Theorem 2.8, we get an improvement

of a result due to Ahanger et al. [1].

Proof of Theorem 2.8. Since P(z) has all its zeros in |z| > k and a zero of

multiplicity s at zp, |20 <1—€< 1,0 < s <n, we have

P(2) = (2 — 20)"u(2), (2.6)

n—s

where u(z) = (ao—l—Zajzj), 1< u<n—-50<s<n-1is a
J=p

polynomial of degree at most n — s having all zeros in |z| > k. Therefore, if

21,22, ..., 2n—s be the zeros of u(z), then |z;| >k, k> 1,j€{1,2,...,n—
s}, we have from (2.6)

2P’ (2) sz — =z

This, in particular, gives
2P’ (2) sz — =z
R =R R .
e( P(z) ) e(z—z0>+ e(;z—zj
For the points ¢, 0 < # < 27, which are not the zeros of P(z), we have

eiGP’ (ew) sett n-s et
Re| ————= | = Re|l —4—— R —_
e< P(ew) € 620 — 2 + Re Z 629 -z

=1

“re[ =27 4 Re ni* 2.7)
- e — 2y 1—e "z |’ '

=1

Using the fact that for |w| > k, k> 1, and p > 1,

1 1 n
R < <
e(l—w) =14k - utk

i0
se’
Re( 7 > <
e — 2o

We get from (2.7), for 0 < 6 < 2,

e P’ (i) s pu(n —s)
> < .
Re( P ) ST-1m T utk

and

set? s

< .
1 — |20

eie — 20
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Now, for Q(z) = z”P(%) and |z| = 1, it can be easily verified that

Q'(2)| = [nP(z) = 2P'(2)|.

This gives, for |z| =1,

2 2
e | =P
P(z) P(z)
2
. 2P'(2) — 9nRe zP'(z)
PR ”(P(z))

That is

/ / s p(n —s)
!Q(z)Pz\zP(z)!2+{n2—2n<1_|Zo+ v )}w(z)r?. (2.5)

2s(k 4 p) and ng — 2sk

(k — ) + 2us (k—p)
with & > p, p > 1, it can be easily verified that

n? —2n i +u(n—s) > 0.
1—|Z()‘ ,U—l-k:

Therefore from (2.8), we have for |zo| <1—mn,n >mnp and |z| =1

/ / s pu(n —s)
Q (=) > P (2)]” + {n2—2n<1_ Py )}|P(z)|2. (2.9)

For |29] <1 —mn and n > ng, where n =
n

Now using inequality (2.9) in Lemma 2.1, we get

/ 2 2 S p(n — s) 2 n? 2 2
— < — .
|P (2)|]° + {n 2n<1 o~ + prEy >}|P(z)] <7 {Ma—i-MaJr,r}

Equivalently, we get

n?

Per s e,

1 s pu(n —s)
_ 2{n2 _Qn(l_ L )|P<z>|2}.
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This gives for |z| =1

1
/ 1 1 s p(n —s) 2
Pl <=|n?e—— Ip2_2 P(2)?
1

{M§+M§+ﬂ}2.

This completes the proof of Theorem 2.8 U

For a polynomial P(z) of degree n, the polar derivative of P(z) denoted
by Do P(z), is defined as

Do P(2) =nP(z) + (o — 2)P'(2).

It is to be observed that
D,P(z
li [6 ( )

a—00 a

= P'(2).

Aziz [2] obtained the following result to the polar derivative of a polynomial
by proving the following:

If P(z) is a polynomial of degree n, such that P(z) does not vanish in
|z| < k,k > 1, then for every real or complex number o with |of > 1,

k
max |DoP()| < n( 11",:’) max |P(2)] (2.10)

These inequalities have been extended and generalized from time to time
by various authors (for reference see [14]). The extension of inequalities
from ordinary derivative to polar derivative of a polynomial is one of the
extension and widely studied topic and over the years several refinements
and generalizations of above inequalities have been proved by introducing
restrictions on the multiplicity of zero at z = 0. So it is natural to ask
what happens in case the polynomial P(z) of degree n having a zero of
some multiplicity at origin and the rest of the zeros in |z| > k,k < 1. As
an answer to this question, here we prove the following results which in
particular extend some inequalities to such a class of polynomials.

n—s )
Theorem 2.12. Let P(z) = zs< > ajz]> be a polynomial of degree n,
§=0

having all zeros in |z| > k,k < 1, except a zero of multiplicity s > 0 at the

origin. Let |P'(2)| and |Q'(2)| attain mazimum at the same point on the
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circle |z| =1, and for any o € C with |a| > 1,

[DaP(2)] < nglliflp(Z)l + (laf = 1)

n + sk™—s Ln—s ‘a()’ o knfs‘an_s| ‘P( )|
_ max
L+ kn=s 1+ k"= \Jao| + k" *|an—s| ) [ |21=1

(2.11)

If we divide both sides of inequality (2.11) by |al, it reduces to an
inequality (2.3).

Remark 2.13. By taking s = 0 and since |ag| > k"|ay|, showing that
Theorem 2.12 improves a result due to Chanam [7].

Proof of Theorem 2.12. Since for |z| = 1, |Q'(z)| = |[nP(z) —zP’'(z)|. There-
fore for |z] =1
|DaP(2)| = [nP(2) + (o = 2) P'(2))|
= |[nP(z) — 2P'(2) + aP'(2)|
< [nP(2) — 2P'(2)| + |a|[P'(2)|
=1Q'(2) + el [P ()|
= [P'(2)[ + Q' ()| + (Ja] = DIP'(2)|

< nmax |P(2)| + (Ja| — 1) max | P'(2)].
|z|=1 |z|=1

Now on using inequality 2.3, we get

IDaP(2)] < nmax | P(2)

n+ sk"™° k" ag| — k"% |an_s
+<ra—1>{ - (’ =& )}m|a>1<|P( ).

1+ kr=s 14k \|ao| + k" %|an—s|

This completes the proof of Theorem 2.12. O
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ABSTRACT. This paper offers derivations for two congruences attrib-
uted to J.W.L. Glaisher, one of which is a generalization of Wolsten-
holme’s congruence. To maintain a self-contained exposition, we in-
clude comprehensive proofs of Faulhaber’s formula, Newton’s formula,
and the von Staudt-Clausen theorem, each playing an indispensable

role in our proofs of Glaisher’s congruences.

1. THE MOTIVATION BEHIND THIS ARTICLE

This article’s journey began with a curious observation. The second
author, while crafting questions on Wolstenholme’s congruence for a number
theory course, noticed that the congruence (2.10) held true not just for the
specific case of

2r+1=p-2,
but for a broader range, namely,

2<r < (p—1)/2.

However, the standard methods for proving Wolstenholme’s congruence did
not seem to apply to this expanded scenario. This puzzle led him to consult
the first author, and their collaborative search for a proof eventually guided
them to the foundational works of J.W.L. Glaisher and L. Carlitz. The
goal of this article is to provide a self-contained exploration, laying out the
derivations of several interesting congruences, including (2.8), (2.9), (7.5),
and (7.6).

2020 Mathematics Subject Classification: 11A07, 11B68
Key words and phrases: Glaisher’s Congruences, Wolstenholme’s congruence,
Bernoulli numbers

© Indian Mathematical Society, 2026 .
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2. INTRODUCTION
The well-known Wilson’s theorem states that for any odd prime p,
(p—1D!'=-1 (mod p). (2.1)

There are many proofs of (2.1) in the literature. One of the proofs involves
Fermat’s Little Theorem, which can be stated as

[j]i_l - mp
for 1 < j <p-—1, where
[lp = {m € Z|m = j (mod p)}.

This implies that for 1 < j < p — 1, [j], are the zeroes of 2P~ — [1],,.
Therefore,

2P [y = (2 = [Up) (@~ [2p) - (z = [p— 1) (2.2)

in Fplz], where F), is the finite field with p elements. By comparing the
constant terms of both sides of the above identity, we deduce (2.1) imme-

diately.
Let
(x —21) (@ —22) (v — mp) = 2™ — Ap (w1, T2, ,zp)T™F -
+ (=D M Ap 1 (my, e, )+ (— D) A (2.3)
where

An7j(x]_,f172,"' 7$TL): E ﬂfil"'l'ij7

1§i1<i2<~~~<ij§n
with 1 < j <n. When z; = j and n = p — 1, we write

(-1 =2)(z-(p-1)

= wp_l — apfl’ll'p_Q —+ e+ (—1)p_2ap717p721' + (—1)p_1ap,1,p,1, (2.4)

ap—1j = Ap—1,(1,2,--- ,p—1)= Z i,
1<i1 <ig<-<i;<n
with 1 <j7<p—1.
Let
ap—1,j = Ap—15([Up, [2]p. -+, [P — 1]p)-
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Using (2.2) and (2.4), we conclude that
aP~! — mp =
2Pt =Gy 12+ ()P a1 por + (1P a1 po1,  (2:5)
which immediately implies that for 1 < {<p—1,
ap—1,0 = [0]p
in F),. This is equivalent to
ap—10 =0 (mod p). (2.6)
Let p be a prime greater than 3. Let = = p in (2.4) to deduce that
(p—D!=p" ' —ap11p" 2+ +ap_1p-3p° — ap_1p-2p+ (p— 1.

Subtracting (p — 1)! from both sides, followed by dividing by p, we deduce
using (2.6), the Wolstenholme congruence

ap-1p-2=0 (mod p?). (2.7)

For integer n > 1, the Bernoulli number B, is defined as the n-th

derivative of the function
T

e —1
evaluated at x = 0. In other words,

T . B;
— J..J
= — .
e? —1 Z(:)j!
Ji

Around 1900, Glaisher [4] showed that for 1 <7 < (p—1)/2,

Ap—1,2r = _%BQ'I‘ (HlOd p2) (28)
and
2r+1 :
ap—1,2r+1 = p2 Ar B2r (mOd pd) (29)

It is known from the von Staudt-Clausen congruence that the denominator
of By, is divisible by primes ¢ for which (¢ — 1)|2r. Since p > 2r, (2.9)
implies that

ap-120+1 =0 (mod p?). (2.10)
Note that (2.7) is a special case of (2.10) and for p > 5, a,—1,—2 is not the
only number that vanishes modulo p?.
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In the following sections, using Newton’s formula, Faulhaber’s identity
and the von Staudt-Clausen congruence, we provide a proof of (2.10), fol-
lowed by proofs of (2.8) and (2.9).

3. THE FAULHABER IDENTITY FOR THE SUM OF CONSECUTIVE k-TH
POWER

Let B (t) be defined as the n-th derivative of the function

xe
et —1
In other words,
xel® > !
pra—l :ZBj(t)ﬁ. (3.1)
7=0
Observe that
zel® T - B; LT
— - 20 i k=
e —1 et —1° ]Z;j!x kg k!

Therefore,

Next, observe that
T et —1 _ Q;e(t—i—l)z B ret® .
e? —1 et —1 et —1
By using (3.1), we conclude that

b _ Bera(t+1) = Brya(t)

E+1
Therefore,
ﬁ:tk _ Brn(n+1) - B (0)
p kE+1
k
1 k:—l—l) bl
=—— (> |7 )+ D)MB; . (3.2)
k+1 jO( J

This is known as the Faulhaber identity [2, p. 106].
Let n=p—1 and

p—1
sp=» t" (3.3)
t=1
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From (3.2), we find that

k
1 k+1) i1y
Sk = k1 E ( . ) p By | - (3.4)

=0\ 7

Since Bo,11 = 0 for » > 1, we conclude that for r > 2,

Sor = pBay (HlOd p3) (35)
and
2r+1
Sl =~ p*Byy  (mod p*). (3.6)

Congruences (3.5) and (3.6) are due to Carlitz [1, (2.4)].
Next, by the von Staudt-Clausen Theorem [6, p. 49], we know that

By + Y 1e Z,
(@-Djer 1
where each ¢ is a prime. The above property of Bs, implies that if Bo, is
written as a proper fraction ng,/da, and g|da, then (¢ —1) < 2r. Therefore,
if p— 1 > 2r then the ds, is not divisible by p. Hence, for p — 1 > 2r,

sor =0 (mod p) (3.7)

and
sor41 =0 (mod p?). (3.8)
For the completeness of this article, we will present a proof of the von
Staudt-Clausen Theorem in Section 6.

4. THE NEWTON FORMULA FOR THE SUM OF CONSECUTIVE k-TH
POWER

For this section, we follow the presentation of 3, Chapter 2|. A poly-

nomial f(z1,xe, -+ ,xy,) is symmetric if

f(xo(l)axo(Q)v T axo(n)) = f(xlvaa T 7xn)

for all o € §,, where S, is the symmetric group of degree n. It is clear that
if f and g are symmetric, then af 4 bg is symmetric for any a,b € C.
Given any positive integer N, there are only finitely many positive in-
tegers ki, ko, -+, ky, such that k1 + k2 +--- + k, = N. Note that k; < N
and so there are at most IV choices for each k;. Therefore, the number of

terms of the form xlflxl§2 cooxkn with ky + ko + -+ 4+ ky, = N is finite. We

n
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now order the monomials :L‘lflxé” -.xkn as follow: We say that
k1, .k kn Ly, 4o ln
ity eyt < aytayteexy

Wk otk <l 4t Ly
or

i hy 4+ hy =0+ + 0, and ky < 04,

or

ik otk =Ll 4+ Ly and ky = 01, ky < Lo,

or

or

itki+-+ky=0+---+{lyand ki =01, Jkp—2 =lp_9,kn—1 < Llp_1.

For example, r{23xs < z3z3z3 and zizez} < xla3ws.

With this ordering on monomials, each polynomial f € Flxy,--- 2]
has a monomial that is “greater than” the rest of the monomials in f. We
call this monomial the leading term of f and denote it as LT(f). For
example,

LT (x1x9 + wows + x123)
is z1x9 and
LT (A, ;) = z122 - - - x5
where A, ;,1 < j <n—1, is given by (2.3).
Let

n
S’r - Sr(x17$27 T 7xn) - Zx;7
j=1
with 1 < r < n. Note that s, defined in (3.3) is s, = S;(1,2,--- ,n). It
turns out that for r > 2,

ST = An,ISr—l — Amgsr_g R (—1)r_2An7T_151 =+ (—1)T_17’An7r. (41)
To prove (4.1), we observe that

LT(S, — Ap1Sr_1) = —a} s,
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This leading term can be removed using A, _12S5,_2, giving
LT(S, — Ap1Sr—1 + Ap—12Sr_2) = 2 2zoxs.

Note that we may continue with this process and the power of z; in the lead-
ing term of the resulting polynomial reduces by 1 in each step. Continuing
this process, we will eventually arrive at

LT(ST_An,ISr—l+An,2‘9r—2+' : '_(_1)T_2An,r—151) = C(_l)r_lxle I

for some constant c¢. Using the fact that sums and differences of symmetric
polynomials are symmetric polynomials, we deduce that that

S, = An,lST,l - AnQSr,Q + 4 (—1)T_16An7r. (4.2)

To complete the proof of (4.1), it remains to determine c. If we set
xzj =1for all 1 <j <r, then from (4.2), we find that

r—1
S)ori) o
7=0

On the other hand, by comparing the coefficient of 2”1 in the expansion
of the left-hand side and the right-hand side of the identity

(1+2)"
1+ 2

r—1
S (-1 @ = <Z:i> =~ f) - (4.4)
j=0

Using (4.3) and (4.4), we deduce that ¢ = r and the proof of (4.1) is

complete.

= (142",

we deduce that

5. PROOFS OF (2.8)—(2.10)
First, recall from (2.6) that for 1 </ <p—1,
ap—10 =0 (mod p).
Replacing r by 2r + 1 and n by p — 1 in (4.1), we obtain
(2r 4+ 1)ap—1,2r+1 = S2r41 — Ap—1,152r + Qp—1,252r—1 + -+ ap_12751. (5.1)
Next, by (3.8) and (3.7), we have, for 1 < j <p—1,

s; =0 (mod p).
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Therefore, we deduce from (5.1) that for r > 1,

(2r 4+ 1)ap—1,20+1 = S2,+1  (mod p?),
which implies that
ap—1,2r+1 =0 (mod p?)
by (3.8).
Our next task is to prove (2.8) and (2.9). We proceed by verifying that

(2.8) holds for r = 1. We then show that if (2.8) is true then (2.9) is true.
This is followed by showing that (2.9) implies

Borio (mod p?). (5.2)

a S —
p-l2r42 = 75 T
Completing the above steps will imply that (2.8) and (2.9) hold for all > 1.
By setting r =2 and n = p — 1 in (4.1), we obtain

—1)p(2p—1 2(p—1)?
2%_172:52_%_1’151:@ )p6(p )_p(p4 )

which immediately implies that
ap—1,2 = _§B2 (mod p2)7

which is (2.8) for r = 1. Next, from (3.4), we deduce that for r > 1,

Sor = pB2r + p2K2r (53)
and
2r+1
S2r1 =~ p?Bay + PP Koy (5.4)

for some integers Ko, and Ks,11. Note that for » > 2, (5.3) and (5.4) are
weaker than (3.5) and (3.6).

Suppose (2.8) holds for all positive even integers less than or equal to
2r and (2.9) holds for all odd integers greater than 1 but less than 2r — 1.

Rewrite (2.8) as

pB27'
2r

for some integer Lo,. From (5.1), we have

Qp—1,2r = — +p2L2r (55)

(2r + 1)ap—1,2r41 = S2p41 — Ap—1,152r + -+ + (=1)* ap_1,2,51.
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The terms ap—1,,527+1-1, for 2 < v < 2r—1, are all divisible by p° by apply-

ing (2.8) and (2.9) with v < 2r and using both (3.5) and (3.6). Therefore,
2r+1 p(p

-1
9 T) (pBQT +p2K2r)

2r+1Dap—12r+1 = p*Bar + p*Kopgq —

P 5 plp—1) 3
+ ( QTBQT‘ +p L27"> 9 (mOd p )

2r4+1 4, p*  p° 3
=B — 4+ — d .
2r < 2 D + 92 + Ar (Il’lO b )

Simplifying the above yields (2.9). To show that (2.9) implies (2.8) with 2r
replaced by 2r + 2, we use (4.1) to write

(2r +2)ap-12r+2 = —S2r42 + Qp-1182r41 — *** + Ap—12r4+151
= —pByry2  (mod p?)
by (5.4). Therefore, (2.8) and (2.9) holds for all integers r > 1.

6. THE VON STAUDT-CLAUSEN THEOREM

In this section, we present a proof of the von Staudt-Clausen Theorem.
This proof shows the close connection between the von Staudt-Clausen The-
orem and the converse of Wilson’s Theorem. Our proof is a modification of
the proof given in [6, p. 49]. We hope to give a clearer presentation of the
proof of the von Staudt-Clausen Theorem using (6.5).

Wilson’s Theorem states that if p > 2 is a prime, then

(p—1!'=-1 (mod p).

It turns out that the converse of Wilson’s Theorem is true. In other words,

if n is composite then
(n—1)!# -1 (mod n).

To prove this, we first verify it for n = 4. In this case 3! =6 = 2 (mod 4)
and the statement is true. Suppose n > 6 is composite. Then n = ab. If
2 < a < b then a and b are both less than ab — 1 and therefore ab|(ab — 1)!.
Suppose a = b with a > 3. Thenab—1=a?>—~1>a? —a=a(a—1) > 2a.
So

(a>=1)!'=0 (mod a?).

We therefore conclude that if n > 6 is composite then

(n—1)!'=0 (mod n).



ON GLAISHER’S CONGRUENCES 193
Now, from the definition of By, we conclude that
By = (0),
where f(x) = z/(e* —1). Write

In(l—(1—¢€%) <= (1—e?)i™!
f@) = ——— —]2::1 ;
Note that ~ o
_ gt
B, ; P (6.1)
where
Cje= QJ('Z) (0)
with
gj(z) = (1 -y
First, note that Cq, = 1. Next, for j > 1,
g (@) = =" (j = (1 - ey (6.2)

For j = 2, we find that Cy ¢ = —1 and therefore, by (6.1), we deduce that
1 > Ciy

By=1-— = 6.3

¢ 5 +JZ; J (6.3)

Next, from (6.2), we deduce that for j > 2,
g (@) = —e"(j — D1 = Y2 4 (j — 1)(j — 2)(—")*(1 - "y,
and this can be written as

2 1 . . © i
97 @) =gV (@) = (- DG -D(=e"PA -y (64)
using (6.2).
We next show by induction on s that for 2 < s <j—1,

3\ (@) + jsm1gl V(@) + -+ gV ()

= (=1 =2)--- (= s) (=€) (1 =) (6.5)

where ¢;, with 1 < v < s — 1 are constants independent of x. The case
s = 2 is precisely (6.4). Suppose (6.5) holds for some integer s. Then
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differentiating both sides of (6.5) with respect to x, we find that

3 (@) + ejsm1d @)+ + a0l (@)

=5(j—1)G—2)--(j — s)(—e®)*(1 — e")7~(+D)
G =G =2) (G —8)G—s—1)(—e")*T (1 — e¥)I=(+2),
(6.6)
By (6.5), the first term on the right-hand side of (6.6) can be written as

S =D =2) - (G = )= (1 = ey =+

=5 (g](-s) (x) + cj75_1gj(»871)($) +- 1+ Cj,19§1)($)) .

Hence, we may rewrite (6.6) as

3" (@) + (et — )98 (@) + (cjoma — s¢jam1)gl" (@) +

2 1
4 (e — scj,g)gj(- )(:r) - scj,lgj(. )(3:)

= (-1 =2) (G- ) — 5 — (=€) (1= ey,

and (6.5) is true for s + 1.
Observe from (6.5) that when x =0 and 1 <s < j—1,

92(0) = 0.
Therefore, for j >+ 1, Cjp = g§€) (0) = 0 and the right-hand side of (6.1)
is a finite sum and

(6.7)

Next, for s =7 — 1, (6.5) is

(G-1) (52

g7 (@) + im0 @)+ gt (@) = (G- D€L (6.8)

Since gj(-s)(O) =0for 1 < s < j— 2, we conclude that (j — 1)! divides
gj(-jfl)(O). By induction, we find that g]@ (0) are all divisible by (j — 1)! for
s > j—1. In other words, for j < {+1, (j —1)! divides Cj . Since j|(j —1)!
if and only if j is a composite number and j # 4, we conclude that the
fractional part of By must be from the term j = 4 or j = p where p is a
prime.

We now consider j = 4. In this case,

ga(z) = (1 — )3 =1 — 3e” + 3 — 37,
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and
gff) (z) = —3e” 4 3 - 2fe? — 3%e3”,
For even integers ¢ > 4,

gif)(o) —_3+43.20_3t=90 (mod 4).

Therefore, 4|Cy and 4 does not divide the denominator of By for even integer
(>4
We have seen that
J|Cje (6.9)

when j is composite. We are now left with the case j = p where p is an odd

prime. First, observe that

(r—1)/2 24
P 1_Up y
(1=v) = + Z <> 1—v

Replacing v by e”, we conclude that

gplz) = (L ="

1—e® 1—e® ; j 1—e”
7j=1
p—1 (p—1)/2 (p_ 1) p—2j—1
S 3 e s e
= = Jp—1J) —~

This implies that

Zj (mod p).

Suppose wp, is a generator for F;. If p — 1 divides ¢, then

~1
ZtE—Zwﬁ—lep—lz—l (mod p).
t=1

If p— 114, then
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Therefore, for odd prime p,

0 (0) -1 (mod p) if (p—1)|¢, 6.10
%" (0) 0 (mod p) if (p—1)1¢. (6.10)

Combining (6.3), (6.9) and (6.10), we conclude that

1 1 1
By+ -+ E - =B+ E —
2 p p
(r—1)l¢ (p—1)I¢
p an odd prime p a prime

is an integer.

7. CONCLUDING REMARKS

In [4, Sect. 16], Glaisher gave a proof of (2.10) using essentially a com-
binatorial argument. Viewing a,—i1 2,41 as a sum of products of distinct
2r 4+ 1 integers chosen from the set {1,2,...,p — 1}, he decomposed it into
smaller sums according to the number of chosen integers a whose comple-
mentary factors (i.e., p — a) were not simultaneously chosen. These smaller
sums then appear with powers of p as factors. Building on his combinatorial
arguments, in [4, Sect. 19], he also showed that for p > 5 and r > 2,
pp—2r—1)

2
In a follow up paper [5], he gave the congruences (2.8) and (2.9). Although

Ap—12r4+1 = ap-12- (mod p4). (7.1)

Glaisher’s proofs are elementary, they appear to have never been included
in standard number theory textbooks, possibly because the combinatorial
nature of these proofs does not align with the typical techniques covered in
such texts.

Our final question is whether we could derive (7.1) using the congruences
we established in this short note. The answer is probably no. However, using
what we have discussed in this article, we could show a weaker version of
(7.1) which is, for r > 1,

2r+1

p-12r41 = ——5—Pap-12r (mod p%). (7.2)
To prove (7.2), multiply (2.8) throughout by —(2r + 1)p/2 to deduce that
o +1 L 2r + 1

Bo,  (mod p?). (7.3)

pPap—1,2r =P

2 4r



ON GLAISHER’S CONGRUENCES 197

Since the right-hand sides of (7.3) and (2.9) are identical, the left-hand
sides of (7.3) and (7.2) are congruent modulo p® and the proof of (7.2) is

complete.
Multiplying both sides of (3.5) by (2r + 1)p/2, we obtain, for r > 2,
2r+1 2r+1
5 PSop = 5 p° By, (mod p4). (7.4)
Comparing that with (3.6), we obtain a congruence for s; given by
2r+1

Sor4+1 = psar  (mod p4)

2
valid for » > 2. This may be viewed as “an analogue of Glaisher’s congru-
ence” for the sequence sg.

Finally, from (2.8) and (3.5), we obtain, for r > 1,

—2ra, 19 = S2» (mod p?). (7.5)
Similarly, from (2.9) and (3.6), we deduce that, for r > 1,
2rap—192r+1 = Sor41  (mod pg). (7.6)

Congruences (7.5) and (7.6) in its weaker form (mod p?) can be found in
an article of Z.H. Sun |7, p. 212, line 3.

We end this article by asking for direct proofs of the interesting congru-
ences (7.5) and (7.6) without using the intermediate congruences involving
the Bernoulli numbers.

Acknowledgement: The authors thank Professor Z.H. Sun for giving
them the reference to (7.5) and a weaker version of (7.6). The second author
is partially supported by the Ministry of Education, Singapore, Academic
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ABSTRACT. In this survey we present five proofs that the sequence
sinn? is not convergent: three elementary ones, one using Kronecker’s
denseness theorem in ergodic theory according to which e is dense
in the unit circle, and the standard one based on Weyl’s theory on
equidistributions modulo 1.

1. INTRODUCTION

A standard ingredient in various undergraduate courses in Mathematics
is to ask our students whether the sequence sinn converges. One of the
easiest proofs goes as follows: if sinn — L, then

2cosnsinl =sin(n+ 1) — sin(n — 1) — 0,
and so cosn — 0. In particular cos(2n) — 0. Moroever,
sin(2n) = 2sinncosn — 0,

contradicting the fact that cos? z +sin?z = 1.

2 In

On the other hand, we were not aware of a similar proof for sinn
this note we provide five proofs of the divergence, with increasing order
of non-elementarity. The fact itself could have been familiar e.g. to Carl
Friedrich Gauf (1777-1855), Leopold Kronecker (1823-1891), but surely to
Maurice Fréchet (1878-1973). Since the times of Hermann Weyl (1895-
1955), the starting point of the theory of uniform distribution modulo 1,

the non-existence of such limits are trivial consequences of the much more
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general property that for irrational £ the sequence nP¢ — |nP¢] is uniformly
distributed (p = 1,2,3...). In our viewpoint it is always interesting though
to find individual proofs of this weaker properties which are accessible to a
broad audience, in particular to all students beginning their course in Real
Analysis.

So here is the main fact which we are going to analyze. Let N =
{0,1,2...}.

Proposition 1.1. The sequence (sinn?) does not converge.

2. FIRST ELEMENTARY PROOF

This proof, due to Gérald Tenenbaum, is based twice on a proof by

contradiction.

2

Proof. Suppose that L := lim sinn® exists.

n—oo
Case 1. L = 0. Since
sin(2n 4+ 1) = sin ((n + 1)* — nz) = sin(n + 1)? cosn? — sinn? cos(n + 1),

we deduce that sin(2n + 1) — 0. But the identity

sinz —siny = 2cos 3(z + y) sin3(z —y)

implies 2sin 1 cos(2n) = sin(2n+1) —sin(2n—1) — 0, and hence cos(2n) —
0. Since

sin(2n) cos 1 + cos(2n)sinl = sin(2n + 1) — 0,
we conclude that sin(2n) — 0. This is a contradiction since sin?(2n) +

cos?(2n) = 1.

Case 2. L # 0. We first show that cos n? converges, too (note that trivially
| cos n?| converges to v/1 — L2). In fact, the hypothesis sinn? — L # 0 and
the identity

sin(4n?) = 2sin(2n?) cos(2n?) = 4sinn? cos n® cos(2n?)

imply that
cosn? cos(2n?) — 1/4. (2.1)

Moreover,

cos(2n?) = (cosn?)? — (sinn?)? = 1 — 2(sinn?)? — 1 — 2L~
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Hence, due to (2.1), 1 —2L? # 0, and so cosn? converges, say cosn? — M.
Moreover, by (2.1) again, M # 0. Next we use that

sin(n + 1)? = sinn? cos(2n + 1) + cosn*sin(2n + 1), (2.2)

or equivalently

sin(n 4+ 1)? — sinn? = sinn?(cos(2n + 1) — 1) + cos n?sin(2n + 1)

= (sinn? — L)(cos(2n + 1) — 1) + L(cos(2n + 1) — 1)
+[(cosn? — M) sin(2n + 1) + M sin(2n + 1)].
Passing to the limit, we deduce that
L(cos(2n+1) — 1) + M sin(2n + 1) — 0.
Hence, by using the formula cos(2x) = 1 — 2sin® x again,
2[Lsin(n + 3) — M cos(n + )] sin(n + 3) — 0. (2.3)

In order to be able to conclude that the content in the brackets tends
to zero, we need to convince us that, under our hypothesis sinn? — L,
the bounded sequence |sin (n+ %) | is also bounded away from zero, or
equivalently, that there is no subsequence ny with sin(ng + 1/2) — 0. To
see this, suppose the contrary that sin(ny + 1/2) — 0. Then cos(ny + 1/2)
does not converge to 0. Hence there is a subsequence ny_ such that C' :=
limg cos(ng, + 1/2) exists and C # 0. Thus, for every j € Z \ {0}, the

identity
sin(ng, +1/2 + j) = sin(ng, + 1/2) cos j + cos(ng, + 1/2)sin j

implies that L; := lim,sin(ny, + 1/2 4+ j) exists and L; = C'sinj # 0.

Replacing in (2.3) n by n + j, we deduce from this that cot(ng, + %)
and cot(ny, + 3) converge to the same limit ¢ := L/M. However this is
impossible in view of the formula

cotxcotl —1
cot(z+1) = P ——— (2410 (mod ), (2.4)

applied to z = ng, + 3/2. In fact, by passing to the limit s — oo, we infer
that ¢ #£ —cot 1 and

t(t+cotl) =tcotl— 1.

Hence t> = —1, an obvious contradiction.
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Thus we may assume that sin(n+ 1) is bounded away from 0. By (2.3),
we get that both cot(n + 1) and cot(n — 1) tend to t = L/M, which again
leads to a contradiction in view of (2.4). O

3. SECOND ELEMENTARY PROOF

Our second proof is based on the theory of cluster points: a bounded
sequence (x,) is convergent if and only if (x,) has a single cluster point
(where as usual a is a cluster point if and only if there is a subsequence
(xn, ) converging to a).

Proof. Again suppose that sinn? — L € [—1,1]. Then |cosn?| — v/1 — L2.
Now using that (n + 1)% = n? + (2n + 1), we get
sin(n 4 1)? = sinn? cos(2n + 1) 4 cosn?sin(2n + 1). (3.1)

Let B denote the set of cluster points of the sequence (cos(2n+1)). We
shall prove that, under the hypothesis sinn? — L, card B = 1 (that is, B
is a singleton). So let a € B. Then, due to (3.1),

L*(1 —a)* = (1 - L*)(1 —d?). (3.2)
Case 1. L?> # 1. Then either a = 1 or

L? l+a
= € [0, 00][. 3.3
Since the right-hand side is strictly increasing as a function of a whenever
—1 < a < 1, we deduce that, for fixed L with L? # 1, there is a unique

solution az, € [—1, 1] to (3.3). We conclude that B C {1,ar}.
Case 2. L? = 1. Then a = 1 is the only solution to (3.2), so B = {1}.

We now show that 1 € B = L? = 1, which plainly implies the desired
conclusion that card B = 1. Let cos(2ny + 1) — 1. Then sin(2n; + 1) — 0.
Using for j = 3,5 the identity

sin(2ng + j) = sin((2ng + 1) + (j — 1))
= sin(2ny, + 1) cos(j — 1) + cos(2ny, + 1) sin(j — 1),

we see that limsin(2n; 4+ 3) = sin2 and limsin(2n; 4+ 5) = sin4. Passing,
if necessary, to a subsequence, this produces two distinct elements of B, a1
and ag, both different from 1 (a1 € {£+/1 —sin?2}, a9 € {++/1 —sin?4}).
If now L? # 1, we are in case 1 and (3.3) holds with a = a1 and a = a2, so
a1 = a9, a contradiction. We conclude that L?=1.
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Therefore, we have proved that card B = 1, say B = {a}. However, this
is not possible. Indeed, using twice

cosz —cosy = —2sin 3 (z + y) sing(z —y),

we obtain
cos(2n +3) —cos(2n — 1) = —2sin(2n + 1) sin 2,
implying sin(2n 4+ 1) — 0, and
cos(2n + 1) — cos(2n — 1) = —2sin(2n)sin 1,

implying sin(2n) — 0. Thus sinn would be convergent. As we have seen in
the introduction, this is not the case. O

4. THIRD PROOF: BASED ON KRONECKER’'S DENSITY THEOREM IN
ERGODIC THEORY.

Here we use Kronecker’s result that {¢™? : n € N} is dense in the unit

circle T for every # € R with /27 ¢ Q. For the standard proof, see e.g.
[5, p. 1878]. This makes our proof non-elementary, as it uses that 7 is

irrational.
Lemma 4.1. sin(2n + 1) and cos(2n + 1) are dense in [—1,1].

Proof. This is a direct consequence of Kronecker’s result. To see this, it
suffices to write
oi2nt1)0 _ if ,in(20)

20) i(2n+1)0

Since 0/ is irrational, too, e™29) is dense in T and so does e .

Take 0 = 1. If ty € [—1,1], put z := e?3% regpectively w := ! @esinto,

Now choose subsequences z; of e*(2n+1)

converging to z, respectively wyg
converging to w. Taking real (rep. imaginary) parts yields the assertion:

Re z; — tg and Im wy — to. Il
We are now ready to give our third proof of Proposition 1.1.

Proof. Suppose that sinn® — L. Since (cos(2n + 1)) is dense in [—1,1],
we may choose a subsequence (ng) such that cos(2ny; + 1) — —1. Hence
sin(2ng + 1) — 0. Thus, due to (3.1), L = —L, and so L = 0.

Moreover, as (sin(2n + 1)) is dense in [—1,1], too, there exists (ng)
such that sin(2n; +1) — 1. Since L = 0, we deduce from (3.1) that
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cosn? sin(2ny+1) — 0, and so, cosni — 0. But this leads to a contradiction
since (cosni)? —1— L% =1. O

5. FOURTH PROOF: BASED ON WEYL’S THEOREM IN ERGODIC THEORY

In this final, non elementary, approach we need the notion of equidis-
tribution (or uniform distribution). Here a sequence (x,) of real numbers
is said to be wuniformly distributed modulo 1 if for every 0 <a <b <1

1
lim Ncard{n e{l,...,N}:x, — |a,] € [a,b]} =b—a.

N—o0
It is evident that (z, — [2,] ) is dense in [0,1] for any sequence () uni-
formly distributed modulo 1.

Kronecker’s theorem implies that n{ — [ng] is dense in [—1, 1] for irra-
tional £. But much more holds. Theorem 3.2 in [2, p. 27|, due to Weyl,
tells us that if

p(x) = ap + a1z + agx® + - + aga?
is any non-constant polynomial in R[x] with at least one of the coefficients
a; with j > 0 irrational, then (p(n)) is uniformly distributed modulo 1.
This holds in particular for the polynomial p(z) = &2, € € R irrational.
Hence n%¢ — LnQQ is dense in [0, 1]. Consequently 27 (n%¢ — LnQQ) is dense
in [0,27] and so €2™*¢ is dense on the unit circle. This finally implies that
with € = 1/27, sin(n?) is dense in [~1,1]. In particular, sinn? does not

converge.

6. A SHORT ELEMENTARY, BUT TRICKY PROOF

Here we present a proof which was motivated (after we had finished the
first draft of our note) by an erroneous attempt we found on MSE [7].
Suppose that sinn? — L. If L = 0, then we get a contradiction (see
the first proof). If L # 0, then we showed in our first proof that cosn?
converges too, say cosn? — M. Now we work with the triple (3,4,5)
satisfying 32 + 42 = 52. Hence

L +—sin(5?n?) = sin(4*n? 4 3?n?) = sin(16n?) cos(9n?) + cos(16n?) sin(9In?)
— 2ML
M +— cos(5°n?) = cos(4’n® + 32n?) = cos(16n?) cos(9n?) — sin(16n?) sin(9n?)

-~ M?-12
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Consequently
L=2ML, M=M?—-1° M?*>+L%*=1.

Since L # 0, M = 1/2. Hence 1/2 = 1/4 — L?, which has no solution. Thus
the case where L # 0, does not appear. g

Remark Here we would like to give the following homework for our

students: derive similar proofs for cos n?.

7. BEYOND THE POLYNOMIAL 22

A natural question arises whether such elementary proofs can also be
given for sinn? with p € N, p > 3. Note that due to Weyl’s theorem, the
(non-elementary) fourth proof immediately carries over to this case (take
p(z) = 5=2P). The other proofs here do not seem to be extendable to the
general case. In an upcoming research paper [6], we succeeded though, by
using Chebyshev polynomials. There we also characterized several classes of
quadratic polynomials p(z) for which sinp(n) is convergent. For instance,

one may take

S1n (CQ + ?aln + ?agn ),

where 3 divides a; but not as and where
p 1
co = co(p) :== 7r<§ - §a2>

for some odd integer p. This is very amusing, we think. On the other
hand, many questions within this subject remain open. E.g. will it ever be
possible to describe all those polynomials p for which sinp(n) converges?
We think that it surely needs advanced methods to tackle this kind of
problems. One of the famous unsolved problem for instance is: what are
the limit points of the sequence nsinn? This depends on the unknown
irrationality exponent of 7 and is still very mysterious. By additionally
using Diophantine approximation and this notion of irrationality exponent
one is able to study the cluster sets of sequences of type n®(sin(an))” and
much more. See e.g. [1], [3], [4]. For instance, it is known that the cluster
set C. of

(1 — sin®(7v/2 n))n
equals [0, 1] whenever 0 < r < 6, that Cs is strictly smaller than [0, p| for
some p < 1, and that C, = {0} for r > 6.
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MONOTONICITY PROPERTIES OF NORMALIZED
POWER INTEGRALS
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ABsTRACT. In this paper, we establish monotonicity and strict log-
convexity properties of the normalized power integral functional

a(t) = e @A

b t
( fa f(x) dac)
where f is a continuous, strictly increasing, positive function on [a, b].

As a consequence, we derive a refined inequality of Qi-type valid for

exponents greater than or equal to one.

1. INTRODUCTION

Integral inequalities involving power functions and their normalized mo-
ments are fundamental tools in analysis, with wide-ranging applications in
functional analysis, probability theory, and mathematical physics. A clas-
sical problem is to understand how the LP-norms or moments of a positive
function vary as the exponent p changes, which leads to inequalities com-
paring these moments.

Monotonicity properties of normalized power integrals have been studied
extensively. For instance, the well-known monotonicity of LP-norms for
1<p<ayq,i.e,

LAl < 1 fllg»

is a classical result often proved using Hélder’s inequality or Jensen’s in-
equality (see e.g. [1, 2]). This monotonic behavior is closely linked to the
convexity or log-convexity properties of moment generating functionals as-

sociated with the underlying function.

2020 Mathematics Subject Classification: 26D15, 26A51, 39B62, 26B25, 26A42
Key words and phrases: Integral inequalities, Log-convexity, Power moments,
Moment inequalities, Monotonicity, Qi-type inequalities.
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More recently, researchers have focused on exploiting log-convexity to
derive sharper and more general inequalities. Qi and collaborators intro-
duced several integral inequalities involving power means and moments,
often improving or extending classical results [3, 4]. The study of log-
convexity of normalized moment functionals allows one to unify and
strengthen such inequalities.

In this work, we focus on the functional

_ fff(a:)tdx |
<fabf(m)da:>t

where f : [a,b] — (0,00) is continuous and strictly increasing. We prove

(1)

that @ is strictly log-convex on (0, 00). This key property yields monotonic-
ity results for @, leading to new integral inequalities that generalize and re-
fine classical moment inequalities, including improved Qi-type inequalities
valid for exponents greater than or equal to one.

Our approach builds on the foundational work on moment inequalities
and log-convexity [5, 6], and offers a streamlined proof technique along
with explicit inequalities that may be of independent interest in the theory
of integral inequalities and their applications.

2. PRELIMINARIES

In this section, we recall some basic definitions and properties of convex
functions which are essential for the development of our main results. These
fundamental concepts are provided for the sake of completeness and clarity

[5]

Definition 2.1. A function g : I C R — R is said to be convex on an
interval [ if the inequality

g((L =Nz +Ay) < (1= Ng(z) + Ag(y) (2.1)

holds for all z,y € I and X € [0, 1]. If the inequality is strict for z # y and
A € (0,1), then g is called strictly convex.

Remark 2.2. If g is twice differentiable on an open interval I, then g is
convex on [ if and only if ¢”(x) > 0 for all € I. Furthermore, if ¢”(x) > 0

for all € I, then g is strictly convex on [.
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Definition 2.3. A positive function ¢g : I — (0,00) is called log-convex if

its logarithm In g is a convex function.

3. MAIN REsuULT

In this section, we present our main results. We study the normalized
power integral functional for continuous and strictly increasing functions.
Using its strict log-convexity, we derive new inequalities that generalize

classical moment inequalities.

Theorem 3.1. Let f : [a,b] — (0,00) be continuous and strictly increasing.

Define, fort >0,
/ fla

(e dw)

Then the function ® is strictly log-convez on (0,00). Moreover, for any «, 3

satisfying
a>p=>1,

the following inequality holds:
f: f(x)>dx - f; f(z)? dx
(f: f(z) dm)a <fab f(z) dx)ﬁ

) _/abf(x)tdx, L:—/abf(x)dx>0,

G(t) :=In®(t) =InF(t) —tln L.

Proof. Let

and define

First we compute the derivative of GG. Since

b
—/ f(x)'In f(z) dx

it follows that
F'(t)
!
F(t) fb )t dx




210 MEHMET ZEKI SARIKAYA

Differentiating once more, we obtain

2
S F(@)!(n £( x))?de J2 f(@)fn f(2) do
fa flx)tdx fa f(x)tdx

By the Cauchy-Schwarz inequality for integrals we have

([ rormserse) s ([ v ae) ([ rorm st

Consequently,

G// (t)

G"(t)>0
Moreover, equality occurs only when In f(x) is constant almost everywhere
n [a,b]. Since f is strictly increasing, In f(x) cannot be constant, and
therefore
G"(t)>0 for all ¢ > 0.
Thus G is strictly convex on (0,00), which implies that ®(t) = ¢“®) is
strictly log-convex.
Next we examine the behavior of G at t = 1. Since F(1) = L, we have

G(1)=InF(1)—InL =0.
(

To determine the sign of G'(1), define the probability measure
b
du(x) == f(Lx) x, L —/ f(z)dx

Then

G’(l):/lnf( ln</f ) dp(x >

Since In is strictly concave and f is strictly increasing (hence non-constant),
Jensen’s inequality gives

/ " In f (@) di() < ([ ’ fa) ).

which immediately implies
G'(1) > 0.
Since G”(t) > 0, the derivative G'(t) is strictly increasing. Because G'(1) >
0, we conclude that
G'(t) >0 forall t > 1,

so that G is strictly increasing on [1, 00). Consequently,

®(t) = 1)
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is also strictly increasing on this interval.

Therefore, for any o > 8 > 1 we obtain

®(a) > @(p),
that is,
Jo @) de [} f@)’ d
(2 £y dz)” (J2 f2) d:n)ﬁ '
This completes the proof. O

Remark 3.2. Based on Theorem 3.1, the following observations can be
made concerning the behavior of the function ®:

(I) The condition o > > 1 is essential for the inequality
f;f(x)o‘ dzx - f; f(x)ﬁ dx
b @ B
(fa f(=) dx) (f; f(z) dx)

to hold, since Theorem 3.1 establishes that @ is strictly increasing

on the interval [1, 00).

(IT) In contrast, when 0 < 8 < « < 1, the function ® is strictly decreas-
ing on (0,1), as implied by the strict convexity of log ®. Therefore,
the inequality in Theorem 3.1 reverses:

Jy f@)rde [y f@)de
(f @) (1! ) as)’

(ITT) For the mixed case 8 < 1 < «, the monotonicity of ® changes at t =

1, which is the transition point between decreasing and increasing
behavior. Thus, the inequality cannot be concluded directly from
Theorem 3.1, and requires a more refined analysis depending on the
specific values of o and (5.

Corollary 3.3. Let f : [a,b] — (0,00) be continuous and not constant.
Then for any 0 < p < q, the following strict inequality holds:

LAl < 1 fllg»

b 1/r
= (525 | far i)

is the normalized L"-norm of f on [a,b].

where
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Proof. Define the function

= In </abf(x)"d:n>, r>0.

Since f(x) > 0 and continuous, the map r — f(x)" is log-convex for each

x, and integration preserves log-convexity. Hence, v is strictly convex on

(0, 00).
otr) = 2ot =t ([ sty o).

Define
Note that ¢(r) = In||f[l» + 2In(b — a), so ¢ and In| f||, have the same
monotonicity behavior. Differentiating ¢, we obtain:

r’'(r) —(r
(25/(7,) — ( )Tz ( )
Since 1 is strictly convex, the inequality
/ ¥(r)
O

holds for all » > 0, which implies ¢'(r) > 0. Thus, ¢ is strictly increasing,
and so is || f||». Therefore, for 0 < p < ¢ we have

LAl < [ fllg-

Strictness follows from the strict convexity of ¢, which holds if f is not

constant almost everywhere. O

Theorem 3.4 (Interpolated Power Moment Inequality). Let f : [a,b] —
(0,00) be continuous and strictly increasing, and let a, f > 0 with o # B.
Then, for any 6 € (0,1), the following inequality holds:

/f "““0”1@: /f 0 /jf(x)ﬁdxﬁ
</a f(x)dx) S (/ f(z dx) (/abf(x)dx>

Proof. Define the normalized power integral functional

/f

D) 5 t>0.

([ dm)

From Theorem 3.1, we know that @ is strictly log-convex on (0, 00).

1-0
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By the definition of log-convexity, for any ¢1,t2 > 0 and € € (0,1), we
have
log ®(0t1 4 (1 — O)ta) < Olog ®(t1) + (1 — 0) log D(t2).
Exponentiating both sides gives

OOty + (1 — O)tz) < [@(t1))7 [@(t2)]" 7.

Finally, by choosing t; = « and t3 = 3, we obtain exactly the inequality
stated in the theorem:

1-6
f; f(x)9a+(1_9)5dx f; f(x)dx ’ ff f(m)ﬂdx
fa+(1-0)8 S b a B8
() f(2)dz) (2 f(@)da) () f(2)dz)
This completes the proof. O

Remark 3.5. Since ® is strictly log-convex, the inequality is actually strict
(<) whenever o # 8 and 0 € (0,1), even though it is conventionally stated
in the non-strict form (<) in the Theorem 3.4.

Corollary 3.6 (Special Case of Theorem 3.4 with a = 2, 8 = 1). Let
f :]a,b] — (0,00) be a continuous and strictly increasing function. Then,
for any 6 € (0,1), the following inequality holds:

Jo F@)ftrde ([} f(a)?de
(1 s@ar)™  \ (I8 fords)

Remark 3.7. Setting 0 = % in Corollary 3.6 yields the inequality

([ o) ([ 0w (s

which is the Cauchy-Scwartz inequality.
Moreover, since f is strictly increasing and positive, the inequality is
strict unless f is constant almost everywhere.

Remark 3.8. Consider the function f(z) = z on the interval [a,b] with
0<a<b Forf= %, Corollary 3.6 states the inequality

</abf(:c)3 dz>2 < (/abf(m)dx> </abf(m)2dx> .
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Explicitly, after simplification, this is equivalent to
4 5 5\2 1
— b§—a§> <= (b® —a?) (b® —da?).
5 ( Sgl-a)(-a)
This inequality illustrates the interpolating power moment inequality for the
simple strictly increasing function f(x) = x and can be verified numerically
for any 0 < a < b.

4. CONCLUSION

We proved that the normalized power moment functional ® of a strictly
increasing positive continuous function is strictly log-convex on (0, c0). This
yields a new class of integral inequalities that strictly order normalized
moments for exponents o > 8 > 1.

Our result refines moment inequality theory and provides a foundation
for further research in generalized moment inequalities and related inte-
gral operators. Future work may extend these findings to broader function
classes and weighted settings.

Acknowledgement: We are grateful to the referee for the comments which
improved the quality of the paper.
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ABSTRACT. The F-envelope measures the coverage level of a Fibonacci-
Lucas identity in the set of all (a, b)-Fibonacci sequences. Sury’s Fibonacci-
Lucas identity is not an isolated identity in the set of (a, b)-Fibonacci
sequences; its F-envelope is the set of k-Jacobsthal sequences.

1. INTRODUCTION: THE F-ENVELOPE OF A FIBONACCI-LUCAS
IDENTITY

1.1. Fibonacci and Lucas sequences. The Fibonacci F' = {F}, },>0
and the Lucas L = {L;,},>0 sequences are defined by the same recurrence
relation

Ant2 = Apt1 + Ay
with initial values Fy =0, F1 =1 and Lg = 2, L; = 1, respectively.

In [5], it is shown that many of the properties of Fibonacci numbers can
be stated for a special class of sequences: the (a,b)-Fibonacci sequences.
For a and b real numbers, R(a,b) denotes the set of all sequences with
initial values Ag and A;, and with the succeeding terms given by

An+2 = aAn+1 + bAn

The set R(a,b) contains two distinguished elements: the (a,b)-Fibonacci
sequence {Fﬁ’b}nzo with initial values Fg’b =0, Fla’b = 1, and the (a,b)-
Lucas sequence {L%"},>o with initial values L" = 2, L{"* = a.

The ordinary Fibonacci sequence F' = {F,},>¢ is the (1,1)-Fibonacci
sequence, and the ordinary Lucas sequence L = {L,}p>0 is the (1,1)-
Lucas sequence. The (1,2)-Fibonacci sequence is the Jacobsthal sequence
{Jn}n>0, and the (1,2)-Lucas sequence is the Jacobsthal-Lucas sequence
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{jn}n>0- The k-Fibonacci sequence is the (k,1)-Fibonacci sequence, and
the k-Jacobsthal sequence (in the sense of Falcon [4]) is the (1, k)-Fibonacci
sequence.

1.2. The F-envelope of a Fibonacci-Lucas identity. For a given
Fibonacci-Lucas identity I(F, L) (for example, identity (1) below), the fol-
lowing problem naturally arises:

"Find the set of all (a,b)-Fibonacci sequences (together with the corre-
sponding (a,b)-Lucas sequences) for which the identity I(F, L) remains valid
even if (F, L) is replaced by (F, L) (that is, F,, by F>* and Ly, by L%°)."

We call the set of all these (a,b)-Fibonacci sequences the F-envelope of
the Fibonacci-Lucas identity. The F-envelope of an identity I(F, L) is not
empty since it contains the ordinary Fibonacci sequence F. The F-envelope
measures the coverage level of the identity I(F, L) in the set of all (a,b)-
Fibonacci sequences.

1.3. Some examples. For a simple illustration of the above, we
consider the following identity: L&’ = F;:fl + ngf’l (see [5, Eq.(5)]). This
means that the F-envelope of the Fibonacci-Lucas identity

Ln = L'n+1 +Fn71

is the set of k-Fibonacci sequences (i.e., the (k, 1)-Fibonacci sequences).
A second Fibonacci-Lucas identity is the following:

Ly, =F,+2F,

It is straightforward to check that the F-envelope of this Fibonacci-Lucas
identity is a singleton (there is no (a,b)-Fibonacci sequence different from
the ordinary Fibonacci sequence F such that L?L’b = Fﬁ’b + ZFTffl for every
positive integer n). We call such an identity an isolated identity in the set
of all (a,b)-Fibonacci sequences.

Now, using the Binet formulas for (a,b)-Fibonacci and (a,b)-Lucas
numbers (see [5, Equations (8) and (9)]) it follows the following identity:
FQaT’Lb = F*PL%" So, the Fibonacci-Lucas identity

FQnZFnLn
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is a universal identity in the sense that the F-envelope of this identity is the
set of all (a,b)-Fibonacci sequences.

2. THE F-ENVELOPE OF SURY’S IDENTITY

2.1. Sury’s identity. The noteworthy identity (1) below (see [13]),
n
" P =Y 2L (1)
=0

leads to numerous related identities and generalizations. Shortly after its
proof in [13] (using a polynomial identity), new proofs and extensions of this
identity were published in [3, 6, 7, 8] etc., and more recently in [1, 2, 11], etc.
Our interest lies in the F-envelope of this Sury’s Fibonacci-Lucas identity

(1).

2.2. The F-envelope of (1). A closer examination of the short note
[11] indicates the answer regarding the F-envelope of Sury’s identity (1).
First, in [11, Section 4], the following Jacobsthal analogue of (1),

n
2n+1Jn+1 _ Z 2Zji;
=0

is proved using Euler’s Telescoping Lemma. This means that the Jacobsthal
sequence is an element of the F-envelope of Sury’s identity. In [11, Section
5, Eq.(6)] is given the following generalization of (1) to (a,b)-Fibonacci

numbers:

n

2 EY =" 2L+ (a - 1)FM).
i=0
Thus, the conclusion is immediate.

Theorem 2.1. The F-envelope of Sury’s identity is the set of k-Jacobsthal
sequences.

Although, the F-envelopes of the identities L,, = Fj,4+1 + F,,—1 and (1)
are different (F is the only common element), their coverage level for the
two Fibonacci-Lucas identities in the set of all (a,b)-Fibonacci sequences
is the same since there is a one-to-one correspondence between the two F-
envelopes. Thus, Sury’s Fibonacci-Lucas identity is not an isolated identity
in the set of all (a,b)-Fibonacci sequences.
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2.3. A corollary to Theorem 2.1. Since (1) is not an isolated
identity in the set of (a,b)-Fibonacci sequences, Theorem 2.1 provides us
with other examples of sequences with Sury’s identity. Let’s consider the
following two examples:

Example 1: {X,},>0:0,1,1,1,1,...,1,...  {Yp}n>0:2,1,1,1,1,...,1,...
Example 2 : (the periodic sequences with period 6 below)
{X»}n>0:0,1,1,0,-1,-1,0,1,1,0,—1,—1, ...
(see A010892 in the OEILS [12])
{Viln>0:2,1,-1-2,-1,1,2,1,-1,-2,—-1,1, ...

for which Sury’s identity,

n
2" Xy = ZTYi,
i=0
holds.

The sequence A010892 above (called the Sastry sequence in [10] since
it derives from Sastry’s generalized Mobius function [9]), together with the
sequence 0,1,1,...,1, ..., are two distinguished elements (just like Fibonacci
and Jacobsthal sequences) of the F-envelope of Sury’s identity.

2.4. Remark. A similar investigation can be made for Fibonacci iden-
tities (without Lucas). The F-envelopes of the famous Cassini’s, d’Ocagne’s,
Catalan’s, Vajda’s, and Honsberger’s identities are the same, namely the set
of k-Fibonacci sequences.
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PROBLEM SECTION

In volume 94(3-4) 2025 of the Mathematics Student, we had invited so-
lutions for a set of five new problems, in addition to the problem 5 from
94(1-2). We have received solutions for problems 1 and 4 from 94(3-4). We
shall present these solutions and the solution for problem 5 of 94(1-2) as

still it remains unsolved. We shall give some more time for problems 2, 3
and 5 from 94(3-4).

We present five new problems in this volume and invite solutions for these
problems from the readers till October 25, 2026. Correct solutions received
by this date will be published in volume 95 (3-4) 2026 of The Mathematics
Student, which is scheduled to be published in November 2025.

We sincerely acknowledge all the cooperation and support from the people
who contribute problems and solutions to the problem section. We also
welcome new problems along with detailed solutions for the problem section
from the readers.

New Problems
MS 95(1-2) 2026 : Problem 1 (by Dr. Nguyen Tien Lam, High

School for Gifted Students, Hanoi University of Science, Vietnam).

Find all pairs of positive integers (a, b) such that there exist infinitely
many pairs of positive integers (m,n) for which both m3 + 3m? + an + b
and n® + 3n? + am + b are perfect cubes.

MS 95(1-2) 2026 : Problem 2 (by Dr. Shpetim Rexhepi and
Dr. Ilir Demiri, Mother Teresa University, Skopje, North Macedonia).

Solve the following equation for z € R and n € N, n > 3.

<1ogn<n+1>">”“+< log,, (n + 1) )x: 2
) AT o )

© Indian Mathematical Society, 2026.
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Problems 3-5 (by Dr. B. Sury, ISI, Bengaluru, India).
MS 95(1-2) 2026 : Problem 3.
Show that any monic polynomial f with real coefficients is the average

h
%, where g, h are monic polynomials with all roots real.

MS 95(1-2) 2026 : Problem 4.

Let f be a monic polynomial of degree n € N with real coefficients and

|
. n!
suppose ag > ap > - -+ > a, are integers. Prove that |f(a;)| > 7 for some
0<7<n.

MS 95(1-2) 2026 : Problem 5.

For 1 < k < n, consider the set: equation

k
Sk(n) = {(01,02,“' ,ak) € N* . Zai n}
i=1

For instance, S2(3) = {(1,2),(2,1)} and S2(4) = {(1, 3),(2,2),(3,1)}. Note that
3
1

(—1)k 1 11,1 (1 [
Z( k! 2 ap---ar) rstal\teter) st

k=1 (a1, ,ar)ESK(3)
Prove that for all n > 1 that

> ((_klx)k > )=

k=1 (a1, ,a)ESkK(n)

Solution for the unsolved problem 5 from MS 94(1-2) 2025.

MS 94(1-2) 2025 : Problem 5 (by Dr. Chudamani Pranesachar
Anil Kumar, KREA University, India).

b
GLy(Z) = { (a ) |a,b,c,dEZ,ad—bc::|:1}
c

Let

d

be the group of (2 x 2) integer matrices of determinant +1. Consider the
integer grid Z x Z as shown in the figure below. Let £ be the set of lines
obtained in the plane by extending the line segment joining any two
points of the integer grid. Define an action of GL2(Z) on the set £ as
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[ ) o [} [ ) [ J [} [ ] [}
a b .
follows. Let T = y € GLy(Z). Let L € L be a line joining (say) two
c

Y1 Y2
defined as the line joining two points

O =T P - a b T\ _ axi + byy and
c d Y1 cxy + dy1
Qy=T Py— a b Ty _ axo + by
c d) \y cro +dys )

The action of GL2(Z) on the set £ of lines decomposes £ into disjoint

points P, = [ 1), Py = <$2> € Z x Z of the integer grid. Then T - L is

union of orbits.

Prove the following:

(1) Let L € £ and suppose L is the line joining

P = <x1> Py = (a:2> € 7 x 7 of the integer grid.
n Y2

x
Show that there exists an integer grid point P = on the line
Yy

L such that ged(x,y) = 1.
(2) All lines in £ passing through the origin lie in one single orbit for
the GLy(Z)-action.
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(3) There are infinitely many distinct orbits in £ for the GL2(Z)
action.
(4) Describe all the orbits.

Solution: (by the Proposer)

We prove (1). Let L € L be a line passing through the origin. Since there
exists one more lattice point on the line L other than the origin, let P be
the nearest nonzero lattice point to the origin on the line L. Let

P = (z0,90)". We show that ged(zo,yo) = 1. The equation of the line L is
given by xoy = yox since it contains the origin and the point P. If
ged(zo,yo) = d > 0 then we have that Q = (£, ©)! also lies on the line L
because it satisfies the equation of the line L. Since distance from the
origin to (@ is less than or equal to the distance from the origin to P and
P is the nearest nonzero point on the line L, we must have P = ) and

d = 1. Hence in this case we have found a point P = (g, o)’ on the line
L such that ged(xo,y0) = 1.

Let L € L be a line not passing through the origin. Since there are two
lattice points on the line L, let (a,b)! and (¢, d)! be two consecutive lattice
points on the line L. Then by translating the line L to the line
L'={(x—a,y—>b)|(z,y)' € L} = L — (a,b)!, we find that L’ € L passes
through the origin and the point (¢ — a,d — b)! is the nearest nonzero
lattice point on the line L', nearest to the origin. Hence by the previous
argumentin the last paragraph, we must have ged(c — a,d —b) = 1. So
there exist integers p, ¢ such that p(c¢ — a) + g(d — b) = 1.

Consider the point R = (X = a+t(c—a),Y =b+t(d— b))t on the line L
where t = 1 — pa — gb. Note that the point R also lies on the same line L
which passes through the lattice points (a,b)?, (¢, d)!. Now we have

pX + qY =pa+ pt(c—a)+ gb+ qt(d —b)
:pa+qb+t(p(c—a)+q(c—b))
=pa+qgb+t=1.

Hence ged(X,Y) = 1 and we have proved in this case also, when the line
L is not passing through the origin, that there exists a point (z,y)* on L
such that ged(z,y) = 1.

We prove (2). Let L; and Ls be two lines passing through the origin and
let (z1,91)! € L1, (w2,92)! € Lo such that ged(xq,y1) = 1 = ged(xa,y2).
Therefore there exist integers w1, vy, ug, v2 such that
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u1r] + v1y1 = 1 = usxs + v2ys = 1. Hence Consider the matrix

My = up U1 My — uz V2
—Yy1 1 —Y2 T2

We have Det(M;) =1 = Det(Ms) = My, My € GLy(Z) and we also have

1
]\41 . 1 f— = M2 . T2 .
Y1 0 Y2
Hence we take

M=M= (" T2 ("M ) e,
Y2 U2 —Yyr T1

Now we observe that M takes origin to the origin and

M- = ("),
U Y2
Hence the matrix M € GLy(Z) takes the line L; to the line Ls.
This proves that all lines passing through the origin forms a single orbit.

We prove (3). Consider two consecutive points P = (n,1)!,Q = (n,0)! on
the line L,,. Now for any matrix M € GLy(Z) we must have that the

points
‘ <n) ’ ‘ <n>
1 0

are two consecutive points on the line T" which is the image of L,, under
the map M.
Now for any two consecutive points (n,k + 1), (n, k)¢ on the line L, we

non
E+1 k

has determinant equal to n in absolute value.

have that the matrix

If T = L,, for some m > 0 then the matrix containing two consecutive

o (i) )

must have determinant equal to m in absolute value. But we see that

L) (6) =)

points
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and hence it has absolute value of the determinant equal

| Det (M) Det((ibZ é)) |=n.

Therefore we must have n = m. Hence we conclude that the lines L,, for

n > 1 lie in distinct orbits and there are infinitely many orbits.

We prove (4). Let us prove that in each orbit there exists line

L, ={(n,y)! | y € R} for a unique n € {0,1,2,3,---, }.

Consider a line L and take two consecutive points (a, b)?, (¢, d) on the line
L and such that ged(a,b) = 1. Such a point (a,b)! € L with ged(a,b) =1
always exists as we have seen before. Let the absolute value of the

a ¢

b d
ben € {0,1,2,3,---}. Note that the absolute value of the determinant of
the matrix containing two consecutive points of a line does not change for

determinant of the matrix

any two consecutive points of the same line. Now we prove that the orbit
O, containing L, contains the line L,. Without loss of generality by using

the matrix <_01 2) and the line <_01 (1)> - L we can assume that

ad — bc =n > 0. The case n = 0 is straightforward and we have already

done this case.

There exist integers p, ¢ such that pa +gb=1. Let M = ( pb q). Then

-b a
wo(ig)=os) -
b d 0 n
for some integer e. Since the points (1,0)" and (e,n)" are consecutive on
the line M - L, the difference point (e,n)! — (1,0)! = (e — 1,n)* has the
property that ged(e — 1,n) = 1. So there exist integers k, [ such that
(e — 1)k + In = 1. Consider the matrix

rR={(" "],
k k+1
We have

1 [n n n —e n —e+1
=RN1==Z : = Lo(Z).
S=h n (k k+1> (o 1) (k (zetDk+1 :z) € GLa(Z)

we have

t

n
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g. 1 e _(n n .
0 n k k+1
S M. a c\_[n n ‘
b d k k+1

Now the two points (n, k)!, (n, k + 1)! are consecutive points on the line
L, and the matrix S - M € GLy(Z). Hence we have the mapped the line

(13 }]

L to the vertical line L,, by using a matrix in GL2(Z). Here “n” is

Now we observe that

Therefore we have

nothing but the absolute value of the determinant of the matrix
containing two consecutive points of L.

We have characterized all the orbits by the absolute value of this
determinant value. Two lines in £ are in the same orbit of GLy(Z) if and
only if the absolute value of the determinant of the matrices containing
two consecutive points of the two lines are equal.

This completes the proof of the problem.

Solutions for the problems 1 and 4 from MS 94(3-4) 2025.
MS 94(3-4) 2025 : Problem 1 (by Dr. Quang Hung Tran, High
School for Gifted Students, Vietnam University of Science, Vietnam).

Consider a skew polygon A; A, ...A,, in the Euclidean space E?,
n,d € N\ {1}. Prove that for any point P € E?, there always exist
a; € {-1,0,1}, i =1, 2, ... n such that

2
- 1
D 0PAjl > o ((A1d2)? + (A2 ds) + o+ (An1An)® + (An A1)%)
j=1

where PA; is the vector from P to A, j =1,2,--- ,n.

This problem was solved by Mr. Santanu Panda, Hooghly, West Bengal,
India.

Solution: (by the Proposer)

We need the following lemma:

Given n (n > 2) vectors i, 5 ..., u; BEuclidean space E¢ (d > 2). Prove
that it is always possible to choose addition or subtraction signs such that

|l £ ap £ ... k2> )+ w4+ )
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Proof. We proceed by induction on n.
For n = 2, it is always possible to choose = signs such that |u £ u3|* >
|1 |2 + |us]? because if (ui,us) > 90°, choose —; otherwise, choose +.
Assume the statement is true for n = k, i.e., it is always possible to
choose + signs such that

|l £ p £ ...kl > a4 sl 4+ )
We shall prove the statement for n = k+ 1. For n =k + 1, let
U=2du; Tup ...t

then, by the inductive hypothesis, it is always possible to choose + signs
such that
B 2 i + [l + ..+ .
Moreover, with two vectors ¢ and w11, it is also possible to choose + signs
such that
|7 + wi]? > |0 + |ua

Combining these two inequalities, we have proven the statement for n =
k4 1. 0

Back to the main problem. Let uj = Ang, e Uy = An_}ll. Applying
the lemma, we can always choose + signs such that

- N o 2
&m@i@@imiMm+2m£+@ﬁ+m+Mﬁ.

For any point P, we deduce that we can always choose =+ signs such

that

‘i(Pﬁm—PﬁQ:t(Pﬁy—Pﬁ»:t”.i<Pﬁ1—PZﬂ>2

> Ay AS+ AgAd ..+ AL AL

This implies that we can always choose + signs such that

o o o o . . 2
‘iPAytPAl+iPAQiPA2“:tPAniPAn

> A AL+ A A2 .+ ALAL
Note that the coefficients of PA; in the above inequality always belong
to {—2,0,2}. Therefore, dividing both sides of the inequality by 4, we
obtain that we can always choose «;; € {—1,0,1}, i = 1...n such that

. . o2 1
‘aLPA1+OQPA2+m.m+anPAﬂ > 5 (AAF+ Aodl + o+ A A2 + AnA3).
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There is equality when n = 4 and A1 A3A3A4 is a square, with a1 =
1,0 = —1,a3 = 0,a4 = 0. This completes the proof. O

MS 94(3-4) 2025 : Problem 4 (by Dr. B. Sury, ISI, Bengaluru, India).

Given positive integers m, n, prove that there are infinitely many positive
integers NV such that the binomial coefficient (fX ) is relatively prime to n.

This problem was solved independently by Mr. Santanu Panda, Hooghly,
West Bengal, India and Ms. Manika Gupta, Institute of Mathematical
Sciences, Chennai, India.

Solution: (by Mr. Santanu Panda)

For any positive integer k , let N = knm!+m. Then, there exists a positive
integer ¢ such that

<N> (knm!+m)(knm! +m —1)--- (knm! +1)  ¢pknm! 4 m!

= ¢kn+1.

m m)! m)!

So (Z) = ¢kn + 1, which implies that (ﬁ) is relatively prime ton . As k
takes infinitely many values, there are infinitely many positive integers N
such that the binomial coefficient (Z ) is relatively prime to n.







Place of Publication:

Periodicity of
publication:
Printer’s Name:

Nationality:
Address:

Publisher’s Name:

Nationality:
Address:

Editor’s Name:
Nationality:
Address:

FORM IV
PUNE

QUARTERLY

ANANT BARVE

INDIAN

PARASURAM PRINTERS

A-7, CO-OPERATIVE INDUSTRIAL ESTATE
RAILWAY STATION MIDC

CHHATRAPATI SAMBHAJINAGAR-431 005, INDIA

M. M. SHIKARE
INDIAN

GENERAL SECRETARY

THE INDIAN MATHEMATICAL SOCIETY
EMERITUS PROFESSOR
DEPARTMENT OF MATHEMATICS
JSPM UNIVERSITY, PUNE 412207
MAHARASHTRA, INDIA

G. P. YOUVARAJ
INDIAN
RAMANUJAN INSTITUTE FOR ADVANCED

STUDY IN MATHEMATICS, UNIVERSITY OF
MADRAS, CHENNAI 600005, TN, INDIA

6. Names and addresses THE INDIAN MATHEMATICAL SOCIETY
of individuals who own

the newspaper and

partners or sharehold-

ers holding more than

1% of the total capital:

I, M. M. Shikare, the General Secretary of the IMS, hereby declare that the par-
ticulars given above are true to the best of my knowledge and belief.

M. M. Shikare
Dated: May 31, 2026 Signature of the Publisher
Published by Prof. M. M. Shikare for the Indian Mathematical Society, type set
by Prof. G. P. Youvaraj, Former Director and Head, Ramanujan Institute for
Advanced Study in Mathematics, Chepauk, Chennai - 600005, India and printed
by Anant Barve at Parashuram Printers, A-17, Co-Operative Industrial Estate,
Railway station MIDC, Chhatrapati Sambhajinagar-431 005, Maharashtra, India.

Printed in India



The Mathematics Student

ISSN: 0025-5742

Vol. 95, Nos. 1-2, January - June (2026)

EDITORIAL BOARD
G. P. Youvaraj (Editor-in-Chief)
Ramanujan Institute for Advanced Study in Mathematics
University of Madras, Chennai- 600 005, Tamil Nadu, India
E-mail : msindianmathsociety@gmail.com

Bruce C. Berndt

Dept. of Mathematics, University
of Illinois 1409 West Green St.
Urbana, IL 61801, USA

E — mail : berndt@illinois.edu

M. Ram Murty

Dept. of Mathematics and Statistics
Jef fery Hall, Queen's University
Kingston, Ontario, K7L3N6, Canada
E — mail : murty@mast.queensu.ca
Siddharth Gadgil

Indian Institute of Science
Bangalore — 560012, India

E — mail : siddharth.gadgil@gmail.com
Sukanta Pati

IIT Guwahati

Guwahati 781039, Assam, India

E — mail : pati@iitg.ac.in

S. K. Tomar

Panjab University

Chandigarh — 160014, India

E — mail : sktomar@pu.ac.in

Clare D’'Cruz

Dept. of Mathematics, CMI

IT Park Padur P.O., Siruseri
Kelambakkam — 603103, T.N., India
E — mail : clare@cmi.ac.in
Subhojoy Gupta

Indian Institute of Science
Bangalore — 560012, India

E — mail : subhojoy@iisc.ac.in
Kaushal Verma

Dept. of Mathematics

Indian Institute of Science
Bangalore — 560012, India

E — mail : kverma@iisc.ac.in
Indranil Biswas

School of Mathematics, Tata Institute

of Fundamental Research, Homi Bhabha

Rd., Mumbai — 400005, India
E — mail : indranil29@gmail.com

Debjani Chakrabory
Department of Mathematics

1IT Kharagpur, Kharagpur 721302, India

E — mail : debjani@maths.iitkgp.ac.in
T. Raja Sekhar
Department of Mathematics

IIT Kharagpur, Kharagpur 721302, India
E — mail : trajasekhar@maths.iitkgp.ac.in

George E. Andrews

Dept. of Mathematics, The Pennsylvania
State University, University Park
PA 16802, USA

E — mail : geal@psu.edu

B. Sury

Theoretical Stat. and Mat. Unit
Indian Statistical Institute
Bangalore 560059, India

E — mail : surybang@gmail.com
Gadadhar Misra

Indian Statistical Institute
Bangalore — 560059, India

E — mail : gn@iisc.ac.in

Atul Dixit

IIT Gandhinagar

Gandhinagar — 382355, Gujarat, India
E — mail : adixit@iitg.ac.in
Aparna Dar

1ITKanpur

Kanpur — 208016, U.P., India

E — mail : adar@iitk.ac.in

L. Sunil Chandran

Dept. of Computer Science& Automation
Indian Institute of Science

Bangalore — 560012, India

E — mail : sunil.c1@Qgmail.com

T.S.S. R. K. Rao

M anipalUniversity

M Jaipur 303007, Rajasthan, India

E — mail : tssrkrao@gmail.com

C. S. Aravinda

TIFR Centre for Applicable Mathematics

P. B. No. 6503, GKV K Post Sharadanagara
Chikkabommasandra, Bangalore — 560065, India
E — mail : aravinda@math.tifrbng.res.in
Timothy Huber

School of Mathematics and statistical Sciences
University of Texas Rio Grande Valley, 1201
West Univ. Avenue, Edinburg, TX 78539 US A
E — mail : timothy.huberQutrgv.edu

Safique Ahmad

Department of Mathematics

IIT Indore, Indore 452020, India

E — mail : safique@iiti.ac.in


mailto:msindianmathsociety@gmail.com

THE INDIAN MATHEMATICAL SOCIETY
Founded in 1907
Registered Office: Center for Advanced Study in Mathematics
Savitribai Phule Pune University, Pune - 411007

COUNCIL FOR THE SESSION 2026-2027
PRESIDENT: Amin Sofi, Formerly at Department of Mathematics,
Kashmir University, Srinagar-190006, India

IMMEDIATE PAST PRESIDENT: S. S. Khare, Formerly at Department of
Mathematics, Northeast Hill University, Shillong-793022, India

GENERAL SECRETARY: M. M. Shikare, Emeritus Professor, Department of
Mathematics, JSPM University, Pune-412207, Maharashtra, India

ADMINISTRATIVE SECRETARY: B. N. Waphare, Center for Advanced Study in
Mathematics, S. P. Pune University, Pune-411007, Maharashtra, India

ACADEMIC SECRETARY: G. P. Raja Sekhar, Department of Mathematics
IIT Kharagpur, Kharagpur-721302, West Bengal, India

TREASURER: M. M. Pawar, Formerly at K. B. C. North Maharastra University,
Jalgon, Maharashtra, India

EDITOR: J. of the Indian Math. Society: Pankaj Jain, South Asian University,
Rajpur Road, Maidan Garhi, New Delhi-110068, India

EDITOR: The Mathematics Student: G. P. Youvaraj, Former Director,
Ramanujan Inst. for Advanced Study in Mathematics, University of Madras,
Chennai-600005, India

LIBRARIAN: M. Pitchaimani, Director, Ramanujan Inst. for Advanced Study
in Mathematics, University of Madras, Chennai-600005, India

OTHER MEMBERS OF THE COUNCIL:

Sameer Chavan, Department of Mathematics and Statistics, IIT Kanpur, Kanpur, U. P.
Swaroop Nandan Bora, Department of Mathematics, IIT Guwahati, Guwahati, Asam
Seshadev Padhi, Department of Mathematics, BITS, Mesra, Ranchi, Jharkhand

Pallavi Manhale, Department of Mathematics, VNIT Nagpur, Maharashtra

Punita Batra, Department of Mathematics, HRI, Allahabad, U. P.

P. K. Sahoo, Department of Mathematics, BITS Pillani, Hyderabad Campus, Hyderabad,
Telangana

P. P. Malavadkar, Department of Mathematics, MIT World Peace University, Pune,
Maharastra

Apoorva Khare, Department of Mathematics, IISc, Bangaluru, Karnataka
Ram Prakash Sharma, Department of Mathematics, NIT Jote Papum, Arunachal Pradesh

Back volumes of our periodicals, except for a few numbers out of stock, are available.

Edited by G. P. Youvaraj and published by M. M. Shikare, the General Secretary of the
IMS, for the Indian Mathematical Society.
Typeset by Prof. G. P. Youvaraj, Former Director and Head, Ramanujan Institute for
Advanced Study in Mathematics, Chepauk, Chennai - 600005, India and printed by Anant
Barve at Parashuram Printers, A-17, Co-Operative Industrial Estate, Railway station MIDC,
Chhatrapati Sambhajinagar-431 005, Maharashtra, India. Printed in India

Copyright (©The Indian Mathematical Society, 2026.



	1. Introduction and Preliminaries
	2. Main Results
	References
	1. Introduction
	2. Definitions
	References
	1. Introduction
	2. First elementary proof
	3. Second elementary proof
	4. Third proof: based on Kronecker's density theorem in ergodic theory.
	5.  Fourth proof: Based on Weyl's theorem in ergodic theory
	6. A short elementary, but tricky proof
	7. Beyond the polynomial x2
	References
	1. Introduction
	References

