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WOMEN IN MATHEMATICS

MADHU RAKA

At the outset, I would like to express my gratitude to the council and the

members of Indian Mathematical Society for electing me as the President

for the year 2024-2025. I feel humbled by this honour and it is a great

privilege for me to address this august gathering of mathematicians and

invited guests. I also thank the President, MIT Peace University, Pune and

the Department of Mathematics of the Institute for hosting the ninetieth

Annual Conference of the Society. The Indian Mathematical Society is the

oldest scienti�c society in India founded in 1907 in Pune. It has a rich

history and many stalwarts have held the o�ce of the President of IMS.

Looking at the list of past o�ce bearers on the website of IMS, I noticed

that there have been only three women presidents of IMS namely Profes-

sor Asha Rani Singal (1997-98), Professor Geetha S. Rao (2013-2014) and

Professor Manjul Gupta (2017-2018) out of a total of 115 Presidents of IMS

during 1907-2023. Women are universally under represented in science and

technology. India, though viewed as a potential powerhouse of innovations,

is no exception. Number of women is small across all disciplines, but it is

even smaller in mathematics. Is this because they have seen few role models

of their gender ?

Despite facing numerous challenges and biases, women have made sig-

ni�cant strides in mathematics, breaking barriers and paving the way for

future generations. So I have chosen the topic of `Women in mathematics'

for this general talk. Starting from ancient Indian mathematician Lilavati

to modern day pioneers like Maryam Mirzakhani, Maryana Vizovaska and

Neena Gupta, I will brie�y mention the achievements of some of these re-

markable women, with emphasis on Indian women mathematicians.

This article is based on the Presidential talk (general) given by Prof. Madhu Raka, the
president of the IMS, in the 90th Annual Conference of the IMS-An International Meet
held at MIT World Peace Unversity, Pune during December 23-26, 2024.

© Indian Mathematical Society, 2025 .
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2 MADHU RAKA

1. Lilavati

Lilavati was the clever and intelligent daughter of the twelfth century Indian

mathematician Bhaskara II (1114-1185). In the 12th century, mathematics

in India was �ourishing. As the story goes, the auspicious muhurta for

her wedding passed and Lilavati remained unmarried throughout her life.

One day, to wean his daughter out of her

solitude, Bhaskaracharya had an idea. He

knew that his daughter had a sharp intel-

lect. He posed a mathematical puzzle to

her and said, �Lilavati ! Why don't you

solve this problem? You have always been

interested in solving problems. Take it as

a challenge and do it." Lilavati took this

challenge. As she got involved in solving

the problem, she was totally drawn into it. She felt jubilant when she

solved it. The dejection and depression disappeared magically. It was as if

she was born again. Life became interesting and �lled with possibilities.

Bhaskaracharya thought of new problems every day and set them in the

form of verses that were rich in lyrical beauty. He gave his daughter dif-

�cult problems. Lilavati looked forward to the challenge posed by each

of those problems. In time, she became adept at solving complex prob-

lems. Bhaskaracharya collected all those problems he had formulated for

his daughter and arranged them into thirteen chapters. He named this work

as `Lilavati', after his beloved daughter.

Indian Academy of Sciences has published a book in 2008 entitled �Lilavati's

daughters" which is a collection of biographical sketches of Indian women

scientists.

2. Sophie Germain

Sophie Germain (1776-1831), a French mathematician, de�ed convention

and excelled in a male-dominated �eld. Despite facing gender based dis-

crimination and lack of formal education, she made ground breaking contri-

bution to number theory and elasticity theory. Her work on Fermat's Last

Theorem paved the way for Andrew Wiles' eventual proof.
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Sophie Germain's famous identity in number the-

ory states a4 + 4b4 = (a2 + 2ab + 2b2)(a2 −
2ab + 2b2). This identity has since been widely

used in various areas of mathematics including

algebra, Geometry and cryptography. A prime

number p is called a Sophie Germain prime

if 2p + 1 is also prime. For example, 29 is

a Sophie Germain prime because 2 × 29 + 1 = 59 is also a prime.

2, 3, 5, 11, 23, 29, 41, 53, 83, 89, · · · · · · are Sophie Germain Primes. These

primes have applications in public key cryptography and primality test-

ing. It has been conjectured that there are in�nitely many Sophie Germain

primes, but this remains unproven.

In 1794, when Germain was 18, an institute named the École Polytechnique

opened in Paris. Being a woman, Germain was barred from attending it but

the lecture notes were made available to all who asked for. The students

were required to submit written observations also. Germain obtained the

lecture notes and began sending her work to Lagrange under the pseudonym

of �M. Le Blanc", the name of a former student. When Lagrange saw the

intelligence of M. Le Blanc, he requested a meeting, and thus Sophie was

forced to disclose her true identity. Sophie Germain was the �rst woman

to receive the Paris Academy of Sciences prize for her theory of surface

vibrations.

3. Sofya Kovalevskaya

Sofya Kovalevskaya (1850-1891) was a Russian mathematician who made

noteworthy contributions to analysis, partial di�erential equations and me-

chanics. She was a pioneer for women in mathematics around the world -

the �rst woman to earn a doctorate (in the modern sense) in mathematics

and the �rst woman appointed to a full pro-

fessorship in northern Europe. In 1868, Ko-

valevskaya entered into a marriage of conve-

nience in order to leave Russia and continue her

studies. The pair traveled together to Austria

and then to Germany, where in 1869 she studied

at the University of Heidelberg. The following

year she moved to Berlin, where, having been
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refused admission to the university on account of her gender, she studied

privately with the mathematician Karl Weierstrass. In 1874 she presented

three papers-on partial di�erential equations, on Saturn's rings, and on el-

liptic integrals to the University of Göttingen as her doctoral dissertation.

Having gained her degree, she returned to Russia. In 1883, Kovalevskaya

accepted Mittag-Le�er's invitation to become a lecturer in mathematics at

the University of Stockholm. She was promoted to full professor in 1889.

In 1884 she joined the editorial board of the mathematical journal `Acta

Mathematica'. In 1888 she was awarded the Prix Bordin of the French

Academy of Sciences for a paper on the rotation of a solid body around a

�xed point.

4. Emmy Noether

Emmy Noether (1882-1935), a German mathematician, revolutionized ab-

stract algebra and transformed the face of modern mathematics. She made

many important contributions to abstract algebra. She formulated and

proved Noether's �rst and second theorems, which are fundamental in math-

ematical physics. She was called a creative genius by Albert Einstein. As

one of the leading mathematicians of her time, she developed theories of

rings, �elds, and algebras. Her ground breaking work on symmetry and

conservation laws has far reaching implications in physics and beyond.

Noether was born to a Jewish family in the town

of Erlangen; her father was a mathematician

too. She was the �rst woman to get a degree

from University of Erlangen. After completing

her doctorate in 1907 under the supervision of

Paul Gordan, she worked at the Mathematical

Institute of Erlangen without pay for seven year.

At that time, women were largely excluded from

academic positions. In 1915, she was invited by David Hilbert to join the

mathematics Department at the University of Göttingen, a world-renowned

center of mathematical research. The philosophical faculty objected, but

she spent four years lecturing under Hilbert's name. Noether remained a

leading member of the Göttingen mathematics department until 1933; her

students were sometimes called the �Noether boys". In 1924, Dutch math-

ematician B. L. van der Waerden joined her circle and soon became the
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leading expositor of Noether's ideas; her work was the foundation for the

second volume of his in�uential 1931 textbook, Modern Algebra. By the

time of her plenary address at the 1932 ICM (International Congress of

Mathematicians) in Zürich, her algebraic acumen was recognized around

the world. The following year, Germany's Nazi government dismissed Jews

from university positions, and Noether moved to the United States to take

up a position at a College in Pennsylvania, where she taught many doctoral

and post-graduate women including Olga Taussky-Todd, a leading algebraic

number theorist.

Before passing on to women Fields medalists and prominent Indian

women mathematicians, I would like to recall the contributions of two icons

of Algebraic Coding Theory - F. Jessie MacWilliams and Vera Pless.

5. F. Jessie MacWilliams

Jessie MacWilliams (1907-1990), a british mathematician, made signi�cant

contributions to combinatorics, graph theory and cryptography.

Her work on error-correcting codes, including

MacWilliams Identities has had a lasting impact

on modern coding theory. She was one of the

�rst women to publish in this �eld. She was a

fellow of the Institute of Mathematics and its

Applications (IMA) and the Royal Society of

Edinburgh. She coauthored the famous book

"The theory of error-correcting codes" in 1977

with Neil Sloane. In 1980 she gave the �rst Emmy Noether Lecture of the

Association for Women in Mathematics (AWM).

6. Vera Pless

Vera Pless (1931-2020), an American mathe-

matician was a pioneer in combinatorial cod-

ing theory and error-correcting codes. Her con-

tributions to the �eld have been recognized

with numerous awards and honors, including

the Noether Lecture, fellow of IEEE and fellow

of American Mathematical Society. Vera Pless

produced, with her coauthor W. Cary Hu�man,
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two of the most important texts in coding theory. The �rst is "The hand-

book of coding theory" published in 1998. The second is "Fundamentals

of error-correcting codes" published in 2003. It has become the standard

reference for classical coding theory. She was a pioneer for women in math-

ematics and computer science, and mentored many female students and

researchers in her �eld. True to her character, she died with a book in her

hands.

7. Maryam Mirzakhani

Mirzakhani (1977-2017) was a professor of mathematics at Stanford Uni-

versity in California. A glass ceiling was broken in 2014 when an Iranian

mathematician Maryam Mirzakhani was honored with the Fields Medal.

She was the �rst woman and the �rst Iranian to win this top award in math-

ematics. The award recognized Mirzakhani's �outstanding contributions to

the �elds of geometry and dynamical systems, particularly in understanding

the symmetry of curved surfaces, such as spheres, the surfaces of doughnuts

and of hyperbolic objects".

Mirzakhani was born in Tehran, Iran in 1977.

As a high school junior, she was among the �rst

Iranian women to qualify for the International

Mathematical Olympiad. She won a gold medal

at the International Maths Olympiad in Hong

Kong in 1994, scoring 41 out of 42 points. The

following year, in Toronto, she became the �rst

Iranian to achieve the full score and to win two

gold medals in the International Mathematical Olympiad. After graduat-

ing from the Sharif University of Technology in Tehran, she moved to the

United States where she earned a Ph.D. from Harvard University in 2004.

In 2009, she was appointed professor of mathematics at Stanford University

in California. Today, Mirzakhani is a global icon for women in science. �I

am sure there will be many more women winning this kind of award in com-

ing years,� Mirzakhani said in 2014. Sadly, she was not there to witness the

second woman to win the Fields Medal in 2022 - Ukrainian mathematician

Maryna Viazovska. Maryam Mirzakhani died in 2017 of breast cancer at

the age of 40.
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8. Maryna Viazovska

Maryna Viazovska (born 1984) is a Ukrainian mathematician who has the

Chair of Number Theory at the Institute of Mathematics of the École Poly-

technique Fédérale de Lausanne (EPFL) in Switzerland. She won Fields

Medal in 2022 making her the second woman recipient in the medal's 86-

year history, to receive this honor. The award is for �the proof that the E8

lattice provides the densest packing of identical spheres in 8 dimensions,

and further contributions to related extremal problems and interpolation

problems in Fourier analysis.�

A long-standing problem in mathematics is to �nd the densest way to pack

identical spheres in a given dimension. It has been known for some time that

the hexagonal packing of circles is the densest packing in 2 dimensions, while

in 1998 Hales gave a computer assisted proof of the Kepler conjecture that

the face- centered cubic lattice packing gives the densest packing in 3 dimen-

sions. The densest packing was not known in any other dimension until in

2016, Viazovska proved that the E8 lattice gives the densest packing in 8 di-

mensions. Shortly afterwards, together with Cohn, Kumar, Miller and Rad-

chenko, she proved that the Leech lattice gives the densest packing in 24 di-

mensions.

Viazovska, the oldest of three sisters, was born

in Kyiv, when Ukraine was part of the Soviet

Union. In Ukraine, she studied at the Taras

Shevchenko National University of Kyiv, before

earning a masters degree at Germany's Univer-

sity of Kaiserslautern and a PhD at the Uni-

versity of Bonn. Since 2018, she has held the

chair of number theory at the EPFL known in

English as the Swiss Federal Institute of Technology, Lausanne. It is some-

times referred to as the MIT of Europe. Apart from Fields Medal, she has

won many other prestigious awards and honors such as Salem Prize (2016),

Clay Research Award (2017), SASTRA Ramanujan Prize (2017) and Fer-

mat Prize (2019). Viazovska was an invited speaker in the Combinatorics

and Number Theory Section of the 2018 International Congress of Mathe-

maticians (ICM) in Rio de Janeiro.
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India has a long and rich history of contributions to Mathematics going

all the way back to the 1200 BCE. But if we think about all the famous

Indian mathematicians- Aryabhatta (476-550 CE), or Bhaskara (1114-1185

CE), or Srinivasa Ramanujan (1887 -1920), or Harish Chandra (1923-1983),

we realize that all of them were men ! Indian women mathematicians came

into prominence only in the 20th century and they are still not that many!

Albeit the list is growing. I will mention some of them in my talk.

The list is not exhaustive and does not follow any order-seniority or

prominence. There might be some other notable Indian women mathemati-

cians who are not mentioned here.

9. R. Parimala

Among Indian women mathematicians Professor Raman Parimala (born

1948) stands out as one who made signi�cant contributions in the �eld of

algebra using tools of number theory, algebraic geometry and topology. She

is an inspiring �gure for women aspiring to make a career in mathematics.

She is distinguished professor of mathematics at Emory University, USA.

Before that, for many years, she was a professor at Tata Institute of Fun-

damental Research (TIFR), Mumbai. She has been on the Mathematical

Sciences jury for the Infosys Prize from 2019.

Her excellence in algebra, has brought her many

awards and recognitions. She is a fellow of

all the three Indian science academies- Indian

National Science Academy (New Delhi), Indian

Academy of Science (Bangalore), and the Na-

tional Academy of Sciences (Allahabad). In

1987, she was awarded the Shanti Swarup Bhat-

nagar Prize, the highest science award for young

scientists in India. Another feather in Professor Parimala's cap was when

she was chosen as one of the 11 Women in Science by the Govt. of India

to be honored with a Chair in their names in 2020. She received one of the

highest global honors in her �eld when she was selected the plenary speaker

for the 2010 International Congress of Mathematicians held in Hyderabad.

She was also selected as the Emmy Noether Lecturer in 2013 by the As-

sociation for Women in Math (AWM) and became the Fellow of American

Mathematical Society (AMS) in 2013. She is also a recipient of The World
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Academy of Sciences (TWAS) prize for mathematics in 2005. Prof. Pari-

mala's dedication to mathematics and her passion for teaching have inspired

generations of students and researchers in India and abroad.

10. Rajinder Jeet Hans-Gill

Professor R. J. Hans-Gill (born 1943) had her early education in rural Pun-

jab, where getting an education in any discipline, let alone in science, was

di�cult for girls. She had to pretend to be a boy and wear a turban to

attend school for some time- a secret that was kept between her family and

the head master. Professor Hans-Gill earned her BA Hons (Mathematics)

and MA (Mathematics) from Government Colleges in Ludhiana. She ob-

tained her PhD (1965) from Ohio State University under the guidance of

Professor R. P. Bambah. She was the youngest Ph.D. at OSU at that time.

She worked as a faculty in Ohio State University and University of Wiscon-

sin, Madison, US for some time and then returned to Panjab University as

Reader (associate professor).

Professor Hans-Gill is Emeritus Professor at

Panjab University, Chandigarh after retiring as

Professor from the same place. Her excellence

in Geometry of Numbers and Discrete Geome-

try led to many awards and honors. Hans-Gill

received the Narasinga Rao Gold Medal of the

Indian Mathematical Society (1971). She is a

Fellow of all the three Indian science academies-

INSA (New Delhi), IASc (Bangalore), and the NASI (Allahabad). She is

also a Fellow of the Academy of Sciences for the Developing World (TWAS)

(2006). She was awarded Srinivasa Ramanujan Birth Centenary gold Medal

by ISCA in 2010. She was a Member of the committee `Women in Science'

constituted by the Indian Academy of Sciences. She is a shining example

of excellence and perseverance in mathematics and a role model for women

in Mathematics.

11. Ajit Iqbal Singh

Professor Ajit Iqbal Singh (born 1943) specializing in functional analysis

and harmonic analysis, is fellow of INSA and of NASI as well. Even at an
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age of 81, she is very active, full of enthusiasm

and is continuing her research work in quan-

tum information theory. Any person who gets

the privilege to meet her becomes spellbound by

her dedication to mathematics. Prof. Ajit Iqbal

Singh earned her BA Hons (Mathematics) and

MA from Delhi University. After a brief stint

as faculty at Indraprastha College, Delhi, she proceeded to University of

Cambridge in 1966 as a Commonwealth Scholar and was awarded Ph.D

(1969)under the supervision of F. Smithies. Soon after, she joined Hindu

College, Delhi University and continued teaching in addition to doing re-

search on functional analysis and harmonic analysis. She was appointed

Reader in Mathematics, University of Delhi South Campus (1974) and rose

to the position of Professor there (1984-2008). She held visiting positions

at the University of Oregon at Eugene USA, at Panjab University, at In-

stitute of Biomathematics and Biometry at GSF National Research Centre

in Munich and at University of Ohio in Athens. After superannuation from

University of Delhi, she has been a Visiting Professor as INSA Senior Scien-

tist (2008-2013) and as INSA Honorary Scientist (2013-2014) at the Indian

Statistical Institute, Delhi Centre. She is continuing her research work in

quantum information theory as INSA Honorary Scientist.

12. Sujata Ramdorai

Sujatha Ramdorai (born 1962) is an algebraic number theorist known for her

work on Iwasawa theory. She is a professor of mathematics and Canada Re-

search Chair at University of British Columbia, Canada. She was previously

a professor at Tata Institute of Fundamental Research.

Professor Sujatha Ramdorai is a perfect ex-

ample of a woman who pursued her passions,

though she got married before her graduation

but still achieved success in her profession. In-

spired by her grandmother who constantly em-

phasized the value of education, Sujata devel-

oped an acute desire to learn at a very young

age. Upon �nishing high school, she struggled

to make a decision between engineering and pure science for her higher ed-

ucation. However, she realized her love for abstract thinking and this made
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mathematics her true passion. Professor Ramdorai completed her B.Sc. in

Mathematics at St. Joseph's College, Bangalore and then proceeded to do

her M.Sc. with Annamalai University obtaining a PhD degree in 1992 from

TIFR, under the guidance of Professor R. Parimala. She continued to work

at TIFR, even though her peers working in the industry were earning six

times her salary. Ramdorai became the �rst Indian to win the prestigious

ICTP Ramanujan Prize in 2006. She was also awarded the Shanti Swarup

Bhatnagar Award, the highest honour in scienti�c �elds for a young sci-

entist by the Indian Government in 2004. She is also the recipient of the

2020 Krieger-Nelson Prize for her exceptional contributions to mathematics

research. She has been bestowed with Padma Shri award by the Gov-

ernment of India for 2023 in the �eld of science and engineering. She is a

member of the Scienti�c Committee of several international research agen-

cies such as the Indo-French Centre for Promotion of Advanced Research,

Ban� International Research Station, International Centre for Pure and

Applied Mathematics. She was a Member of the National Knowledge Com-

mission and is a Member of the Scienti�c Advisory Council to the Prime

Minister of India. She is Fellow of all the three national science academies.

13. Ushadevi Narendra Bhosle

Professor Ushadevi Narendra Bhosle (born 1949) is INSA Senior Scientist

at Indian Statistical Institute, Bangalore from Jan 2019. She is regarded as

an expert in the �eld of �moduli spaces of torsion free sheaves on singular

curves�-a branch of Algebraic Geometry.

Professor Bhosle got B.Sc. degree in 1969 and

M.Sc. degree in 1971 from University of Pune

and Shivaji University respectively. She com-

menced her post-graduate studies in 1971 from

Tata Institute of Fundamental Research and got

her doctorate degree under the guidance of her

mentor S. Ramanan in 1980. She started her ca-

reer as research assistant at TIFR in 1971 and

rose to the position of Senior Professor. She was the Raja Ramanna fellow

2014 - 2017 at Indian Institute of Science, Bangalore. She also was the

senior associate of International Centre of Theoretical Physics, Italy. She is
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fellow of all the three national science academies namely INSA, IASc and

NASI.

14. Sudesh Kaur Khanduja

Professor Sudesh Khanduja (born 1951) is Emeritus Professor at the De-

partment of Mathematics, Panjab University and INSA Senior Scientist at

the Indian Institute of Science Education and Research (IISER) Mohali,

India. A PhD and MA from Panjab University, Chandigarh, her primary

research interests are in algebraic number theory and valuation theory. She

got her doctorate degree under the guidance of Professor I. S. Luthar. She

has authored the book �A textbook of algebraic number theory� published

by Springer (2020).

Prof. Khanduja is a fellow of all the three

national science academies INSA, IASc, NASI

and also a fellow of The World Academy Sci-

ences(TWAS). She was awarded the Professor

V.V. Narlikar Memorial Lecture Award of INSA

in 2015, Srinivasa Ramanujan Lecture Award of

Indian Mathematical Society (IMS) in 2022 and

Srinivasa Ramanujan Medal (2022) of INSA.

15. Nalini Anantharaman

Professor Nalini Anantharaman (born in Paris in 1976) is Chair of Math-

ematics, Institute of Advanced Study, University of Strasbourg, France.

The Infosys Prize 2018 in Mathematics was awarded to her in recognition

of her work related to �Quantum Chaos�, speci�cally for the e�ective use

of entropy in the study of semi classical limits of eigen states in quantum

analogs of chaotic dynamical systems and for her work on the delocalization

of eigen functions on large regular graphs. Nalini Anantharaman completed

her Ph.D. at the University of Paris in 2000.

She held positions at ENS in Lyon, CNRS (The

French National Center for Scienti�c Research)

and the École Polytechnique in Paris, becoming

a full Professor at the University of Paris-Sud in

2009. She was a visitor at the Princeton Insti-

tute for Advanced Study in 2013 and moved to

Strasbourg University in 2014. She was awarded
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the Salem Prize and the Jacques Herbrand Prize in 2011, the Henri Poincaré

prize in 2012 and the CNRS silver medal in 2013. She was an invited

plenary speaker at ICM 2018.

16. Mythily Ramaswamy

Professor Mythily Ramaswamy (born 1954) is Senior Scientist in mathemat-

ics at the International Centre for Theoretical Sciences-TIFR, Bengaluru.

She did her PhD in 1990 at Paris. She was faculty at the TIFR Centre

for Applicable Mathematics, Bengaluru (until retirement in 2019). She is

Adjunct Professor at Chennai Mathematical Institute since 2019. She was

elected Fellow of IASc in 2007 and of NASI also in 2007. She is member of

NBHM board as well. Her early childhood was

spent in a small village, Kadayam, in Tirunelveli

district, deep inside Tamilnadu. After her

school education, she was lucky to have col-

lege education in Bombay. After M.Sc., she

was looking for a clerical job in a bank but was

not able to secure any bank job as she did not

qualify for a domicile certi�cate in Maharash-

tra. Then she applied to T.I.F.R. for research and was selected for the

TIFR-IISc joint mathematics programme on Applications of Mathematics,

at IISc Bangalore. From there she moved to Paris on a INRIA Scholarship

for her Ph.D. Her research involves functional analysis and controllability

of partial di�erential equations.

17. Saradha Natarajan

Professor Saradha Natarajan (born 1954) is an INSA Senior Scientist at the

DAE Center for Excellence in Basic Sciences (CEBS) at the University of

Mumbai. Earlier, she was a Professor of Mathematics at TIFR, Mumbai,

until 2016. She is an elected fellow of INSA.

She obtained her Ph.D. in 1983 from Ramanu-

jan Institute for Advanced Study in Mathemat-

ics, University of Madras, Chennai. Her area of

specialization is number theory, in general, and

transcendental number theory and Diophantine

equations, in particular. She has collaborated

with many mathematicians both in India and
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abroad and guided students for Ph.D. and graduation. She is co-author of

the book `Pillars of Transcendental Number Theory' published by Springer

(2020) and also edited the book `Diophantine Equations' (2007).

18. Meena Mahajan

Meena Mahajan (born 1965) is a professor at The Institute of Mathematical

Sciences (IMSc) in Chennai. Prof. Mahajan's research interests encompass

many aspects of computational complexity theory, including Boolean func-

tion complexity, algebraic circuits, proof complexity, and space bounded

computation.

Prof. Mahajan is an elected Fellow of the In-

dian Academy of Sciences (2022) and serves on

the ICM Structure Committee for the coming

ICM 2026. She completed her undergraduate

and postgraduate degrees from the department

of computer science and engineering at IIT-

Bombay and went on to receive her Ph.D. from

IIT-Madras. Prof. Mahajan has held several

professional roles. Since 2019, she has been an

ACM, (Association for computing machinery) Eminent Speaker.

19. Neela Natraj

Neela Nataraj (born 1968) is a Professor in Department of Mathemat-

ics, IIT Bombay. She obtained her Ph.D. in 1998 from IIT Delhi under

the supervision of Prof. P.K. Bhattacharya. She was appointed a faculty

member in the Department of Mathematics at the same institute in 1999.

She moved to IIT Bombay in 2003 and became a Full Professor in 2014.

Presently, she is an Institute Chair Professor in

the Department of Mathematics of IIT Bombay.

She has also been serving as Dean (Faculty Af-

fairs) of IIT Bombay since 2021. Her research

interests are Numerical Analysis, Finite Ele-

ment Methods, Finite Volume Methods and Op-

timal Control Problems. Prof. Neela Nataraj

was conferred the INSA Teachers Award in

2019. She is a Fellow of NASI (2019) and of IASc (2021). She was the
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chairperson of the IWM Executive Committee during 2019-22. She has

been featured in the �lm `Journeys of Women in Mathematics (2018)', pro-

duced by the International Mathematical Union Committee for Women in

Mathematics. She was awarded 34th P.L. Bhanagar Memorial Award Lec-

ture in the 86th Annual Conference of Indian Mathematical Society (2020).

20. Vijaylaxmi Trivedi

Vijaylaxmi Trivedi (born 1966) is a professor at

School of Mathematics, TIFR, Mumbai. Her

specialization is Commutative Algebra and Al-

gebraic Geometry. She was elected a Fellow of

IASc in 2022 and a fellow of INSA in 2023. She

has served as the chair of executive committee

of IWM (Indian women in Mathematics) 2022-

2024.

21. Sanoli Gun

Sanoli Gun (born 1975) is a Professor at IMSc (The institute of Mathe-

matical Sciences), Chennai, since 2015. She obtained her Ph.D from Harish

Chandra Research Institute (HRI), Allahabad. She was Post doctoral fellow

at University of Toronto (2006 - 2007) and at Queen's University (2007 -

2008) before joining IMSc.

Her specialization is in Modular Forms, Spe-

cial Values of L-Functions and Algebraic Num-

ber Theory. Professor Sanoli Gun was elected

as a Fellow of the Indian Academy of Sciences,

Bengaluru, 2021. In 2022, she became the �rst

president of Asia-Oceania Women in Mathemat-

ics (AOWM), the continental organisation for

women mathematicians, with over 200 founding

members from the continents.

22. Radha Kessar

Professor Radha Kessar received her �rst degree from Panjab University

in 1991 and a Ph.D. from Ohio State University in 1995 under the su-

pervision of Professor Solomon. She held postdoctoral positions at Yale
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University, the University of Minnesota, Oxford University, and faculty po-

sitions at Ohio State University (Assistant Professor), the University of

Aberdeen (Senior Lecturer, Reader, and Professor) and City University of

London (Professor). Since April 2024, she has held the Fielden Chair in

Pure Mathematics at the University of Manchester.

Radha Kessar works in the representation the-

ory of �nite groups, a branch of abstract alge-

bra. She is the only woman to have been a pro-

fessor of mathematics at the University of Ab-

erdeen. Besides research and teaching, Radha

serves on the editorial boards of several presti-

gious international mathematical journals. She

has co authored the book �Fusion Systems in

Algebra and Topology�. She has won the Berwick prize of the London

Mathematical Society. Radha Kessar is the �rst woman recipient since the

prize's inception in 1946. Other honors include a Simon's Visiting Profes-

sorship at the Mathematical Sciences Research Institute in Berkeley, and

an invited lecture at the European Congress of Mathematicians.

23. Gurmeet K. Bakshi

Gurmeet Bakshi (born 1970) is a professor at the Department of Mathe-

matics, Panjab University, Chandigarh. She obtained her Ph.D. under the

guidance of Prof. I. B. S. Passi from Panjab University in 1996. Prof.

Bakshi's research interests include Group Rings, Representation Theory,

and Algebraic Coding theory. She has authored many research articles and

given several invited talks in workshops/conferences.

Prof. Bakshi is a fellow of the NASI (2015). She

is recipient of the Hansraj Gupta memorial lec-

ture award (2019) from the Indian Mathemat-

ical Society. She is a member of the executive

committee of Indian Women and Mathematics

(IWM). She is on the editorial board of Indian

Journal of Pure and Applied Mathematics. She

is also a Member of NBHM board since 2023

and a council member of Ramanujan Mathematical Society as well.
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24. Ridhhi Shah

Riddhi Shah (born 1964) is a professor of mathematics at Jawaharlal Nehru

University in Delhi and at present chair of the IWM executive committee.

She is member of NBHM board also. After receiving MSc degree in Math-

ematics from IIT Bombay, she joined the Tata Institute of Fundamental

Research (TIFR), Mumbai for her doctoral studies and obtained her Ph.D

in 1991. She was a faculty member at TIFR, Mumbai from 1990 to 2007.

She moved to the national capital in 2007 so

that she and her husband, a theoretical physi-

cist, could �nally be together after 14 years of

marriage. Her research interests include dynam-

ics of group actions and probabilities on groups.

She was awarded INSA medal for young scien-

tists in 1995, the Alexander von Humboldt Fel-

lowship in 1997, CNRS fellowship in 2003 and

an Invitation Fellowship in 2004 from the Japan Society for Promotion of

Science (JSPS). She was elected Fellow of NASI in 2022.

25. Geeta Venkataraman

Geetha Venkataraman (born 1967) is a Professor of Mathematics at Ambed-

kar University Delhi (AUD). She did MA and DPhil (doctorate) in Math-

ematics at the University of Oxford. At AUD, she has served as Dean

( Research and Consultancy) and Dean School of Undergraduate Studies.

Her area of research is �nite group theory. She has co-authored three books.

Apart from her interest in Group Theory and

related areas, she is deeply interested in pop-

ularising mathematics, mathematics education,

issues related to women in mathematics and

women in leadership in academia. Geetha is one

of �ve CWM (Committee for Women in Mathe-

matics, International Mathematical Union) am-

bassadors from India and was a member of Ex-

ecutive committee of IWM (Indian Women and Mathematics). She was also

a panelist in the panel discussion titled `Girls in Mathematics: Re�ections
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and Initiatives' held as part of the World Meeting of Women in Mathemat-

ics (WM)2 (2022), prior to the International Congress of Mathematicians

(ICM).

26. Neena Gupta

Neena Gupta (born in 1984) is a professor at the Indian Statistical Institute

(ISI), Kolkata. Her primary �elds of interest are commutative algebra and

a�ne algebraic geometry. She has been awarded the 2021 DST-ICTP-IMU

Ramanujan Prize for young mathematicians from developing countries. She

received the prize for her outstanding solution to the Zariski cancellation

problem for a�ne spaces. The problem was posed by one of the most emi-

nent founders of modern Algebraic Geometry, Oscar Zariski, in 1949. The

Zariski Cancellation Problem is considered to be one of the most di�cult

problems in mathematics. In 2019, she was awarded the Shanti Swarup

Bhatnagar Prize, the highest science award for young scientists in India.

She is the third woman from India who got this award (after teacher-student

duo Raman Parimala (1987) and Sujatha Ramdorai(2004)).

Professor Neena Gupta was previously an IN-

SPIRE faculty at ISI Kolkata and a visiting fel-

low at TIFR. She won INSA Young Scientist

award in 2014. Her work has also earned her

the inaugural Saraswathi Cowsik Medal in 2013,

awarded by the TIFR Alumni Association. She

is fellow of IASc (2021) and of INSA (2023).

She won A. K. Agarwal award for best publica-

tion by the Indian Mathematical Society in 2014 and received Nari Shakti

Puraskar (2021) by the President of India on 8th March 2022. Neena Gupta

used to spend hours doing maths as a young girl and loved solving mathe-

matical problems. She was an invited speaker at ICM- 2022. She received

TWAS-CAS young scientist award in Mathematics/AI by The World Acad-

emy of Sciences and the Chinese Academy of Sciences (2023). She has been

selected to deliver the 44th Emmy Noether Lecture at the Joint Mathemat-

ics Meetings to be held in Seattle, WA during January 8 - 11, 2025.

There are many more prominent Indian women mathematicians. To

name a few -
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• Professor Jaya N Iyer of IMSc, Chennai

• Professor V Lakshmibai of Northeastern University Boston

• Professor Asha Rani Singal of Meerut University

• Professor Geeta Srinivas Rao of University of Madras

• Professor Uma Basu of University of Calcutta

• Professor Rukmini Dey of ICTS , Bengaluru

• Prof B. Sri Padmavati of University of Hyderabad

• Prof. Pratima Panigrahi, IIT Kharagpur

• Prof. Manjul Gupta of IIT Kanpur

• Prof. Shobha Madan of IIT Kanpur

• Prof. Punita Batra of HRI, Allahabad

• Prof. Shashi Prabha Arya of Maitreyi College, Delhi

• Prof. Girija Jayaraman of IIT Delhi

• Professor Mangala Narlikar of TIFR, Mumbai

• Prof. Indira Narayanaswamy of M. S. Ramaiah University of Ap-

plied Sciences, Bangalore

• Prof. Siuli Mukhopadhyay of IIT Bombay

• Prof. Ranjeet Sehmi of PEC Chandigarh and

• Prof. Subuhi Khan of Aligarh Muslim University.

Some next generation budding women mathematicians are

• Prof. Kaneenika Sinha of IISER Pune

• Prof. Pooja Singla of IIT Kanpur

• Prof. Anuradha Sharma of IIIT, Delhi

• Prof. Rama Mishra of IISER Pune

• Prof. Tanvi Jain of ISI, New Delhi

• Prof. Anita Naolekar of ISI, Bengaluru,

• Prof. Siddhi Pathak of the Chennai Mathematical Institute

• Prof. Nikita Agarwal of IISER Bhopal

• Prof. Radhika Ganapathy of IISc, Bangalore

• Prof. Sugandha Maheshwari of IIT Roorkee

• Prof. Purvi Gupta of IISc Bangalore

• Prof. Radhika Gupta of TIFR Mumbai

• Prof. Srimathy Srinivasan of TIFR Mumbai

• Prof. Prajakta Nimbhorkar of CMI Chennai

• · · · · · · · · ·
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Girls outnumber boys in almost all B.Sc/M.Sc courses in colleges and

universities these days. In Panjab University Mathematics department,

there was only one woman faculty in 1967, now in 2024 they outnumber

their male counterpart. There might be about 2,000 women working in

maths in India today, including PhD students, postdocs, and faculty (as per

an estimate made by Anita Naolekar, a member of the executive committee

of IWM). The numbers are slowly and surely increasing but the concern is

- the percentage of women continuing research after obtaining PhD is very

low. This may be because the road to the top is never smooth. Many of

the women acknowledge a lack of institutional support, double standards

in measuring their achievements, self-imposed limitations and most impor-

tantly the multiple roles that married women with families have to juggle.

They have used many strategies for survival. The most important is their

passion for their work. Somebody has rightly said

Mathematics is the divine language of the Universe and women

are becoming its �uent speakers.

Indian women are breaking barriers and shattering glass ceilings in mathe-

matics, paving the way for future generations.

Acknowledgement: The author is very grateful to Professor R. J. Hans-

Gill and Professor Gurmeet Bakshi for their valuable comments and sug-

gestions during the composition of this article.
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SOME CLASSICAL PROBLEMS OF GEOMETRY OF

NUMBERS*

MADHU RAKA

Abstract. In this article, some classical problems of Geometry of

Numbers and the progress made so far to resolve them are discussed.

The problems include minima of positive de�nite quadratic forms, lat-

tice packing and covering density of a unit sphere, Keller's Conjecture,

homogeneous and inhomogeneous minima of product of n linear forms

(Minkowski's conjecture), homogeneous and inhomogeneous minima of

inde�nite quadratic forms (Watson's conjecture).

1. Introduction

Geometry of Numbers is a branch of Number Theory where geometrical

ideas are used to solve arithmetical problems. This branch of Number

Theory is an o�shoot of Diophantine approximation.

One of the basic problems in Number Theory is to determine

inf{|F (x1, x2, · · · , xn)| : x1, x2, · · · , xn integers not all zero},

where F (x1, x2, · · · , xn) is a given real valued function of real variables

x1, x2, · · · , xn, i.e. to �nd under what conditions there exist integers

u1, u2, · · · , un not all zero such that

|F (u1, u2, · · · , un)| ≤ λ,

where λ depends on certain invariants of F .

The problems of this type were considered by Lagrange, Gauss, Seeber,

Dirichlet and Hermite, particularly in their work on the reduction of pos-

itive de�nite quadratic forms and other Diophantine approximation prob-

lems. But it was left to the genius of Hermann Minkowski (1864-1909),

*This article is based on the Presidential talk (technical) given by Prof. Madhu Raka,
the president of the IMS, in the 90th Annual Conference of the IMS-An International
Meet held at MIT World Peace Unversity, Pune during December 23-26, 2024.

2010 Mathematics Subject Classi�cation: 11H06, 11H31, 11H46, 11H50, 11H55

© Indian Mathematical Society, 2025 .
21



22 MADHU RAKA

a German Mathematician, who gave a systematic treatment of such prob-

lems by interpreting these arithmetical problems in geometrical language.

This not only led to the solutions of these problems but also opened doors

to the formulation of whole families of new problems. These developed

into a branch of Number Theory, called the Geometry of Numbers by H.

Minkowski. Be�ttingly Hermann Minkowski is called the father of the Ge-

ometry of Numbers.

By 1960's the subject was already quite mature. C. A. Rogers (1964)

in preface of his monograph �Packings and Coverings� wrote �I have the

impression that most of the simplest general results of the subject have

already been discovered and that further progress may be rather slow, · · · �.

In spite of this scenario, there has been remarkable progress in the

intervening years. Kepler's long standing conjecture for thinnest packing

density of 3-dimensional spheres has been proved by Hales (2005) involving

long computer calculations. Viazovska (2016) proved the corresponding

result in 8 dimensions which was followed by a proof in 24 dimensions by

a group of mathematician Cohn, Kumar, Miller, Radchenko and Viazovska

in (2017). Maryna Viazovska was awarded the Fields Medal in 2022 for her

work on sphere packings. Keller (1930) had conjectured that in any tiling

of an n-dimensional space with hypercubes of equal size, there are at least

two hypercubes having an entire (n− 1)-dimensional face in common. This

conjecture has been completely settled recently by several mathematicians.

Also there has been considerable progress on some problems of cover-

ings. In particular, Watson's conjecture on inhomogeneous minimum of

inde�nite quadratic forms was proved in 1994. The related problem on pos-

itive values of non-homogeneous inde�nite quadratic forms was also settled

in 1997, except for one case, namely for forms in �ve variables and of signa-

ture −3. Signi�cant progress has been made in solving the so called conjec-

ture of Minkowski on the product of n non-homogeneous linear forms in n

variables. Several mathematicians including the author have contributed to

these inhomogeneous problems. These proofs have borrowed tools from sev-

eral other �elds of mathematics e.g. Algebraic Topology, Modular Forms,

Linear Programming and Coding Theory. Some solutions are heavily de-

pendent on the use of computers.
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In this article, I will discuss some of these classical problems and the progress

made so far to resolve them.

2. Minima of positive definite quadratic forms

De�nition 1. A real quadratic form

f(X) = f(x1, x2, · · · , xn) =
∑

1≤i,j≤n

aijxixj

with aij = aji is called positive de�nite if f(X) > 0 for all X ̸= O,

negative de�nite if f(X) < 0 for all X ̸= O and inde�nite if it takes

positive as well as negative values.

In matrix notation, the quadratic form f(X) can be written as XtAX,

where A = (aij) is an n × n real symmetric matrix, for 1 ≤ i, j ≤ n and

Xt denotes the transpose of the column vector X. The determinant of

quadratic form f is de�ned as determinant of matrix A.

De�nition 2. Let f(X) be a positive de�nite quadratic form in n variables

with detD. Let

m(f) = min
X∈Zn∖{O}

f(X), γ(f) = m(f)/D1/n and γn = sup
f

γ(f).

γn, the minima of positive de�nite quadratic forms is known as Hermite's

constant.

Theorem 1. ( Hermite's Theorem)

γn ≤
(4
3

)n−1
2
.

Remark 1. It follows from the fundamental theorem of Minkowski that

there exists a constant cn depending on n only such that

γn ≤ cn =
4

π

(
Γ
(n
2
+ 1

))2/n
.

Sterlings formula implies that
(
Γ
(
n
2 + 1

))2/n ∼ n
2e as n → ∞. Thus Minkowski

obtained substantial improvement on Hermite's Theorem as cn ∼ 2n
πe for all

large n.

Remark 2. Trivially γ1 = 1. The constant γn is known for n ≤ 8 and for

n = 24 only. The following table gives the history.
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γ2 = (43)
1
2 Hermite, Legendre

γ3 = 2
1
3 Gauss, Seeber

γ4 = 4
1
4 Korkine and Zolotaro�(1873)

γ5 = 8
1
5 Korkine and Zolotaro�(1877)

γ6 = (643 )
1
6 Blichfeldt (1934)

γ7 = 64
1
7 Blichfeldt (1934)

γ8 = 2 Blichfeldt (1934)

γ24 = 2 Cohn and Kumar (2004).

The problem is open for other values of n. Upper and lower bounds for

γn have been obtained by various authors, see Cohn and Elkies (2003) and

Cohn and Kumar (2004).

Hermite's constant γn is related to critical determinant and lattice

packing density of a unit sphere. We �rst give some de�nitions and

preliminary results.

The set Rn = {(x1, · · · , xn) : xi ∈ R} will stand for n-dimensional Euclidean

space.

De�nition 3. Let A1, · · · , An be n linearly independent points in Rn. The

set Λ = {u1A1+· · ·+unAn : ui ∈ Z} is called a lattice in Rn and A1, · · · , An

is called a basis of the lattice.

LetA be the matrix having A1, · · · , An as its columns. The determinant

of Λ, denoted by d(Λ), is de�ned as | detA|. It is easy to see that d(Λ)

is independent of the choice of basis of Λ. It is equal to volume of the

parallelopiped = {y1A1 + · · ·+ ynAn : 0 ≤ yi ≤ 1}. The set Zn of all points

with integral coordinates is called the fundamental lattice in Rn and is

denoted by Λ0. Thus Λ = AΛ0.

De�nition 4. Let S be a bounded subset of Rn. A lattice Λ in Rn is called

a packing lattice for S if (S◦+A)∩ (S◦+B) = ∅ for all A,B ∈ Λ, A ̸= B

and we say that (S,Λ) is a lattice packing. Here S◦ denotes the interior

of the set S.

De�nition 5. A lattice Λ is called S-admissible if Λ has no point other

than O in interior of S.



SOME CLASSICAL PROBLEMS OF GEOMETRY OF NUMBERS 25

Theorem 2. Λ is a packing lattice for an open set S, if and only if Λ is

admissible for D(S) = {X − Y : X,Y ∈ S}, called the di�erence set of

S. Further if S is a symmetrical convex body in Rn with center O, then

D(S) = 2S. (A convex body is an open, convex and bounded set.)

Proof : If there exist A,B ∈ Λ, A ̸= B such that S +A∩ S +B ̸= ∅, then
X +A = Y +B for some X,Y ∈ S. This gives A−B = Y −X ∈ D(S) i.e.
O ̸= A− B ∈ Λ ∩D(S). Conversely if A ̸= O lies in D(S) ∩ Λ, then there

exist X,Y ∈ S such that X − Y = A. Therefore X = Y +A ∈ S ∩ S +A.

Suppose S is a symmetrical convex body in Rn with center O, then X ∈ S
implies −X ∈ S, which gives 2X = X−(−X) ∈ D(S). Conversely X−Y =

2 · X+(−Y )
2 ∈ 2S.

De�nition 6. The critical determinant ∆(S) of a set S ⊂ Rn is de�ned

by

∆(S) =

{
inf{d(Λ) : Λ is S−admissible},
∞ if S has no admissible lattice.

De�nition 7. Let (S,Λ) be a lattice packing. We de�ne the density of

the lattice packing (S,Λ) by

δL(S,Λ) =
V (S)
d(Λ)

where V (S) denotes the volume of the measurable set S.

De�nition 8. If S is a bounded open set in Rn, then the density of the

best lattice packing of S or the densest lattice packing density of S is

de�ned by

δL(S) = sup
{
δL(S,Λ) : Λ a packing lattice of S

}
.

Clearly we have the following

Theorem 3. δL(S) = V (S)
∆(D(S)) .

Proof.

δL(S) = sup
{

V (S)
d(Λ) : (S,Λ) a lattice packing

}
= V (S)

/
inf {d(Λ) : (S,Λ) a lattice packing}

= V (S)
/
inf {d(Λ) : Λ is D(S)− admissible}

= V (S)
∆(D(S)) .
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Remark 3. If S is a symmetrical convex body in Rn with center O, then

δL(S) = V (S)
2n∆(S) , as ∆(D(S)) = ∆(2S) = 2n∆(S).

Theorem 4. Let Kn = {X : |X| < 1} be a unit sphere. Then we have

γn/2n =
2nδL(Kn)

V (Kn)
=

1

∆(Kn)

Proof: The unit sphere Kn = {X : |X| < 1} = {X : XtX < 1}. So

tKn = {X : XtX < t2}. Let Λ = AΛ0 = {AU : U ∈ Zn} be a lattice. If Λ

has a non-zero point in tKn, then there exists U ∈ Zn ∖ {O} such that

(AU)tAU < t2

i.e. U tAtAU < t2

i.e. U tBU < t2

where B = AtA is a positive de�nite matrix. So Λ has a non-zero point in

tKn if and only if there exists integers (u1, · · · , un) not all zero such that

f(u1, · · · , un) < t2

where f(X) = XtBX is a positive de�nite quadratic form.

Let r = r(Λ) be the packing radius of lattice packing (Kn,Λ), i. e.

r = r(Λ) = sup{r′ : (r′Kn,Λ) is a packing}

= sup{r′ : Λ is admissible for D(r′Kn) = 2r′Kn}

= 1
2 sup{t : Λ is admissible for tKn}

= 1
2 sup{t : f(X) = X ′BX < t2 has no non− zero integral point }

= 1
2

√
m(f). (m(f) as defined in Definition 2)

Now

δL(rKn,Λ) =
V (rKn)

d(Λ)
=

rnV (Kn)

d(Λ)
=

m(f)n/2

2n
V (Kn)√

D

where D = determinant of f(X) and d(Λ) =
√
D. Therefore for r > 0,

δL(Kn) = δL(rKn) = sup
Λ

δL(rKn,Λ) = sup
f

m(f)n/2

2n
V (Kn)√

D
= γn/2n

V (Kn)

2n
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Also by Remark 3, δL(Kn) =
V (Kn)

2n∆(Kn)
. Therefore

V (Kn)

2n∆(Kn)
= γn/2n

V (Kn)

2n
.

This gives γ
n/2
n = 1

∆(Kn)
.

Remark 4. A long-standing problem in mathematics is to �nd the densest

way to pack identical spheres in a given dimension. It is known that the

hexagonal packing of circles is the densest packing in dimension 2. In 2005,

Thomus C. Hales gave a computer assisted proof of Kepler's Conjecture

that the face-centered cubic lattice packing gives the densest packing in

dimension 3. The densest packing was not known in any other dimension

until in 2016, Maryana Viazovska proved that E8 lattice gives the densest

packing in dimension 8. Very shortly afterwards, Cohn, Kumar, Miller,

Radchenko and Viazovska proved that the Leech lattice gives the densest

packing in 24 dimensions. Viazovska was awarded Fields Medal in 2022 for

her work on sphere packings.

3. Covering constant c(Kn)

De�nition 9. Let S ⊂ Rn and Λ is a lattice in Rn. We say that Λ is a

covering lattice for S or that (S,Λ) is a covering if

Rn ⊆
⋃
A∈Λ

(S +A).

When (S,Λ) is a covering as well as a packing, it is called a tiling. Usually

we shall take S to be a closed set while considering the covering problems.

De�nition 10. Let S ⊂ Rn. The covering constant of S is de�ned as

C(S) =

{
sup{d(Λ) : Λ is a covering lattice of S},
0 if S has no covering lattice.

Let S be a closed bounded measurable set with measure V (S). Let

(S,Λ) be a lattice covering. For ℓ > 0, let Bℓ = {(x1, · · · , xn) : |xi| ≤ ℓ, 1 ≤
i ≤ n} be a n-dimensional box. Let Nℓ = number of sets S + A,A ∈ Λ,

which meet Bℓ. De�ne

θL(S,Λ, ℓ) =
NℓV (S)
V (Bℓ)

=
NℓV (S)
2nℓn

.
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Let

θL(S,Λ) = lim
ℓ→∞

θL(S,Λ, ℓ).

Then θL(S,Λ) is called the density of the covering (S,Λ). It can be easily

seen that

θL(S,Λ) =
V (S)
d(Λ)

.

De�nition 11. The lattice covering density of S is de�ned as

θL(S) = inf
(S,Λ) lattice covering

θL(S,Λ).

Therefore

θL(S) = inf
(S,Λ) lattice covering

(V (S)

d(Λ)

)
=

V (S)
sup

(S,Λ) lattice covering
d(Λ)

=
V (S)
C(S)

.

For unit spheres Kn, covering constant and hence lattice covering density is

known for n ≤ 5. We have

n C(Kn) θL(Kn) Authors

2 3
√
3

2
2π
3
√
3

Kershner(1939), Fáry (1950)

3 32
5
√
5

5
√
5π

24 Bambah(1954), Barnes(1956), L.Few(1956)

4 5
√
5

4
2π2

5
√
5

Delone and Ryskov (1963), Dickson (1967)

5 1√
6

(
72
35

)5/2 245
√
35π2

3888
√
3

Ryskov and Baranowskii (1975).

C(Kn) is not known for n ≥ 6. Various authors including Rogers, Bambah

and Davenport, Erdös and Rogers, Coxeter, Few and Rogers have given

upper and lower bounds for θL(K).

4. Keller's Conjecture

De�nition 12. For A = (a1, · · · , an) ∈ Rn and λ > 0, the set B = {X :

|xi−ai| < λ, 1 ≤ i ≤ n} is called an open cube or hypercube with center

A and side length 2λ.

It is easy to observe that in any tiling of the plane by identical squares,

some two squares must share an entire edge. Keller conjectured that in

any tiling of n-dimensional space (n ≥ 3) with n-dimensional hypercubes
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of equal size there must be two hypercubes that share an entire (n − 1)-

dimensional face with each other.

An n-dimensional hypercube has 2n faces of dimension n− 1 that are,

themselves, hypercubes; for instance, a square has four edges, and a three-

dimensional cube has six square faces. Two tiles in a cube tiling meet

face-to-face if there is an (n − 1)-dimensional hypercube that is a face of

both of them.

This conjecture was introduced by Ott-Heinrich Keller (1930). Perron

(1940) proved Keller's conjecture to be true in dimensions six and less. The

proofs of these results use a reformulation of the problem in terms of the

clique number of certain graphs now known as Keller graphs.

De�nition 13. A clique C in an undirected graph G = (V,E) is a subset

of the vertices, such that every two distinct vertices are adjacent. This

is equivalent to the condition that the subgraph of G induced by C is a

complete graph. A maximal clique is a clique that cannot be extended by

including one more adjacent vertex. The clique number of a graph G is

the number of vertices in a maximum clique in G.

Together with the fact that the cubes do not overlap, the condition that

the clique number is 2n implies that the cubes placed in this way tile the

space without meeting face-to-face.

A breakthrough by Lagarias and Shor (1992) showed that Keller's Con-

jecture is false in ten or more dimensions. They found a clique of size 210

in the 10-dimensional Keller graph. This clique leads to a non-face-to-face

tiling in dimension 10, and copies of it can be stacked to produce non-face-

to-face tilings in any higher dimension. Mackey (2002) found a clique of size

28 in the Keller graph of dimension eight leading in the same way to a non-

face-to-face tiling in dimension 8 and (by stacking) in dimension 9. Debroni

et al. (2011) showed the clique number of the 7-dimensional Keller graph

is 124 which is less than 27 = 128, thus suggesting (but not establishing)

that Keller's conjecture is true in that dimension. Finally, a 200-gigabyte

computer-assisted proof in 2019 used Keller graphs to establish that the

conjecture holds true in seven dimensions. Therefore, the question Keller

posed can be considered completely solved : the conjecture is true in n ≤ 7

dimensions but is false for n ≥ 8 dimensions.
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5. Homogeneous minima of product of n linear forms

Let
L1 = a11x1 + · · ·+ a1nxn,

L2 = a21x1 + · · ·+ a2nxn,

. . . . . . . . .

Ln = an1x1 + · · ·+ annxn,

be n real linear forms in n variables x1, . . . , xn and of determinant ∆ =

det(aij) ̸= 0. Let λn denote the in�mum of all constants µn for which there

exist integers u1, u2, · · · , un not all zero such that

n∏
i=1

|(Li(u1, · · · , un))| ≤ µn|∆|.

We have λ2 =
1√
5
. A number of proofs of this are available in the literature.

The earliest proofs are due to Landau (1938) and Mordell (1938). This

gives that the critical determinant of the region {(x, y) : |xy| < 1} is
√
5.

That λ3 = 1
7 is obtained by Davenport (1938). This gives that the critical

determinant of the region {(x, y, z) : |xyz| < 1} is 7. For n ≥ 4, best values

of λn are not known. A simple estimate to λn is

λn ≤ n!

nn
.

This can be obtained as an application to Minkowski's Fundamental Theo-

rem. Mordell (1941) obtained better estimates for n = 4 and 5, namely he

proved that

λ4 ≤
1

16
, λ5 ≤

1

32.4...
.

6. Inhomogeneous minima of product of n linear forms:

A conjecture of Minkowski

H. Minkowski proved the following Theorem in 1899 (published in 1901):

Let
L1(x1, x2) = αx1 + βx2,

L2(x1, x2) = γx1 + δx2,

be two real linear forms of determinant ∆ = αδ − βγ ̸= 0. Then given any

real numbers c1, c2 there exist integers u1, u2 such that

|L1(u1, u2) + c1||L2(u1, u2) + c2| ≤
1

4
|∆|.
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Further, equality is necessary if and only if there exist a unimodular trans-

formation which changes the forms to L1 = λ1x1, L2 = λ2x2 for some

numbers λ1, λ2. For these forms equality is necessary if and only if c1 =
1
2λ1 + m1λ1, c2 = 1

2λ2 + m2λ2, where m1, m2 are integers. A number of

proofs of this result are available in literature. Minkowski is believed to

have conjectured that its generalization to n variables holds.

Minkowski's Conjecture :

Let L1, L2, · · · , Ln be n real linear forms in n variables x1, . . . , xn with

determinant ∆ ̸= 0. Then given any real numbers c1, . . . , cn, there exist

integers u1, . . . , un such that

n∏
i=1

|(Li(u1, . . . , un) + ci)| ≤
1

2n
|∆|.

Further equality is needed if and only if there exists an integral unimodular

transformation of the variables which transforms the linear forms to Li =

λixi. For these forms equality is needed only for ci =
1
2λi + miλi , where

mi are integers for 1 ≤ i ≤ n.

It is evident that the equality is needed in the cases mentioned above. So

if Minkowski's conjecture is true it gives a best possible result.

This classical conjecture of Minkowski is so far known to be true for n ≤
10. Minkowski's Conjecture is trivial for n = 1. For n = 2, a proof was

�rst given in 1899 by Minkowski. Several mathematicians such as Mordell,

Landau, Perron, Pall, Macbeath, Davenport and Heilbronn, Sawyer, Cassels

have obtained a variety of proofs, partly in an e�ort to �nd a proof which

would generalize to higher dimensions.

For n ≥ 3, we display here the list of mathematicians who contributed to

this conjecture.

n = 3 Remak (1923)

Davenport(1939)

Birch and Swinnerton-Dyer(1956)

Narzullaev (1968, 1974)
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n = 4 Dyson (1948)

Skubenko (1973)

Bambah and Woods (1974)

n = 5 Skubenko (1973)

Bambah and Woods (1980)

n = 6 C. T. McMullen (2005)

n = 7 Hans-Gill, Raka and Sehmi(2009)

n = 8 Hans-Gill, Raka and Sehmi (2011)

n = 9 Kathuria and Raka (2016)

n = 10 Kathuria and Raka (2022)

Geometric Interpretation of Minkowski's Conjecture:

Any lattice Λ of determinant d(Λ) = | ∆ | in Rn is a covering lattice for the

set

S =

{
X : |x1x2 · · ·xn| ≤

| ∆ |
2n

}
.

For n ≥ 3, the following approaches have been tried. Only the �rst has

been successfully extended to prove the result for 4 ≤ n ≤ 10.

I. Remak-Davenport Approach

II. Birch and Swinnerton-Dyer Approach

III. DOTU-matrix Approach by Macbeath

IV. Shapira and Weiss Approach using stable lattices.

Remak's proof for n = 3, which was later simpli�ed by Davenport consists

of proving the following two parts :

Part I. For any lattice Λ in Rn there is an ellipsoid E = {X : a1x
2
1 + · · ·+

anxn2 < 1} which contains no point of Λ other than O but has n linearly

independent points of Λ on its boundary.

Part II. If Λ is a lattice of determinant 1 and there is a sphere {X : |X| <
R} which contains no point of Λ other than O and has n linear independent

points of Λ on its boundary then Λ is a covering lattice for the closed sphere

of radius
√
n/2. Equivalently every closed sphere of radius

√
n/2 lying in

Rn contains a point of Λ.
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Part I, though considered more di�cult in the beginning, is fully settled

by McMullen in 2005. Woods(1965) formulated a more general conjecture

from which Part II follows immediately.

Conjecture (Woods): If A1A2 · · ·An = 1 and Ai ⩽ A1 for each i then

any closed sphere in Rn of radius
√
n/2 contains a point of Λ.

Here the real numbers A1, A2 · · ·An are de�ned in the following way. Using

Korkine-Zolotare� reduction a cartesian co-ordinate system can be chosen

in Rn in such a way that Λ has a basis of the form

(A1, 0, 0, · · · , 0), (a2,1, A2, 0, · · · , 0), · · · , (an,1, an,2, · · · , an,n−1, An)

where A1, A2, · · · , An are all positive and further for each i, 1 ≤ i ≤ n, any

two points of the lattice Λi in Rn−i+1 with basis

(Ai, 0, 0, · · · , 0), (ai+1,i, Ai+1, 0, · · · , 0), · · · , (an,i, an,i+1, · · · , an,n−1, An)

are at a distance at least Ai apart, i.e., min{|P | : P ∈ Λi, P ̸= O} = Ai.

Woods (1965a,1965b, 1972) proved this conjecture for 4 ⩽ n ⩽ 6. Following

Woods' method Hans-Gill, Raka and Sehmi (2009, 2011) proved Woods'

Conjecture for n = 7 and n = 8. Kathuria and Raka (2016, 2022) settled

Woods' conjecture for n = 9, 10. So Minkowski's Conjecture is proved for

n ≤ 10. In 2017, Regev et al. showed that Woods' Conjecture is false for

n ≥ 30. Chen and Xu (2019) proved its falsehood for n ≥ 24. It will be

of interest to �nd the largest value of n, 11 ≤ n ≤ 23, for which Woods'

Conjecture is true.

Weaker results known as estimates to Conjectures of Woods and Minkowski

have been obtained by several mathematicians.

7. Homogeneous minima of indefinite quadratic forms

Meyer's theorem states that an inde�nite integral quadratic form f(x1, x2, · · · , xn)
in n ≥ 5 variables represents zero nontrivially, i.e., there exist integers

u1, u2, · · · , un not all zero such that

f(u1, u2, · · · , un) = 0.

Oppenheim's conjecture can be viewed as an analogue of this statement for

forms that are not multiples of a rational form. These are called incommen-

surable forms.
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Oppenheim Conjecture (1929)

Let f(x1, x2, · · · , xn) be an incommensurable quadratic form of determi-

nant D ̸= 0 in n ≥ 3 variables. Then for any ϵ > 0, there exist integers

u1, u2, · · · , un not all zero such that

0 < |f(u1, u2, · · · , un)| < ϵ.

There has been considerable enthusiasm among number theorists for decades

since its formulation, and numerous partial results were proved. Birch and

Davenport (1958), Davenport and Ridout (1959) in a series of papers proved

it for n ≥ 21.

In 1987, Margulis proved this famous conjecture. For a detailed

study on Oppenheim's Conjecture see Dani (2008).

Let f(x1, x2, · · · , xn) be an inde�nite quadratic form of determinant D ̸= 0

in n variables. Let

M(f) = inf
(x1,x2,··· ,xn)∈Zn−{O}

|f(x1, x2, · · · , xn)| and

λ(f) = M(f)|D|−1/n.

That M(f) = 0 for n ≥ 5 follows by results of Margulis. For n = 2, 3, 4 ,

λ(f) is determined by Markov (1903), Davenport (1947), and Oppenheim

(1929, 1931) respectively.

Thus this problem is completely solved.

Remark 5. In fact stronger results are known for n = 2 and 3. De�ne the

Marko� spectrum

M =

{
M(f)√
4|D|

: f is an indefinite binary quadratic form of determinant D

}
.

If α ∈ M, we get α ≤ 1√
5
. The constant 1√

5
is isolated. Next values in the

spectrum are 1√
8
and 5√

221
. A well known theorem of Marko� ( the Marko�

Chain) states that there are only denumerably many possible values of M

greater than 1
3 . Several other results are known about the spectrum. For

ternary inde�nite quadratic forms, Marko� proved that the �rst homoge-

neous minimum is 3

√
2
3 . Venkov obtained the �rst eleven minima of homo-

geneous ternary inde�nite quadratic forms, but the complete chain is not
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known. Oppenheim obtained homogeneous minima of inde�nite quaternary

quadratic forms.

8. Inhomogeneous minima of indefinite quadratic forms :

Watson's Conjecture

Minkowski's Theorem for n = 2 can be reformulated in terms of non-

homogeneous minima of inde�nite binary quadratic forms. Given two linear

forms L1(x, y) = αx + βy and L2(x, y) = γx + δy, of determinant ∆ =

αδ−βγ ̸= 0, let Q(x, y) = L1(x, y)L2(x, y) = ax2+bxy+cy2. Then Q(x, y)

is an inde�nite binary quadratic form of determinantD = ac−b2/4 = ∆2/4.

Given any real numbers c1, c2 there exist reals x0, y0 such that L1(x0, y0) =

c1, L2(x0, y0) = c2 so that

(L1 + c1)(L2 + c2) = Q(x+ x0, y + y0). (8.1)

Conversely, given an inde�nite binary quadratic form Q(x, y) and real num-

bers x0, y0, we can �nd linear forms L1, L2 and real numbers c1, c2 such that

equality (8.1) holds. Minkowski's Theorem for n = 2 can be restated as

Theorem 5. Let Q(x, y) be an inde�nite binary quadratic form of deter-

minant D ̸= 0. Then given any real numbers x0, y0 there exist integers x, y

such that

|Q(x+ x0, y + y0)| ≤
(1
4
|∆|

)1/2
. (8.2)

Equality is needed in (8.2) if and only if Q(x, y) ∼ ρxy, ρ ̸= 0 and (x0, y0) ≡
(12 ,

1
2)(mod 1).

A natural question is to generalize the above result to inde�nite qua-

dratic forms in n variables. Let Q(x1, · · · , xn) =
n∑

i,j=1

aijxixj , aij = aji be

an inde�nite quadratic form of determinant D = det(aij) ̸= 0. Let Q be of

the type (r, s), where 1 ≤ r, s < n, n = r+ s and σ = r− s being its signa-

ture. Blaney (1948) showed that given any real numbers c1, c2, · · · , cn, there
exists a constant C depending upon n and σ only such that the inequality

|Q(x1 + c1, x2 + c2, · · · , xn + cn)| ≤ (C|D|)1/n (8.3)

has a solution in integers x1, x2, · · · , xn. Let Cr,s denote the in�mum of

all such constants. Clearly Cr,s = Cs,r. So we need consider non-negative

signatures only. The quadratic forms Q for which equality is needed in (8.3)
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with C = Cr,s for some c1, c2, · · · , cn are called critical forms. Minkowski's

Theorem for n = 2 states that C1,1 = 1
4 . For n = 3, Davenport (1948)

proved that C2,1 = C1,2 = 27
100 . For all n and σ = 0, Birch (1958) proved

that Cr,r =
1
4 for all r ≥ 1.

In 1962, Watson determined the values of Cr,s for all n ≥ 21 and for all

signatures σ. He proved that

Cr,s =



1
4 if σ ≡ 0 or 1( mod 8)

1
3 if σ ≡ 2( mod 8)

1
2 if σ ≡ 3( mod 8)

1 if σ ≡ 4( mod 8).

(8.4)

The problem for small values of n was considered di�cult. Watson(1962)

conjectured that (8.4) holds for all n ≥ 4. Dumir (1967) proved Watson's

conjecture for n = 4. For n = 5, the conjecture was proved by Hans-Gill

and Raka (1979,1980). They also obtained all critical forms. It may be

remarked that the conjectured values of Cr,s for n ≥ 4 depend only on the

class of σ = r − s( mod 8).

Following the method of Birch, Raka (1981,1983a,1983b) proved Wat-

son's conjecture for all σ = ±1,±2,±3,±4. Thus Watson's conjecture was

settled for signatures in a complete set of residues mod 8. In 1960, Watson

had proved the following results :

Theorem 6. Let f(x1, x2, · · · , xn) be an inde�nite non-singular quadratic

form of determinant D ̸= 0 in n ≥ 3 variables. Let α, c1, c2, · · · , cn be any

real numbers. Suppose

(i) f is incommensurable and takes arbitrary small non-zero values for

integers x1, x2, · · · , xn
OR

(ii) f is a multiple of a rational form that represents zero non-trivially and

c1, c2, · · · , cn are not all rational.

Then for any ϵ > 0

|f(x1 + c1, x2 + c2, · · · , xn + cn)− α| < ϵ

has a solution in integers x1, x2, · · · , xn.
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Using the results of Watson (1960) and of the Fields medalist Mar-

gulis (1987), one can restrict to primitive integral forms Q(X) only and to

(c1, c2, · · · , cn) ∈ Qn in order to prove that Cr,s depends only on signature

mod 8.

In 1994, Dumir, Hans-Gill and Woods proved that Cr,s = Cr′,s′ if r+s =

r′+s′ = n and r−s ≡ r′−s′(mod 8) for such forms, thus proving Watson's

conjecture completely.

9. Positive Values of Non-Homogeneous Indefinite Quadratic

Forms

Since inde�nite quadratic forms take both positive and negative values,

one can consider one sided inequalities as well. Blaney (1948) showed that

there exist numbers Γ depending only on r, s such that if Q(x1, · · · , xn) is
a real inde�nite quadratic form of the type (r, s) and determinant D ̸= 0,

then given any real numbers c1, c2, · · · , cn there exist integers x1, · · · , xn
satisfying

0 < Q(x1 + c1, x2 + c2, · · · , xn + cn) ≤ (Γ|D|)1/n. (9.1)

Let Γr,s denote the in�mum of all such Γ for which (9.1) has a solution.

The problem is to evaluate Γr,s for di�erent r, s and to determine all those

quadratic forms Q and c1, c2, · · · , cn for which equality is needed in (9.1)

with Γ = Γr,s. The following table gives history of Γr,s.

Γ1,1 = 4 Davenport and Heilbronn (1947)

Γ2,1 = 4 Blaney (1950) and Barnes (1961)

Γ1,2 = 8 Dumir (1967)

Γ3,1 =
16
3 Dumir (1968)

Γ2,2 = 16 Dumir (1968)

Γ1,3 = 16 Dumir and Hans- Gill (1981)

Γ3,2 = 16 Hans-Gill and Raka (1980)

Γ4,1 = 8 Hans- Gill and Raka (1981)

Γ2,3 = (7/4)5 Bambah, Dumir and Hans- Gill(1984).
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In a series of papers Bambah, Dumir and Hans-Gill (1981, 1983,1984) proved

that Γr,s =
2n

|σ|+1 for n ≥ 6, −1 ≤ σ ≤ 3.

It was conjectured by Bambah, Dumir and Hans-Gill (1984) that for n ≥ 6

Γr,s =


2n

|σ|+1 if |σ| ≤ 3

2n

σ if σ = 4
(9.2)

except for a �nite number of exceptions.

Mary Flahive (1988) proved the conjecture of Bambah, Dumir and Hans-

Gill for n ≥ 21. Aggarwal and Gupta ( 1988,1991) determined Γr,s for

σ = −2 and n ≥ 8, for σ = −3 and n ≥ 9, for σ = 4 and n ≥ 6 and

con�rmed the conjecture of Bambah et al. Dumir, Hans-Gill and Woods

(1994) proved that

Γr,s = Γr′,s′ if r + s = r′ + s′ = n, r − s ≡ r′ − s′(mod 8).

Thus Γr,s was determined for all (r, s) except for Γ2,5, Γ2,4 and Γ1,4. Γ2,5 =

32 was proved by Dumir and Sehmi (1994); Γ2,4 =
64
3 was proved by Dumir

Hans-Gill and Sehmi (1995).

This leaves open only Γ1,4. It is conjectured that Γ1,4 = 8. Dumir and

Sehmi (1994) proved that 8 ≤ Γ1,4 < 16; Raka and Rani (1997) improved

this to 8 ≤ Γ1,4 < 12. Recently Bhardwaj, Kathuria and Raka (2024)

proved that Γ1,4 = 8 when (i) c2 ̸≡ 0 (mod 1), (ii) c2 ≡ 0 (mod 1) and

a ≥ 1
2 , where a is the minimum of positive de�nite ternary quadratic form

of determinant 4|D|. Here they have obtained many critical forms for which

the constant 8 is attained. For c2 ≡ 0 (mod 1), and a < 1
2 , many cases arise

and in most of these cases they have proved that Γ1,4 < 8, though in the

last some extremely di�cult cases they could only prove that Γ1,4 <
32
3 .
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Abstract. In this paper, we have mainly investigated the zeros of the

equation P (f) = q(z), for a meromorphic function f , where P (f) =

bk(z)f(z + k) + · · · + b0(z)f(z), and an entire function q(z), under

certain conditions on the functions bi(z), 0 ≤ i ≤ k. The results that

we have deduced here, are generalisations of the results obtained by

Chen and Shon [3] and Cui and Yang [8]. Their implications have also

been discussed.

1. Introduction and Results

Let f be a function meromorphic in the complex plane and c ∈ C \ {0}.
The di�erence operators of a meromorphic function are de�ned as

∆cf(z) = f(z + c)− f(z) and ∆n
c f(z) = ∆c

(
∆n−1

c f(z + c)−∆n−1
c f(z)

)
.

Without any loss of generality, we assume that c = 1, since we can always

take F (z) = f(cz) for c ̸= 1. We express the corresponding di�erence

operator as ∆f(z). We denote the order and lower order of f by σ(f) and

µ(f) respectively. Also, let λ(f) and λ(1/f) respectively be the convergence

exponent of the zeros and poles of f . For the basics of Nevanlinna theory,

the readers may refer to ([11],[15]).

Since the inception of the Nevanlinna theory for di�erence operators

([5],[6],[9],[10]), the growth properties of the di�erence operators as well

as the di�erence polynomials of meromorphic functions have been quite

intensively studied. As such, the �xed points and zeros of the di�erences of

meromorphic functions have captivated researchers to a great extent. In the

year 2007, Bergweiler and Langley ([1]) �rst made major contributions in

2010 Mathematics Subject Classi�cation: 30D35, 39A45
Key words and phrases: Meromorphic functions, entire functions, zeros, di�erence
operators, di�erence polynomials

© Indian Mathematical Society, 2025 .
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this direction. The di�erence operators of f are sort of a discrete analogue

to their derivatives. Hence, they took motivation from the theorem below,

to entend it to the di�erence as well as divided di�erences.

Theorem A. [1] Let f be a transcendental meromorphic function in the

plane with

lim inf
r→∞

T (r, f)

r
= 0,

then f ′ has in�nitely many zeros.

The divided di�erence analogues for entire functions are given below.

Theorem B. [1] Let n ∈ N and let f be a transcendental entire function

of order σ <
1

2
, and set

G(z) =
∆nf(z)

f(z)
.

If G is transcendental, then G has in�nitely many zeros. In particular, if f

has order less than min

{
1

n
,
1

2

}
, then G is transcendental and has in�nitely

many zeros.

Theorem C. [1] There exists δ0 ∈
(
0,

1

2

)
with the following property:

Let f be a transcendental entire function with order σ(f) ≤ σ <
1

2
+δ0 <

1. Then

G(z) =
∆f(z)

f(z)
=
f(z + 1)− f(z)

f(z)

has in�nitely many zeros.

Further, the in�nitude of the zeros of the di�erences and divided di�er-

ences of meromorphic functions were deduced in the following results.

Theorem D. [1] Let f be a function transcendental and meromorphic of

lower order µ(f) < µ < 1 in the plane. Let c ∈ C\{0} be such that at most

�nitely many poles zj , zk of f satisfy zj−zk = c. Then g(z) = f(z+c)−f(z)
has in�nitely many zeros.

Theorem E. [1] Let ψ(r) be a positive non-decreasing function on [1,∞)

which satis�es lim
r→∞

ψ(r) = ∞. Then there exists a function f transcenden-

tal and meromorphic in the plane with

lim sup
r→∞

T (r, f)

r
<∞ and lim inf

r→∞

T (r, f)

ψ(r) log r
<∞
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such that g(z) = f(z+1)− f(z) has only one zero. Moreover, the function

g satis�es

lim sup
r→∞

T (r, g)

ψ(r) log r
<∞.

Theorem F. [1] Let f be a function transcendental and meromorphic in

the plane with

T (r, f) = O(log r)2 as r → ∞,

and set

g(z) = f(z + 1)− f(z) and G1(z) =
g(z)

f(z)
=
f(z + 1)− f(z)

f(z)
.

Then g(z) and G1(z) has in�nitely many zeros.

The above theorems mainly deal with functions of order less than 1.

However, in the year 2008, Chen and Shon obtained the following theorem

for transcendental entire function of order of growth σ(f) = 1.

Theorem G. [2] Let c ∈ C \ {0} and let f be a transcendental entire

function of growth σ(f) = σ = 1, and has in�nitely many zeros with the

exponent of convergence of zeros λ(f) = λ < 1. Then g(z) = ∆f(z) =

f(z + c) − f(z) has in�nitely many �xed points. In particular, if a set

H = {zj} consists of all di�erent zeros of f(z) satisfying any one of the

following two conditions:

(1) at most �nitely many zeros zj , zk satisfy zj − zk = c;

(2) lim inf
j→∞

∣∣∣∣zj+1

zj

∣∣∣∣ = l > 1,

then,

G(z) =
∆f(z)

f(z)
=
f(z + c)− f(z)

f(z)

has in�nitely many zeros and in�nitely many �xed points.

For a general meromorphic function, they had to introduce a further

restriction on the convergence exponent of the zeros and poles of f , in order

to strengthen its order condition.

Theorem H. [3] Let c ∈ C \ {0} be a constant and f a meromorphic

function of order of growth σ(f) = σ ≤ 1. Suppose that f satis�es

λ

(
1

f

)
< λ(f) < 1 or has in�nitely many zeros (with λ(f) = 0) and �nitely

many poles. Suppose that p(z) is a polynomial. Then g∗(z) = g(z) − p(z)

has in�nitely many zeros and satis�es λ(g∗) = σ(f).



ZEROS OF CERTAIN DIFFERENCE POLYNOMIALS 43

Taking motivation from the above developments, we are inclined to pose

the following questions:

(1) Can the above theorem be stated for any �nite ordered f?

(2) Can we replace the polynomial p(z) by any �nite ordered entire

function q(z)?

We have given a partial answer to the above question by deducing the

following theorem.

Theorem 1.1. Let f be any �nite ordered entire function such that f(z +

1) ̸≡ f(z). Also, let q(z) be any �nite ordered entire function for which

max{σ(∆f(z)), σ(q)} ̸= an integer, and σ(∆f(z)) ̸= σ(q). Then ∆f(z) =

q(z), for in�nitely many values of z.

Changing the form of q(z), the following corollary can be obtained.

Corollary 1.2. Let f be any �nite ordered entire function such that f(z +

1) ̸≡ f(z) and σ(∆f(z)) ̸= an integer. Then,

(1) for any entire function q(z) having order less than that of ∆f(z),

∆f(z) = q(z), for in�nitely many values of z.

(2) for any polynomial p(z), ∆f(z) = p(z), for in�nitely many values

of z. In particular, ∆f(z) has in�nite number of zeros and �xed

points. In fact, for any a ∈ C, ∆f(z) = a, for in�nitely many z.

In the year 2013, Cui and Yang proved the following theorems.

Theorem I. [8] Let f be a function transcendental and meromorphic in

the plane with the order σ(f) = 1. If f has �nitely many poles and in�nitely

many zeros with exponent of convergence of zeros λ(f) ̸= 1, then ∆f(z)

has in�nitely many zeros and �xed points.

We have generalised theorem I as follows.

Theorem 1.3. Let f be a transcendental meromorphic function such that

f(z + 1) ̸≡ f(z), of order 1. Also, if f(z) has �nite number of poles and

in�nite number of zeros with convergence exponent < 1, then g(z) = q(z)

for in�nitely many values of z, where g(z) = ∆f(z) and q(z) is a non-zero

entire function of order < 1.

Consequently, the corollary follows.

Corollary 1.4. Let f satis�es the conditions of theorem 1.3. Then
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(1) for any polynomial p(z) in C, the equation g(z) = p(z), for in�nitely

many values of z;

(2) for any a ∈ C\{0}, ∆f(z) attains the value a in�nitely many times.

The proof of the above corollary is evident from the fact that the order

of any non-zero constant function as well as a polynomial is zero.

At this juncture, we may wonder whether f can be replaced by certain

di�erence polynomial which can give to strengthen the above theorems. Let

us de�ne the following polynomial of f as

P (f) = bk(z)f(z + k) + · · ·+ b0(z)f(z), (1.1)

where T (r, bj) = o(T (r, f)), and k is an integer ≥ 2. In the following

result, we have observed that, imposing certain conditions on the functions

bj indeed preserves the in�nitude of zeros of the equation P (f)− q(z).

Theorem 1.5. Let f be a transcendental meromorphic function such that

f(z + 1) ̸≡ f(z), of order σ(f) = σ = 1 and λ(f) = λ < 1. Let P (f) be

given by equation (1.1), where bj are small functions of f such that there

exists an integer l (0 ≤ l ≤ k) for which bl has �nitely many poles and z = 0

is not a pole of it. Furthermore, if bl satis�es the inequality

σ(bl) > max
j ̸=l

σ(bj),

then for any non-zero entire function q(z) of order less than 1, P (f) = q(z)

for in�nitely many z.

The above theorem is not valid if q(z) ≡ 0 as can be seen from the

following example.

Example 1.6. Let f(z) = ez and P (f) = ez+2 + zez+1 + ez. Then the

function P (f) has zeros only at the point −1 + e2

e
.

The above theorem may however be used to say certain things about

the number of zeros of certain functions as we can see from the examples

below.

Example 1.7. Consider the same functions f and P (f) as in the preceding

example and q(z) = cos
√
z or

sin
√
z√

z
. Then by the above theorem, P (f) =

q(z) has in�nite number of zeros.



ZEROS OF CERTAIN DIFFERENCE POLYNOMIALS 45

As a consequence of the theorem 1.5, we can deduce the following corol-

lary.

Corollary 1.8. Let f , and P (f) be functions satisfying the conditions of

theorem 1.5. Then,

(1) the equation P (f)−p(z) has in�nitely many zeros, for any non-zero

polynomial p;

(2) P (f) has in�nitely many �xed points;

(3) P (f) attains every non-zero �nite complex number a in�nitely often.

Theorem 1.9. Let a function f satis�es all conditions of theorem 1.5 and

P (f) be a function given by

P (f) = bkf(z + k) + · · ·+ b1f(z + 1) + b0f(z),

where, b0bk ̸= 0 and b0+ b1+ · · ·+ bk ̸= 0. If q(z) ̸≡ 0 be an entire function

of order less than 1, then P (f)− q(z) has in�nite number of zeros.

For ∆nf(z), we see that all the coe�cients of f(z+ i), (0 ≤ i ≤ n) does

not satisfy the relation b0 + b1 + · · · + bn ̸= 0 and hence, we cannot use

the above theorem to �nd the zeros of ∆nf(z) − q(z). However, if we put

further restrictions on the coe�cients bi, then we will be able to use it to

determine z for which ∆nf(z) = q(z). A stronger version of this result is

stated below.

Theorem 1.10. Let f be a function satisfying all the conditions of theorem

1.5 and P (f) be a function given by

P (f) = bk(z)f(z + k) + · · ·+ b1(z)f(z + 1) + b0(z)f(z),

such that the product of b0(z) and bk(z) is not identically equal to zero, and

deg

 ∑
deg bj=d

bj

 = d, where, d = max
j

deg bj. If q(z) is an entire function

of order less than 1, then P (f)− q(z) has in�nitely many zeros.

This theorem is an improvement to the theorem 1.9. The following

corollary can be deduced from the above theorem.

Corollary 1.11. Let f(z) and q(z) be functions satisfying the conditions

of 1.5. Then

(1) for P (f) as given by (1.1), where b0, b1, . . . , bk are constants satis-

fying b0 ̸= 0, bk ̸= 0, P (f)− q(z) has in�nite number of zeros;
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(2) ∆nf(z) − q(z) has in�nite number of zeros. In particular, ∆nf(z)

has in�nitely many �xed points and it assumes any �nite non-zero

a ∈ C in�nite number of times.

Cui and Yang further proved the following theorem.

Theorem J. [8] Under the conditions of theorem I, if a set H = {zj}
consists of all di�erent zeros of f(z) satisfying one of the following two

conditions:

(1) at most �nitely many zeros zj , zk satisfy zj − zk = 1;

(2) lim inf
j→+∞

∣∣∣∣zj+1

zj

∣∣∣∣ = l > 1,

Then
∆f(z)

f(z)
has in�nitely many zeros.

The following is a generalisation of the above result.

Theorem 1.12. Let f and q be functions satisfying the conditions of the-

orem 1.3. Also, let a set H = {zj} consists of all distinct zeros of f(z)

that satis�es one of the conditions satis�ed by the zeros of f in the previ-

ous theorem. Then for k = 2 and any two small functions b0 and b1 of f ,

G(z) =
P (f)

f(z)
, the equation G(z)− q(z) has in�nite number of zeros.

Theorem K. [8] Let f be a non-periodic function transcendental and mero-

morphic in the plane with the order of growth σ(f) = 1 and such that

max

{
λ(f), λ

(
1

f

)}
̸= 1. If f has in�nitely many zeros, then ∆f(z) has

in�nitely many zeros and �xed points. Also, if a set H = {zj} consists of

all di�erent poles of f(z) satisfying one of the following two conditions:

(1) at most �nitely many poles zj , zk satisfy zj − zk = 1;

(2) lim inf
j→+∞

∣∣∣∣zj+1

zj

∣∣∣∣ = l > 1,

then G(z) =
∆f(z)

f(z)
has in�nitely many zeros and �xed points.

We can generalise the above theorem for P (f) as in equation (1.1) as

follows.

Theorem 1.13. Let f be a transcendental meromorphic function such that

f(z+1) ̸≡ f(z) with the order of growth σ(f) = 1 and max

{
λ(f), λ

(
1

f

)}
̸=
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1. Suppose P (f) be as de�ned in (1.1), with b0, b1, . . . , bk polynomials sat-

isfying b0(z)bk(z) ̸≡ 0 and deg

 ∑
deg bj=d

bj

 = d, where, d = max
j

deg bj. If

f has in�nite number of zeros, then for any non-zero entire function q(z)

of order less than 1, P (f) − q(z) has in�nite number of zeros. Further,

for k = 2, let a set H = {zj} comprises of all distinct poles of f(z) which

satis�es any one of the conditions satis�ed by the poles in theorem K. Then

for G∗(z) =
P (f)

f(z)
, the equation G∗(z) = q(z) is satis�ed by in�nite number

of z.

We can deduce the following corollary from the above theorem.

Corollary 1.14. Let f be a function satisfying the conditions in theorem

1.10. Then

(1) ∆nf(z) has in�nitely many �xed points. Also, ∆nf(z) attains every

�nite non-zero complex number a in�nitely often;

(2)
∆f(z)

f(z)
has in�nitely many �xed points and also, it attains every

non-zero �nite complex number in�nitely often.

2. Lemmas

In this section, we state the results that we will be using in the sequel.

Lemma 2.1. [12] If f1(z) and f2(z) are entire functions of order σ1 and

σ2 respectively, and if σ1 < σ2, then the order of F (z) = f1(z) + f2(z) is

equal to σ2.

Lemma 2.2. [12] An entire function of non-integral order must have in�n-

itely many zeros.

Lemma 2.3. [13] For any meromorphic function f , λ(f) ≤ σ(f).

Lemma 2.4. [1] Let g be a function transcendental and meromorphic in

the plane of order less than one. Let h > 0. Then there exists an ϵ-set E

such that
g′(z + c)

g(z + c)
→ 0 and

g(z + c)

g(z)
→ 1 as z → ∞

in C \ E, uniformly in c for |c| ≤ h. Further, E may be chosen so that for

large z not in E, the function g has no zeros or poles in |ζ − z| ≤ h.

For the de�nition of ϵ-sets, we refer the reader to [1].
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Lemma 2.5. [16] Suppose that fj(z) (j = 1, 2, . . . , n+1) are meromorphic

functions and gj(z) (j = 1, 2, . . . , n) are entire functions such that

(1)

n∑
j=1

fj(z)e
gj(z) ≡ fn+1;

(2) If 1 ≤ j ≤ n + 1, 1 ≤ k ≤ n, the order of fj is less than the order

of egk(z). If n ≥ 2, 1 ≤ j ≤ n+ 1, 1 ≤ h < k ≤ n, and the order of

fj(z) is less than the order of egh−gk .

Then fj(z) ≡ 0 (j = 1, 2, . . . , n+ 1).

Lemma 2.6. [8] Let f be a transcendental meromorphic function with

σ(f) < 1, and let g1(z) and g2(z)(̸≡ 0) be polynomials, c1, c2 be two distinct

complex constants. Then

h(z) = g2(z)g(z + c2) + g1(z)f(z + c1)

is transcendental.

Lemma 2.7. [5] Let f(z) be a meromorphic function of �nite order σ, and

let η ̸= 0 be a �xed complex constant. Then for each ϵ > 0, we have

T (r, f(z + η)) = T (r, f) +O
(
rσ−1+ϵ

)
+O (log r) .

Lemma 2.8. Let a meromorphic function f(z) has order σ < 1. Then for

a �xed non-zero constant c, we have

T (r, f(z + c)) = T (r, f) +O(log r).

Proof. By lemma 2.7, and ϵ such that 0 < ϵ = 1− σ, we have,

T (r, f(z + c)) = T (r, f) +O (1) +O (log r) = T (r, f) +O(log r).

□

Evidently, the above statement is also true for σ = 1, if we choose ϵ to

be su�ciently small.

Lemma 2.9. Let a transcendental meromorphic function f(z) has order

σ < 1. Then P (f), as de�ned by equation (1.1), is also transcendental such

that σ (P (f)) ≤ σ(f) < 1.

Proof. By the construction of P (f) it clear that P (f) has order ≤ σ(f) <

1. Now, if possible, let P (f) be not transcendental. Then T (r, P (f)) =
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O(log r). By lemma 2.8, we have,

T (r, P (f)) = (k + 1)T (r, f) + S(r, f)

⇒ T (r, f) =
1

k + 1 + o(1)
T (r, P (f)),

outside a set E′ of �nite measure. This shows that T (r, f) = O(log r), a

contradiction. Hence P (f) has to be transcendental. □

Lemma 2.10. [5] Let η1 and η2 be two complex numbers such that η1 ̸= η2

and let f(z) be a �nite ordered meromorphic function with σ(f) = σ. Then

for each ϵ > 0, we have,

m

(
r,
f(z + η1)

f(z + η2)

)
= O

(
rσ−1+ϵ

)
.

Lemma 2.11. Let b0, b1, . . . , bk be �nite ordered meromorphic functions,

such that for an integer l, 0 ≤ l ≤ k,

σ (bl) > max
j ̸=l

σ (bj).

Also, let bl has �nite number of poles and z = 0 is not a pole of it. If f(z)

is a meromorphic function satisfying the equation

bk(z)y(z + k) + · · ·+ b1(z)y(z + 1) + b0(z)y(z) = 0, (2.1)

then, σ(f) ≥ σ (bl) + 1 > 1.

Proof. Since σ (bl) > max
j ̸=l

σ (bj), we can choose a number σ which satis�es

σ (bl) > σ > max
j ̸=l

σ (bj).

If possible, let f(z) satis�es equation (2.1) such that

σ(f) < σ(bl) + 1.

We can select a positive ϵ so that

σ + 2ϵ < σ(bl) and σ(f) + 2ϵ < σ(bl) + 1.

Thus,

σ + ϵ < σ(bl)− ϵ and σ(f)− 1 + ϵ < σ(bl) (2.2)

hold simultaneously. Since f(z) is a solution of equation (2.1), so we have

bk(z)f(z + k) + · · ·+ b1(z)f(z + 1) + b0(z)f(z) = 0
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which can be rearranged as

bl(z) = −bk(z)
f(z + k)

f(z + l)
− · · · − b0(z)

f(z)

f(z + l)
.

By lemma 2.10 and equation (2.2),

m(r, bl) ≤
∑
j ̸=l

m

(
r,
f(z + j)

f(z + l)

)
+
∑
j ̸=l

m(r, bj)

≤ O
(
rσ(f)−1+ϵ

)
+
∑
j ̸=l

T (r, bj)

= O
(
rσ(f)−1+ϵ

)
+O

(
rσ+ϵ

)
= O

(
rσ(bl)−ϵ

)
.

Thus, T (r, bl) = O
(
rσ(bl)−ϵ

)
, a contradiction. □

Lemma 2.12. [4] Let Pn(z), . . . , P0(z) be polynomials such that PnP0 ̸≡ 0

and

Pn(z) + · · ·+ P0(z) ̸≡ 0.

Then, every �nite-ordered transcendental meromorphic solution f(z)(̸≡ 0)

of the equation

Pn(z)f(z + n) + · · ·+ P1(z)f(z + 1) + P0(z)f(z) = 0

satis�es σ(f) ≥ 1 and f(z) assumes every non-zero value a ∈ C in�nitely

often such that λ(f − a) = σ(f).

Lemma 2.13. [14] Let a0, a1, . . . , an(z), b(z) be polynomials such that

a0(z)an(z) ̸≡ 0, and deg

 ∑
deg aj=d

aj

 = d,

where, d = max
j

deg aj. If f(z) is a transcendental meromorphic solution of

n∑
j=0

aj(z)f(z + j) = b(z),

then σ(f) ≥ 1. Moreover, if f(z) is of �nite order, then 1 ≤ σ(f) ≤
1 + max {λ(f), λ(1/f)}.
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Lemma 2.14. [8] Let f be a meromorphic function of �nite order σ(f).

Write

f(z) = ckz
k + ck+1z

k+1 + · · · (ck ̸= 0)

near z = 0. Then

f(z) = zkeQ(z)P1(z)

P2(z)
,

where, P1(z) and P2(z) are the canonical products of the non-null zeros and

poles respectively of f , and Q(z) is a polynomial of degree at most σ(f).

3. Proof of the Results

Proof of theorem 1.1.

Proof. The proof of the theorem is a direct application of lemmas 2.1 and

2.2. Since σ(q) ̸= σ(∆f(z)), and max {σ(∆f(z)), σ(q)} ≠ an integer, so

∆f(z) − q(z) is an entire function of non-integral order. Hence by lemma

2.2, it has in�nitely many zeros. □

Proof of theorem 1.3.

Proof. The proof of this theorem is similar to that of theorem I in [8]. Since

f has �nitely many poles, we assume that p1, p2, . . . , pn are the poles of f

having multiplicities k1, k2, . . . , kn respectively. Also, let

p(z) =

n∏
i=1

(z − pi)
ki .

Since f(z) is transcendental, so Q(z) = p(z)f(z) is a transcendental entire

function. By Hadamard's Factorization theorem, Q(z) = m(z)eaz+b, for

a ̸= 0 and b constants and m(z) is the canonical product formed by the

zeros of f(z). Thus, m(z) is an entire function satisfying σ(m) = λ(m) =

λ(f) < σ(f) = 1. Now,

∆f(z) = f(z + 1)− f(z) =
m(z + 1)

p(z + 1)
eaz+a+b − m(z)

p(z)
eaz+b

=

[
m(z + 1)

p(z + 1)
ea − m(z)

p(z)

]
eaz+b.

The condition σ(m) < 1 ensures the existence of an ϵ-set E such that

m(z + 1) ∼ m(z) for z → ∞ outside the set E. Hence,[
m(z + 1)

p(z + 1)
ea − m(z)

p(z)

]
∼

[
1

p(z + 1)
ea − 1

p(z)

]
m(z)
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for z → ∞ outside E. If
1

p(z + 1)
ea − 1

p(z)
≡ 0, then ea =

p(z + 1)

p(z)
, which

along with
m(z + 1)

p(z + 1)
ea − m(z)

p(z)
≡ 0 implies that m(z + 1) identically coin-

cides with m(z). Thus, by lemma 2.6, σ(m) ≥ 1, a contradiction. Thus,
m(z + 1)

p(z + 1)
ea− m(z)

p(z)
̸≡ 0. Now, we show that the equation g(z) = q(z) has

in�nite number of roots. Let us suppose the contrary. Then there should

be some R1(z) which is a rational function satisfying

g∗(z) = g(z)− q(z) = R1(z)e
cz+d

where, c ̸= 0 and d are constants. Then,

R1(z)e
cz+d = m0(z)e

az+b − q(z)

where m0(z) =
m(z + 1)

p(z + 1)
ea − m(z)

p(z)
is a transcendental function having

order less than 1. If a and c are distinct, then we have,

R1(z)e
cz+d −m0(z)e

az+b = q(z).

Consequently, lemma 2.5 gives R1(z) ≡ m0(z) ≡ q(z) ≡ 0, a contradiction.

Thus, a = c and the above equation may be rearranged as[
R1(z)e

d −m0(z)e
b
]
eaz = q(z).

Again, by lemma 2.5, we get R1(z)e
d−m0(z)e

b ≡ q(z) ≡ 0, a contradiction

once more. Thus, g(z)− q(z) has in�nite number of zeros. □

Proof of theorem 1.5.

Proof. By the proof of theorem 1.3, we have seen that Q(z) is a tran-

scendental entire function of order 1 and so, by Hadamard's Factorization

theorem, there exists an entire function m(z), formed by the canonical

product of the zeros of f such that Q(z) = m(z)eaz+b, for some com-

plex constants a ̸= 0 and b. Now, m(z) is an entire function satisfying

σ(m) = λ(m) = λ(f) < σ(f) = 1. Thus, σ(m) < 1. Now, by equation

(1.1),

P (f) = bk(z)f(z + k) + · · ·+ b0(z)f(z)

= bk(z)
m(z + k)

p(z + k)
eaz+ak+b + · · ·+ b0(z)

m(z)

p(z)
eaz+b

=

[
bk(z)

m(z + k)

p(z + k)
eak + · · ·+ b0(z)

m(z)

p(z)

]
eaz+b
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= m0(z)e
az+b, say,

where,

m0(z) = bk(z)
m(z + k)

p(z + k)
eak + · · ·+ b0(z)

m(z)

p(z)
.

Since
m(z)

p(z)
is meromorphic function of order less than 1, m0(z) is also so.

We claim that m0(z) ̸≡ 0 since if it is so, then by lemma 2.11, we will have

σ(m0) > 1, which is a contradiction. Also, by the representation of P (f),

it is clear that P (f) is a meromorphic function of order 1. If possible, let

P (f)− q(z) has �nitely many zeros. Then, there exists a rational function

R(z) such that

P (f)− q(z) = R(z)ecz+d,

where c ̸= 0 and d are complex constants. The above equation can be

rewritten as

m0(z)e
az+b −R(z)ecz+d = q(z).

If a = c, then, we have,[
m0(z)e

b −R(z)ed
]
eaz = q(z).

In both the cases, by lemma 2.5, we deduce that m0(z) ≡ R(z) ≡ q(z) ≡ 0,

which is a contradiction. Hence P (f)−q(z) has in�nite number of zeros. □

Proof of theorems 1.9 and 1.10.

Proof. The proofs are similar to that of theorem 1.5, except that we use

lemma 2.12 (for theorem 1.9) and lemma 2.13 (for theorem 1.10) to prove

that m0(z) ̸≡ 0. □

Proof of theorem 1.12.

Proof. From the proof of theorem 1.3, we have,

P (f) =

[
b1(z)

m(z + 1)

p(z + 1)
ea + b0(z)

m(z)

p(z)

]
eaz+b.

Now,

G(z) =
P (f)

f(z)
=

P (f)

m(z)eaz+b
.

Suppose G(z)− q(z) has only �nite number of zeros. Thus, all the zeros of

m1(z) = b1(z)p(z)m(z+1)+b0(z)p(z+1)m(z)−q(z)m(z)p(z+1) are zeros

of m(z), except �nite exceptions. Let {z∗j } be the di�erent zeros of m1(z).
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Then, we have,

m(z∗j ) = 0, m(z∗j + 1) = 0

with atmost �nite exceptions. f(z∗j ) = f(z∗j + 1) = 0, except �nite excep-

tions. This is a contradiction to the �rst assumption. Hence, G(z) − q(z)

must have in�nite number of zeros. If assumption 2 holds, then assumption

1 follows and the theorem is validated. □

Proof of theorem 1.13.

Proof. By lemma 2.14, we can have the following representation of f

f(z) = zkeQ(z)P1(z)

P2(z)
,

where, P1(z) and P2(z) are the canonical products of the non-null zeros

and poles of f(z) respectively, and Q(z) is a polynomial of degree at most

σ(f) = 1. Also,

σ(P2) = λ(P2) = λ

(
1

f

)
≤ σ

(
1

f

)
= σ(f) = 1,

and since λ(1/f) ̸= 1, so σ(P2) < 1. Now, f(z)P2(z) is a transcendental

entire function of order one and so by Hadamard's Factorization theorem,

P2(z)f(z) = m(z)eaz+b,

where, a ̸= 0 and b are complex constants andm(z) is the canonical product

formed by the zeros of P2(z)f(z). Thus,

σ(m) = λ(P2f) = λ(f) < σ(f) = 1.

Now,

P (f) = bk(z)
m(z + k)

P2(z + k)
eaz+ak+b + · · ·+ b0(z)

m(z)

P2(z)
eaz+b

=

[
bk(z)

m(z + k)

P2(z + k)
eak + · · ·+ b0(z)

m(z)

P2(z)

]
eaz+b

= m0(z)e
az+b, say.

Clearly, by lemma 2.9, m0 is a transcendental meromorphic function of

order < 1. Also, by lemma 2.13, we see that m0(z) ̸≡ 0. So, by the proof

of theorem 1.3, we can say that P (f)− q(z) has in�nitely many zeros.
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For k = 2, we prove that G(z)−q(z) = P (f)

f(z)
−q(z) has in�nite number

of zeros. We have,

P (f) =

[
b1(z)

m(z + 1)

P2(z + 1)
ea + b0(z)

m(z)

P2(z)

]
eaz+b.

Thus,

G(z) =
P (f)

f(z)
=
b1(z)P2(z)m(z + 1) + b0(z)P2(z + 1)m(z)

P2(z + 1)m(z)
.

If G(z)− q(z) has �nite number of zeros, then the zeros of

m1(z) = b1(z)P2(z)m(z + 1) + b0(z)P2(z + 1)m(z)− P2(z + 1)m(z)q(z)

are zeros of m(z)P2(z+1) with �nite number of exceptions. Let H∗ = {z∗j }
be the set of di�erent zeros of m1(z) that coincide with those of m(z)P2(z+

1). If z∗j ∈ H∗, and it is not a zero of m(z), then

P2(z
∗
j + 1) = P2(z

∗
j ) = 0

with �nite number of exceptions. This contradicts the assumption 1. Also,

if assumption 2 holds, then assumption 1 follows and thus the theorem is

proved. □
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GENERALIZED ATOMIC SYSTEM IN TENSOR
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Abstract. The concept of generalized atomic system for bounded lin-
ear operator on tensor product of Hilbert spaces is being introduced
and characterized. We also study the notion of the tensor product of
K-g-frames in tensor product of Hilbert spaces and discuss some prop-
erties.

1. Introduction

Hilbert space and its orthonormal basis are fundamental tools in wavelet
analysis, signal denoising, feature extraction, robust signal processing etc. A
basis provides us with an expansion of all vectors in terms of its elements and
it is very di�cult to �nd unique series expansion using basis elements. Frame
is such another powerful tool that is more �exible than basis. Frames were
developed by Du�n and Schae�er [3]. Later on, frame theory was pop-
ularized by Daubechies, Grossman, Meyer [2]. Several generalizations of
frames have been introduced in recent times as for example G-frame and
K-frame. W. Sun [11] introduced the concept of g-frame and g-Riesz basis
in complex Hilbert space. Generalized frames in Hilbert spaces were devel-
oped and characterized by A.Najati and A.Rahimi [9]. M. S Asgari and
H.Rahimi [1] studied generalized atomic system and generalized K-frame
in Hilbert spaces. The basic concepts of tensor product of Hilbert spaces
were presented by S.Rabinson [10]. G.Upender Reddy and N.Gopal Reddy
[12] introduced the tensor product of g-frames in tensor product of Hilbert
spaces. P. Ghosh and T. K. Samanta [6] studied fusion frame in Cartesian
product of Hilbert spaces. The authors also studied fusion frame and gen-
eralized fusion frame in tensor product of Hilbert spaces [7, 8].

In this paper, the concept of generalized atomic syatem or g-atomic
system with respect to bounded linear operator in tensor product of Hilbert
spaces is studied. We also introduce K1 ⊗ K2-g-frame in tensor product of
Hilbert spaces and establish some results related to this frame.

2010 Mathematics Subject Classi�cation: 42C15, 46C07
Key words and phrases: Frame, K-g-frame, atomic system, Tensor product of Hilbert
spaces, Tensor product of g-frames
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Throughout this paper, H and K are considered to be separable Hilbert
spaces with associated inner products ⟨ · , · ⟩H and ⟨ · , · ⟩K . B (H , K ) is a
collection of all bounded linear operators from H to K. In particular B (H )
denote the space of all bounded linear operators on H and N (T ), R (T )
denote null space and range space of T ∈ B (H ). {Hi }i∈ I and {Kj }j ∈ J

are sequences of separable Hilbert spaces, where I, J are subsets of integers
Z. De�ne the space

l 21 = l 2
(
{Hi }i∈ I

)
= { { f i }i∈ I : f i ∈ Hi ,

∑
i∈ I

∥ f i ∥ 2 < ∞}

with inner product is given by ⟨ { f i }i∈ I , { g i }i∈ I ⟩ =
∑
i∈ I

⟨ f i , g i ⟩Hi
.

Clearly l 2
(
{Hi }i∈ I

)
is a Hilbert space with the above inner product

[1]. Similarly, we can de�ne the space l 22 = l 2
(
{Kj }j ∈ J

)
.

2. Preliminaries

De�nition 2.1. [11] A sequence {Λi ∈ B (H, Hi ) : i ∈ I } is called a
generalized frame or g-frame for H with respect to {Hi }i∈ I if there exist
two positive constants A and B such that

A ∥ f ∥ 2
H ≤

∑
i∈ I

∥Λi f ∥ 2
H ≤ B ∥ f ∥ 2

H ∀ f ∈ H. (2.1)

A and B are called the lower and upper bounds of g-frame, respectively. If
the sequence {Λ i }i∈ I satisfying only right inequality of (2.1), it is is called
a g-Bessel sequence.

De�nition 2.2. [11] Let {Λi }i∈ I be a g-frame for H. Then the g-frame
operator SΛ : H → H is de�ned as follows:

SΛ f =
∑
i∈ I

Λ ∗
i Λi f ∀ f ∈ H.

De�nition 2.3. [1] A sequence {Λi ∈ B (H, Hi ) : i ∈ I } is called a g-
atomic system for K1 ∈ B (H ), if the following statements hold:

(i) {Λi ∈ B (H, Hi ) : i ∈ I } is a g-Bessel sequence in H.
(ii) For any f ∈ H, there exists { f i }i∈ I ∈ l 2 such that K1 f =∑

i∈ I

Λ ∗
i f i, where ∥ { f i }i∈ I ∥ l 21

≤ C ∥ f ∥H , and C is a positive

constant.

Theorem 2.4. [14] Let {Λi ∈ B (H, Hi ) : i ∈ I } be a g-Bessel sequence.
Then the following statements are equivalent:

(i) {Λi : i ∈ I } is a g-atomic system for K1.

(ii) {Λi ∈ B (H, Hi ) : i ∈ I } is a K1-g-frame.

(iii) there exists another g-Bessel sequence {Λ ′
i ∈ B (H, Hi ) : i ∈ I }

such that K1 f =
∑
i
Λ ∗
i Λ ′

i f ∀ f ∈ H.
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There are several ways to introduced the tensor product of Hilbert
spaces. The tensor product of Hilbert spaces H and K is a certain lin-
ear space of operators which was represented by Folland in [4], Kadison and
Ringrose in [5].

De�nition 2.5. [12] The tensor product of H and K is denoted by H ⊗K
and is an inner product space associated with the inner product de�ned by〈

f ⊗ g, f ′ ⊗ g ′ 〉 =
〈
f, f ′ 〉

H

〈
g, g ′ 〉

K
∀ f, f ′ ∈ H & g, g ′ ∈ K.

The norm on H ⊗ K is de�ned by

∥ f ⊗ g ∥ = ∥ f ∥H ∥ g ∥K ∀ f ∈ H & g ∈ K.

The space H ⊗ K is clearly complete with the above inner product. There-
fore the space H ⊗ K is a Hilbert space.

Theorem 2.6. [4, 13] Suppose Q, Q′ ∈ B (H ) and T, T ′ ∈ B (K ), then

(i) Q ⊗ T ∈ B (H ⊗ K ) and ∥Q ⊗ T ∥ = ∥Q ∥ ∥T ∥.
(ii) (Q ⊗ T ) ( f ⊗ g ) = Qf ⊗ T g for all f ∈ H, g ∈ K.

(iii) (Q ⊗ T ) (Q ′ ⊗ T ′ ) = (QQ ′ ) ⊗ (T T ′ ).
(iv) Q ⊗ T is invertible if and only if Q and T are invertible, in which

case (Q ⊗ T )− 1 =
(
Q− 1 ⊗ T − 1

)
.

(v) (Q ⊗ T ) ∗ = (Q ∗ ⊗ T ∗ ).
(vi) Let f, f ′ ∈ H \ { 0} and g, g ′ ∈ K \ { 0}. If f ⊗ g = f ′ ⊗ g ′,

then there exist constants a and b with a b = 1 such that f = a f ′

and g = b g ′.

De�nition 2.7. [12] Let {Λi }i∈ I and {Γj }j ∈ J be the sequence of oper-

ators in H and K, respectively. Then the sequence {Λi ⊗ Γj } i, j is said

to be a g-frame for H ⊗ K, if there exist constants 0 < A ≤ B < ∞
such that

A ∥ f ⊗ g ∥ 2 ≤
∑
i , j

∥ ( Λi ⊗ Γj ) ( f ⊗ g ) ∥ 2 ≤ B ∥ f ⊗ g ∥ 2 , (2.2)

for all f ⊗ g ∈ H ⊗ K. If the family {Λi ⊗ Γj } i, j satis�es only the right

inequality of (2.2), it is called a g-Bessel sequence in H ⊗ K.

Theorem 2.8. [12] Let {Λi }i∈ I and {Γj }j ∈ J be two g-frames for H and

K with respect to {Hi }i∈ I and {Kj }j ∈ J , respectively. Then {Λi ⊗ Γj } i, j

is a g-frame for H ⊗ K with respect to {Hi ⊗ Kj } i, j.

Theorem 2.9. [12] Let {Λi ⊗ Γj } i, j be a g-frame for H ⊗K with respect

to {Hi ⊗ Kj } i, j. Then {Λi }i∈ I and {Γj }j ∈ J are g-frames for H and

K with respect to {Hi }i∈ I and {Kj }j ∈ J , respectively.

Theorem 2.10. [12] If {Λi }i∈ I , {Γj }j ∈ J and {Λi ⊗ Γj } i, j are the g-

frames for H, K and H ⊗ K with g-frame operators SΛ, SΓ and SΛ⊗Γ,

respectively. Then SΛ⊗Γ = SΛ ⊗ SΓ and S − 1
Λ⊗Γ = S − 1

Λ ⊗ S − 1
Γ .
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3. g-atomic system in tensor product of Hilbert spaces

In this section, the notion of a g-atomic system with respect to
bounded linear operator in tensor product of Hilbert spaces is studied.

For i ∈ I and j ∈ J , de�ne the space l 2 ( {Hi ⊗ Kj } )

= { { f i ⊗ g j } : f i ⊗ g j ∈ Hi ⊗ Kj ,
∑
i, j

∥ f i ⊗ g j ∥ 2 < ∞}

with the inner product〈
{ f i ⊗ g j } ,

{
f ′
i ⊗ g ′

j

} 〉
l 2

=
∑
i, j

〈
f i ⊗ g j , f ′

i ⊗ g ′
j

〉
=
∑
i, j

〈
f i , f

′
i

〉
Hi

〈
g j , g

′
j

〉
Kj

=
∑
i∈ I

〈
f i , f

′
i

〉
Hi

∑
j ∈ J

〈
g j , g

′
j

〉
Kj

=
〈
{f i}i∈I ,

{
f ′
i

}
i∈I

〉
l 21

〈
{g j}j∈J ,

{
g ′
j

}
j∈J

〉
l 22

.

The space l 2 ( {Hi ⊗ Kj } ) is complete with the above inner prod-
uct. Then it is a Hilbert space with respect to the above inner product.

De�nition 3.1. Let K 1 ∈ B (H ) and K 2 ∈ B (K ). A sequence given
by {Λi ⊗ Γj } i, j in H ⊗ K is said to generalized atomic system for K1 ⊗
K2 ∈ B (H ⊗ K ), if the following statements hold:

(i) {Λi ⊗ Γj } i, j is a g-Bessel sequence in H ⊗ K.

(ii) For any f ⊗ g ∈ H ⊗K, there exists {f i ⊗ g j} i, j ∈ l 2 ({Hi ⊗Kj})
such that (K1 ⊗ K2 ) ( f ⊗ g ) =

∑
i, j

( Λi ⊗ Γj )
∗ ( f i ⊗ g j ), where

∥ { f i ⊗ g j } i, j ∥ l 2 ≤ C ∥ f ⊗ g ∥, and C is a positive constant.

Theorem 3.2. Let {Λi }i∈ I be a g-atomic system for K1 and {Γj }j ∈ J

be a g-atomic system for K2. Then {Λi ⊗ Γj } i, j is an g-atomic system

for K1 ⊗ K2 ∈ B (H ⊗ K ).

Proof. Since {Λi }i∈ I is a g-atomic system for K1 and {Γj }j ∈ J is a

g-atomic system for K2, they are g-Bessel sequences in H and K, respec-
tively. Then by Theorem (2.8), {Λi ⊗ Γj } i, j is a g-Bessel sequence in

H ⊗ K. Also, for any f ∈ H and g ∈ K, we have K1 f =
∑
i
Λ ∗
i f i with

∥ { f i }i∈ I ∥l 2 ≤ C 1 ∥ f ∥H , for some C 1 > 0, and K2 g =
∑
j
Γ ∗
j g j with

∥ { g j }j ∈ J ∥l 2 ≤ C 2 ∥ g ∥K , for some C 2 > 0. Then

(K1 ⊗ K2 ) ( f ⊗ g ) = K1 f ⊗ K2 g =
∑
i

Λ ∗
i f i ⊗

∑
j

Γ ∗
j g j
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=
∑
i, j

(
Λ ∗
i f i ⊗ Γ ∗

j g j

)
=
∑
i, j

( Λi ⊗ Γj )
∗ ( f i ⊗ g j ) .

Also,
∥ { f i }i∈ I ∥l 2 ∥ { g j }j ∈ J ∥l 2 ≤ C 1 ∥ f ∥H C 2 ∥ g ∥K

⇒ ∥ { f i ⊗ g j } i, j ∥ l 2 ≤ C ∥ f ⊗ g ∥ ,
where C = C 1C 2 > 0. This completes the proof. □

Theorem 3.3. If {Λi ⊗ Γj } i, j is an g-atomic system for K1 ⊗ K2 ∈
B (H ⊗K ). Then {AΛi }i∈ I is an g-atomic system for K1 and {B Γj }j ∈ J

is an g-atomic system for K2, for some constants A and B with AB = 1.

Proof. Since {Λi ⊗ Γj } i, j is an g-atomic system for K1 ⊗ K2, it is a g-

Bessel sequence in H ⊗K. Then by Theorem (2.9), {Λi }i∈ I and {Γj }j ∈ J

are g-Bessel sequences in H and K, respectively. Also, for any f ⊗ g ∈
H ⊗ K, there exists { f i ⊗ g j } i, j ∈ l 2 ( {Hi ⊗ Kj } ) such that

(K1 ⊗ K2 ) ( f ⊗ g ) =
∑
i, j

( Λi ⊗ Γj )
∗ ( f i ⊗ g j ) ,

where ∥ { f i ⊗ g j } i, j ∥ l 2 ≤ C ∥ f ⊗ g ∥, for some C > 0. Then it is

easy to verify that

K1 f ⊗ K2 g =
∑
i

Λ ∗
i f i ⊗

∑
j

Γ ∗
j g j .

By Theorem 2.6, there exist constants A and B with AB = 1 such
that K1 f = A

∑
i
Λ ∗
i f i, and K2 g = B

∑
j
Γ ∗
j g j and this implies that

K1 f =
∑
i
(AΛi )

∗ f i, and K2 g =
∑
j
(B Γj )

∗ g j . Also, we have

∥ { f i ⊗ g j } i, j ∥ l 2 ≤ C ∥ f ⊗ g ∥

⇒ ∥ { f i }i∈ I ∥l 2 ∥ { g j }j ∈ J ∥l 2 ≤ C ∥ f ∥H ∥ g ∥K

⇒ ∥ { f i }i∈ I ∥l 21 ≤ C ∥ g ∥K

∥ { g j }j ∈ J ∥l 22
∥ f ∥H

⇒ ∥ { f i }i∈ I ∥l 21 ≤ D ∥ f ∥H ,

where D =
C ∥ g ∥K

∥ { g j }j ∈ J ∥l 22
. Similarly, ∥ { g j }j ∈ J ∥l 22 ≤ E ∥ g ∥K , where

E =
C ∥ f ∥H

∥ { f i }i∈ I ∥l 21
. Therefore, {AΛi }i∈ I is an g-atomic system for K1

and {B Γj }j ∈ J is an g-atomic system for K2, where A, B are constants

with AB = 1. This completes the proof. □

Theorem 3.4. Let {Λi }i∈ I be a g-atomic system for K1 and {Γj }j ∈ J

be a g-atomic system for K2. Then there exist constants A, B > 0 such
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that

A ∥(K1 ⊗K2)
∗ ( f ⊗ g )∥ 2 ≤

∑
i, j

∥ (Λi ⊗ Γj) ( f ⊗ g ) ∥ 2 ≤ B ∥ f ⊗ g ∥ 2 ,

for all f ⊗ g ∈ H ⊗ K.

Proof. Since {Λi }i∈ I is a g-atomic system for K1 and {Γj }j ∈ J is a g-

atomic system for K2, they are K1-g-frame and K2-g-frame for H and K,
respectively. Then there exist positive constants A1, B1 and A2, B2 such
that

A1 ∥K ∗
1 f ∥ 2

H ≤
∑
i

∥Λi f ∥ 2
H ≤ B1 ∥ f ∥ 2

H , ∀ f ∈ H,

A2 ∥K ∗
2 g ∥ 2

K ≤
∑
j

∥Γj g ∥ 2
K ≤ B2 ∥ g ∥ 2

K ∀ g ∈ K.

Now, for each f ⊗ g ∈ H ⊗ K, we have

∥ (K1 ⊗ K2 )
∗ ( f ⊗ g ) ∥ 2

= ∥K ∗
1 f ⊗ K ∗

2 g ∥ 2 = ∥K ∗
1 f ∥ 2

H ∥K ∗
2 g ∥ 2

K

≤ 1

A1

∑
i

∥Λi f ∥ 2
H

1

A2

∑
j

∥Γj g ∥ 2
K

=
1

A1A2

∑
i, j

∥Λi f ∥ 2
H ∥Γj g ∥ 2

K

=
1

A1A2

∑
i, j

∥Λi f ⊗ Γj g ∥ 2

=
1

A1A2

∑
i, j

∥ ( Λi ⊗ Γj ) ( f ⊗ g ) ∥ 2 .

This implies that

A1A2 ∥(K1 ⊗ K2)
∗ ( f ⊗ g )∥ 2 ≤

∑
i, j

∥(Λi ⊗ Γj ) ( f ⊗ g )∥ 2 .

On the other hand, it is easy to verify that∑
i, j

∥ ( Λi ⊗ Γj ) ( f ⊗ g ) ∥ 2 ≤ B1B2 ∥ f ⊗ g ∥ 2

for all f ⊗ g ∈ H ⊗ K. Hence,

A ∥(K1 ⊗K2)
∗ ( f ⊗ g )∥ 2 ≤

∑
i, j

∥ (Λi ⊗ Γj) ( f ⊗ g ) ∥ 2 ≤ B ∥ f ⊗ g ∥ 2 ,

where A = A1A2 and B = B1B2. □

Theorem 3.5. Let {Λi }i∈ I and {Γj }j ∈ J be g-frames for Hilbert spaces

H and K with bounds (A1, B1 ) and (A2, B2 ) having their corresponding
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frame operator SΛ and SΓ, respectively. Then

∆ =
{
( Λi ⊗ Γj ) S

− 1
Λ⊗Γ (K1 ⊗ K2 )

}
i, j

is an g-atomic system for K1 ⊗ K2 ∈ B (H ⊗ K ), where K1 ∈ B (H )
and K2 ∈ B (K ).

Proof. For each f ⊗ g ∈ H ⊗ K, we have∑
i, j

∥∥ ( Λi ⊗ Γj ) S
− 1
Λ⊗Γ (K1 ⊗ K2 ) ( f ⊗ g )

∥∥ 2

=
∑
i, j

∥∥ ( Λi ⊗ Γj )
(
S − 1
Λ ⊗ S − 1

Γ

)
(K1 ⊗ K2 ) ( f ⊗ g )

∥∥ 2

=
∑
i, j

∥∥ (Λi S
− 1
Λ K1 f ⊗ Γj S

− 1
Γ K2 g

) ∥∥ 2
[ by Theorem 2.6 ]

=
∑
i

∥∥Λi S
− 1
Λ K1 f

∥∥ 2

H

∑
j

∥∥Γj S
− 1
Γ K2 g

∥∥ 2

K

≤ B1

∥∥S − 1
Λ K1 f

∥∥ 2

H
B2

∥∥S − 1
Γ K2 g

∥∥ 2

K

≤ B1B2

∥∥S − 1
Λ

∥∥ 2 ∥K1 ∥ 2
∥∥S − 1

Γ

∥∥ 2 ∥K2 ∥ 2 ∥ f ∥ 2
H ∥ g ∥ 2

K

= B1B2

∥∥S − 1
Λ ⊗ S − 1

Γ

∥∥ 2 ∥K1 ⊗ K2 ∥ 2 ∥ f ⊗ g ∥ 2

= B1B2

∥∥S − 1
Λ⊗Γ

∥∥ 2 ∥K1 ⊗ K2 ∥ 2 ∥ f ⊗ g ∥ 2.

Thus ∆ is g-Bessel sequence. Now, for all f ∈ H, g ∈ K, it is well-
known that f =

∑
i
Λ ∗
i Λi S

− 1
Λ f and g =

∑
j
Γ ∗
j Γj S

− 1
Γ g. This implies

that K1 f =
∑
i
Λ ∗
i Λi S

− 1
Λ K1 f and K 2 g =

∑
j
Γ ∗
j Γj S

− 1
Γ K2 g. Thus,

(K1 ⊗ K2) ( f ⊗ g ) =
∑
i

Λ ∗
i Λi S

− 1
Λ K1 f ⊗

∑
j

Γ ∗
j Γj S

− 1
Γ K2 g

=
∑
i, j

(
Λ ∗
i Λi S

− 1
Λ K1 ⊗ Γ ∗

j Γj S
− 1
Γ K2

)
( f ⊗ g )

=
∑
i, j

( Λi ⊗ Γj )
∗ ( Λi ⊗ Γj )

(
S − 1
Λ ⊗ S − 1

Γ

)
(K1 ⊗ K2 ) ( f ⊗ g )

=
∑
i, j

( Λi ⊗ Γj )
∗ ( Λi ⊗ Γj ) S

− 1
Λ⊗Γ (K1 ⊗ K2 ) ( f ⊗ g ).

Taking f i = Λi S
− 1
Λ K1 f, g j = Γj S

− 1
Γ K 2 g, it can be easily shown that

∥ { f i ⊗ g j } i, j ∥ l 2 = ∥ { f i }i∈ I ∥l 21 ∥ { g j }j ∈ J ∥l 22

=

(∑
i

∥∥Λi S
− 1
Λ K1 f

∥∥ 2

H

) 1 / 2
∑

j

∥∥Γj S
− 1
Γ K2 g

∥∥ 2

K

 1 / 2

≤
√
B1B2

∥∥S − 1
Λ⊗Γ

∥∥ ∥K1 ⊗ K2 ∥ ∥ f ⊗ g ∥ = C ∥ f ⊗ g ∥,
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where C =
√
B1B2

∥∥S − 1
Λ⊗Γ

∥∥ ∥K1 ⊗ K2 ∥. Thus ∆ is an g-atomic system
for K1 ⊗ K2 ∈ B (H ⊗ K ). This completes the proof. □

4. K-frame in tensor product of Hilbert spaces

In this section, we study the tensor product of K1-g-frame and
K2-g-frame for H ⊗ K, for some K1 ∈ B (H ) and K2 ∈ B (K ).

De�nition 4.1. Let {Λi }i∈ I and {Γj }j ∈ J be the sequence of opera-

tors in Hilbert spaces H and K, respectively and let K1 ∈ B (H ) and
K2 ∈ B (K ). Then the sequence of operators {Λi ⊗ Γj } i, j ⊆ H ⊗ K is

said to be a K1 ⊗ K2-g-frame for Hilbert spaces H ⊗ K with respect to
{Hi ⊗ Kj } i, j , if there exist constants 0 < A ≤ B < ∞ such that

A ∥(K1 ⊗K2)
∗ ( f ⊗ g )∥ 2 ≤

∑
i, j

∥ (Λi ⊗ Γj) ( f ⊗ g ) ∥ 2 ≤ B ∥ f ⊗ g ∥ 2 ,

for all f ⊗ g ∈ H ⊗K. If A = B, then it is called a tight K1 ⊗K2-g-frame
for H ⊗ K.

Theorem 4.2. Let {Λi ⊗ Γj } i, j be a K1 ⊗ K2-g-frame for H ⊗ K with

respect to {Hi ⊗ Kj } i, j. Then {Λi }i∈ I is a K1-g-frame for H with

respect to {Hi }i∈ I and {Γj }j ∈ J is a K2-g-frame for K with respect to

{Kj }j ∈ J .

Proof. Let {Λi ⊗ Γj } i, j be a K1 ⊗ K2-g-frame for H ⊗ K with bounds

A and B. Then for each f ⊗ g ∈ H ⊗ K, we have

A ∥(K1 ⊗K2)
∗ ( f ⊗ g )∥ 2 ≤

∑
i, j

∥ (Λi ⊗ Γj) ( f ⊗ g ) ∥ 2 ≤ B ∥ f ⊗ g ∥ 2 .

⇒ A ∥K∗
1 f ⊗ K∗

2 g ∥
2 ≤

∑
i, j

∥Λi f ⊗ Γj g ∥ 2 ≤ B ∥ f ⊗ g ∥ 2 .

⇒ A ∥K∗
1 f∥

2
H ∥K∗

2g∥
2
K ≤

∑
i

∥Λi f ∥ 2
H

∑
j

∥Γj g ∥ 2
K ≤ B ∥ f ∥ 2

H ∥ g ∥ 2
K .

Here f and g are non-zero and so
∑
i
∥Λi f ∥ 2

H and
∑
j
∥Γj g ∥ 2

K are non-

zero. Thus

A ∥K∗
2 g ∥

2
K∑

j
∥Γj g ∥ 2

K

∥K∗
1 f ∥ 2

H ≤
∑
i

∥Λi f ∥ 2
H ≤

B ∥ g ∥ 2
K∑

j
∥Γj g ∥ 2

K

∥ f ∥ 2
H .

⇒ A1 ∥K∗
1 f ∥ 2

H ≤
∑
i

∥Λi f ∥ 2
H ≤ B1 ∥ f ∥ 2

H ,where

A1 = inf
∥ g ∥K =1

A ∥K∗
2 g ∥

2
K∑

j
∥Γj g ∥ 2

K

, B1 = sup
∥ g ∥K =1

B ∥ g ∥ 2
K∑

j
∥Γj g ∥ 2

K

.



g-ATOMIC SYSTEMS IN TENSOR PRODUCT OF HILBERT SPACES 79

Therefore, {Λi }i∈ I is a K1-g-frame for H with respect to {Hi }i∈ I .
Similarly, it can be shown that {Γj }j ∈ J is a K2-g-frame for K with

respect to {Kj }j ∈ J . This completes the proof. □

Theorem 4.3. Let {Λi }i∈ I and {Γj }j ∈ J be g-frames for H and K

with respect to {Hi }i∈ I and {Kj }j ∈ J having bounds (A 1, B 1 ) and

(A 2, B 2 ), respectively. Then {Λi ⊗ Γj } i, j is a K1 ⊗K2-g-frame for H ⊗
K with respect to {Hi ⊗ Kj } i, j.

Proof. By Theorem 2.8, {Λi ⊗ Γj } i, j is a g-frame for H ⊗ K with

bounds A1A2 and B1B2. Now, for each f ⊗ g ∈ H ⊗ K, we have

A1A2

∥K1 ⊗ K2 ∥ 2 ∥ (K1 ⊗ K2 )
∗ ( f ⊗ g ) ∥ 2

=
A1

∥K1 ∥ 2

A2

∥K2 ∥ 2 ∥K ∗
1 f ⊗ K ∗

2 g ∥ 2

=
A1

∥K1 ∥ 2 ∥K ∗
1 f ∥ 2

H

A2

∥K2 ∥ 2 ∥K ∗
2 g ∥ 2

K

≤ A1 ∥ f ∥ 2
H A2 ∥ g ∥ 2

K = A1A2 ∥ f ⊗ g ∥ 2

≤
∑
i, j

∥ ( Λi ⊗ Γj ) ( f ⊗ g ) ∥ 2 ≤ B1B2 ∥ f ⊗ g ∥ 2 .

Thus {Λi ⊗ Γj } i, j is a K1 ⊗ K2-g-frame for H ⊗ K with respect to

{Hi ⊗ Kj } i, j having bounds A 1A 2/ ∥K1 ⊗ K2 ∥ 2 and B1B2. □

Theorem 4.4. Let {Λi }i∈ I and {Λ ′
i }i∈ I be two tight K1-g-frames for

H with bound 1 having synthesis operators TΛ, TΛ ′ , respectively and let

{Γj }j ∈ J and
{
Γ ′
j

}
j ∈ J

be two tight K2-g-frames for K with bound

1 having synthesis operators TΓ, TΓ ′, respectively. If TΛ T ∗
Λ ′ = 0 and

TΓ T
∗
Γ ′ = 0, then Θ =

{
( Λi + Λ ′

i ) ⊗
(
Γj + Γ ′

j

)}
i, j

is a tight K1 ⊗
K2-g-frame for H ⊗ K with bound 4.

Proof. Since TΛ T ∗
Λ ′ = 0 and TΓ T

∗
Γ ′ = 0,∑

i

Λ ∗
i Λ ′

i f = 0 ∀ f ∈ H, and
∑
j

Γ ∗
j Γ ′

j g = 0 ∀ g ∈ K. (4.1)

For any f ⊗ g ∈ H ⊗ K, using Theorem 2.6, we have∑
i , j

∥∥ (Λi + Λ ′
i

)
⊗
(
Γj + Γ ′

j

)
( f ⊗ g )

∥∥ 2

=
∑
i , j

∥∥ (Λi f + Λ ′
i f
)
⊗
(
Γj g + Γ ′

j g
) ∥∥ 2
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=
∑
i

∥∥Λi f + Λ ′
i f
∥∥ 2

H

∑
j

∥∥Γj g + Γ ′
j g
∥∥ 2

K
. (4.2)

Since {Λi }i∈ I , {Λ ′
i }i∈ I are tight K1-g-frames, using (4.1), we get∑

i

∥∥Λi f + Λ ′
i f
∥∥ 2

H
=
∑
i

〈
Λi f + Λ ′

i f , Λi f + Λ ′
i f
〉
H

=
∑
i

∥Λi f ∥ 2
H +

∑
i

∥∥Λ ′
i f
∥∥ 2

H
+ 2Re

∑
i

〈
Λ ∗
i Λ ′

i f , f
〉
H

=
∑
i

∥Λi f ∥ 2
H +

∑
i

∥∥Λ ′
i f
∥∥ 2

H
= 2 ∥K ∗

1 f ∥ 2
H ∀ f ∈ H.

Similarly, it can be shown that∑
j

∥∥Γj g + Γ ′
j g
∥∥ 2

K
= 2 ∥K ∗

2 g ∥ 2
K ∀ g ∈ K.

Then from (4.2), for all f ⊗ g ∈ H ⊗ K, we can write∑
i , j

∥∥ (Λi + Λ ′
i

)
⊗
(
Γj + Γ ′

j

)
( f ⊗ g )

∥∥ 2

= 2 ∥K ∗
1 f ∥ 2

H 2 ∥K ∗
2 g ∥ 2

K = 4 ∥K ∗
1 f ⊗ K ∗

2 g ∥ 2

= 4 ∥ (K1 ⊗ K2 )
∗ ( f ⊗ g ) ∥ 2

.

Hence, Θ is a tight K1 ⊗ K2-g-frame for H ⊗ K with bound 4. □

Theorem 4.5. Let {Λi }i∈ I be K1-g-frame for H with respect to {Hi }i∈ I
and {Γj }j ∈ J be a K2-g-frame for K with respect to {Kj }j ∈ J . Then

there exists another g-Bessel sequence {Θi ⊗ Ωj } i, j in H ⊗ K such that

(K1 ⊗ K2 )
∗ ( f ⊗ g ) =

∑
i , j

{
Θ ∗

i Λi ⊗ Ω ∗
j Γj

}
( f ⊗ g )

for all f ⊗ g ∈ H ⊗ K.

Proof. Since {Λi }i∈ I is K1-g-frame and {Γj }j ∈ J is a K2-g-frame, by

Theorem 2.4, there exist g-Bessel sequences {Θi }i∈ I and {Ωj }j ∈ J in

H and K such that K1 f =
∑
i
Λ ∗
i Θi f ∀ f ∈ H and K2 g =∑

j
Γ ∗
j Ωj g ∀ g ∈ K. Now, for f ⊗ g, f 1 ⊗ g 1 ∈ H ⊗ K , we have

⟨ (K1 ⊗ K2 ) ( f 1 ⊗ g 1 ), f ⊗ g ⟩ = ⟨K1 f 1 ⊗ K2 g 1, f ⊗ g ⟩
= ⟨K1 f 1, f ⟩H ⟨K2 g 1, g ⟩K

=

〈∑
i

Λ ∗
i Θi f 1, f

〉
H

〈∑
j

Γ ∗
j Ωj g 1, g

〉
K

=
∑
i

⟨Λ ∗
i Θi f 1, f ⟩H

∑
j

〈
Γ ∗
j Ωj g 1, g

〉
K
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=
∑
i, j

⟨Λ ∗
i Θi f 1, f ⟩H

〈
Γ ∗
j Ωj g 1, g

〉
K

=
∑
i, j

〈
Λ ∗
i Θi f 1 ⊗ Γ ∗

j Ωj g 1, f ⊗ g
〉

=
∑
i, j

〈 (
Λ ∗
i Θi ⊗ Γ ∗

j Ωj

)
( f 1 ⊗ g 1 ), f ⊗ g

〉
.

This implies that

⟨ f 1 ⊗ g 1, (K1 ⊗ K2 )
∗ ( f ⊗ g ) ⟩

=

〈
( f 1 ⊗ g 1 ),

∑
i, j

(
Λ ∗
i Θi ⊗ Γ ∗

j Ωj

) ∗
( f ⊗ g )

〉
Hence, for all f ⊗ g ∈ H ⊗ K, we get

(K1 ⊗ K2 )
∗ ( f ⊗ g ) =

∑
i , j

{
Θ ∗

i Λi ⊗ Ω ∗
j Γj

}
( f ⊗ g ).

□

Theorem 4.6. Let {Λi }i∈ I be K1-g-frame for H with respect to {Hi }i∈ I
and {Γj }j ∈ J be a K2-g-frame for K with respect to {Kj }j ∈ J having

bounds A1, B1 and A2, B2, respectively.

(i) If T1 ⊗ T2 : H ⊗ K → H ⊗ K is an isometry such that

(K1 ⊗ K2 )
∗ (T1 ⊗ T2 ) = (T1 ⊗ T2 ) (K1 ⊗ K2 )

∗ ,

then ∆1 = { ( Λi ⊗ Γj ) (T1 ⊗ T2 ) } i, j is a K1 ⊗ K2-g-frame

H ⊗ K with respect to {Hi ⊗ Kj } i, j.

(ii) The sequence given by ∆2 = { ( Λi ⊗ Γj ) (L1 ⊗ L2 )
∗ } i, j is a

(L1 ⊗ L2 ) (K1 ⊗ K2 )-g-frame for H ⊗ K, for some L1 ⊗ L2 ∈
B (H ⊗ K ).

Proof. (i) For each f ⊗ g ∈ H ⊗ K, we have∑
i , j

∥ ( Λi ⊗ Γj ) (T1 ⊗ T2 ) ( f ⊗ g ) ∥ 2

=
∑
i , j

∥Λi T1 f ⊗ Γj T2 g ∥ 2 =
∑
i

∥Λi T1 f ∥ 2
H

∑
j

∥Γj T2 g ∥ 2
K

≤ B1 ∥T1 f ∥ 2
H B2 ∥T2 g ∥ 2

K ≤ B1B2 ∥T1 ∥ 2 ∥T2 ∥ 2 ∥ f ∥ 2
H ∥ g ∥ 2

K

= B1B2 ∥T1 ⊗ T2 ∥ 2 ∥ f ⊗ g ∥ 2.

On the other hand, for each f ⊗ g ∈ H ⊗ K, we have∑
i , j

∥ ( Λi ⊗ Γj ) (T1 ⊗ T2 ) ( f ⊗ g ) ∥ 2

=
∑
i

∥Λi T1 f ∥ 2
H

∑
j

∥Γj T2 g ∥ 2
K ≥ A1 ∥K ∗

1 T1 f ∥ 2
H A2 ∥K ∗

2 T2 g ∥ 2
K
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= A1A2 ⟨K ∗
1 T1 f, K

∗
1 T1 f ⟩H ⟨K ∗

2 T2 g, K
∗
2 T2 g ⟩K

= A1A2 ⟨K ∗
1 T1 f ⊗ K ∗

2 T2 g, K
∗
1 T1 f ⊗ K ∗

2 T2 g ⟩
= A1A2 ⟨(K1 ⊗K2)

∗ (T1 ⊗ T2) (f ⊗ g), (K1 ⊗K2)
∗ (T1 ⊗ T2) (f ⊗ g)⟩

= A1A2 ⟨(T1 ⊗ T2) (K1 ⊗K2)
∗ (f ⊗ g), (T1 ⊗ T2) (K1 ⊗K2)

∗ (f ⊗ g)⟩
= A1A2 ⟨ (K1 ⊗ K2 )

∗ ( f ⊗ g ), (K1 ⊗ K2 )
∗ ( f ⊗ g ) ⟩

= A1A2 ⟨K ∗
1 f ⊗ K ∗

2 g, K ∗
1 f ⊗ K ∗

2 g ⟩
= A1A2 ⟨K ∗

1 f, K ∗
1 f ⟩H ⟨K ∗

2 g, K ∗
2 g ⟩K

= A1A2 ∥K∗
1 f ∥2H ∥K∗

2 g ∥
2
K = A1A2 ∥ (K1 ⊗ K2 )

∗ ( f ⊗ g ) ∥2 .
Hence, ∆1 is a K1 ⊗ K2-g-frame H ⊗ K with respect to {Hi ⊗ Kj } i, j

having bounds A1A2 and B1B2 ∥T1 ⊗ T2 ∥ 2. Proof of (ii) Following the
proof of (i), it can be shown that for each f ⊗ g ∈ H ⊗ K, we have∑

i, j

∥ ( Λi ⊗ Γj ) (L1 ⊗ L2 )
∗ ( f ⊗ g ) ∥ 2

≤ B1B2 ∥L1 ⊗ L2 ∥ 2 ∥ f ⊗ g ∥ 2.

On the other hand, for each f ⊗ g ∈ H ⊗ K, we have∑
i, j

∥ ( Λi ⊗ Γj ) (L1 ⊗ L2 )
∗ ( f ⊗ g ) ∥ 2

=
∑
i

∥Λi L
∗
1 f ∥ 2

H

∑
j

∥Γj L
∗
2 g ∥ 2

K

≥ A1 ∥K ∗
1 L ∗

1 f ∥ 2
H A2 ∥K ∗

2 L ∗
2 g ∥ 2

K

= A1A2 ∥K ∗
1 L ∗

1 f ⊗ K ∗
2 L ∗

2 g ∥ 2

= A1A2 ∥ (K ∗
1 L ∗

1 ⊗ K ∗
2 L ∗

2 ) ( f ⊗ g ) ∥ 2

= A1A2 ∥ [ (L1 ⊗ L2 ) (K1 ⊗ K2 ) ]
∗ ( f ⊗ g ) ∥ 2

.

Thus, ∆2 is a (L1 ⊗ L2 ) (K1 ⊗ K2 )-g-frame for H ⊗ K. □

Remark 4.7. Let {Λi }i∈ I be g-frame for H with respect to {Hi }i∈ I
and {Γj }j ∈ J be a g-frame for K with respect to {Kj }j ∈ J having

bounds (A 1, B 1 ) and (A 2, B 2 ). Then {(Λi ⊗ Γj) (K1 ⊗K2)
∗} i, j is a

K1 ⊗ K2-g-frame for H ⊗ K with respect to {Hi ⊗ Kj } i, j .

Proof. Proof of this Corollary directly follows from Theorem 4.6, by putting
K1 = IH , K2 = IK and L1 = K1, L2 = K2, where IH and IK are the
identity operators on H and K. □

Remark 4.8. Now, for each f ⊗ g ∈ H ⊗ K, we have∑
i , j

[ ( Λi ⊗ Γj ) (K1 ⊗ K2 )
∗ ]

∗
[ ( Λi ⊗ Γj ) (K1 ⊗ K2 )

∗ ] ( f ⊗ g )

=
∑
i , j

(K1 ⊗ K2 ) ( Λi ⊗ Γj )
∗ ( Λi ⊗ Γj ) (K1 ⊗ K2 )

∗ ( f ⊗ g )
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=
∑
i , j

(K1 Λ
∗
i ΛiK

∗
1 f ) ⊗

(
K2 Γ

∗
j Γj K

∗
2 g
)
[ by Theorem (2.6) ]

=
∑
i

K1 Λ
∗
i ΛiK

∗
1 f ⊗

∑
j

K2 Γ
∗
j Γj K

∗
2 g

= (K1 SΛK ∗
1 f ) ⊗ (K2 SΓK

∗
2 g )

= (K1 SΛK ∗
1 ⊗ K2 SΓK

∗
2 ) ( f ⊗ g )

= (K1 ⊗ K2 ) (SΛ ⊗ SΓ ) (K
∗
1 ⊗ K ∗

2 ) ( f ⊗ g )

= (K1 ⊗ K2 ) SΛ⊗Γ (K1 ⊗ K2 )
∗ ( f ⊗ g ).

This shows that the corresponding frame operator is

(K1 ⊗ K2 ) SΛ⊗Γ (K1 ⊗ K2 )
∗ .

Acknowledgement: The authors would like to thank the editor and the
referees for their helpful suggestions and comments to improve this paper.
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Abstract. Usually, linear state estimations are performed through

the implementation of Kalman Filters, but this may not be a good

option in the case of dynamic models measurements that are highly

nonlinear and non-Gaussian noise. The current article formulates a

general linear system optimal control problem and establishes its solu-

tion by minimizing a quadratic criterion in a similar manner to that

used in the case of Kalman �lter. The new method o�ers advantages in

computational e�ciency, improved accuracy under speci�c conditions,

enhanced stability and robustness and better handling of constraints,

all of which are valuable even in the context of linear state estima-

tion. Both approaches are presented and studied with simulations on a

particular example. Advantages as well as limitations of the presented

method are discussed in the conclusion.

1. Introduction

One of the most intriguing and crucial categories of optimization chal-

lenges in modern technology pertains to the determination of optimal tra-

jectories. The task of identifying the analytical structure of the optimal

trajectory and the optimal control policy poses signi�cant di�culty, with

the computational solution adding an additional layer of complexity.

Prior to the mid-1900s, both time-invariant and Single-Input-Single-

Output (SISO) systems predominantly adopted classical methodologies like

frequency domain analysis, allowing a transfer function model to repre-

sent the system. However, the demands arising from control engineering in

the 1950s and 1960s prompted substantial research shifts towards the state

2010 Mathematics Subject Classi�cation: 11A41, 16N20
Key words and phrases: optimal control, quadratic minimization, Kalman �lter,
numerical simulations, linear system
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space approach for Multi-Input-Multi-Output (MIMO) techniques. This ap-

proach describes the dynamic evolution of the system by utilizing its states.

[6]. Valuable insights into system properties and the attainment of control

objectives can be accomplished through the utilization of a well-designed

controller. [3]. Accessing states is not always feasible, given that they

represent internal system parameters. To overcome this limitation, state

estimation algorithms play a crucial role by amalgamating the mathemat-

ical model with input-output data measurements. These algorithms have

become integral in addressing various control challenges. While a novice

engineer might �nd it tempting to place sensors ubiquitously, such an ap-

proach is often impractical, leading to increased system costs and main-

tenance complexities. Determining the internal state of a system solely

from a few measurements is frequently unrealistic. In such scenarios, state

estimation methods prove bene�cial. The existence of plant uncertainties

and noise further underscores the importance of employing state estimation

techniques [2].

Accurately modeling a physical system that operates in a real-world en-

vironment poses a considerable challenge. The initial condition of such a

model is typically unknown. Even when a system model is initially precise,

the model parameters are prone to variation over time due to the inevitable

wear and tear of the physical components. Consequently, determining sys-

tem states becomes impractical, underscoring the necessity of employing

state estimation methods. [1]. Moreover, the resolution of any practical

problem often involves minimizing quadratic functions with constraints on

the variables. In many instances, the number of variables is substantial, pre-

senting a challenging task even for state-of-the-art computers. Furthermore,

solving quadratic minimization problems with box constraints frequently

necessitates the application of sophisticated algorithms within the realm of

nonlinear programming. [11]. E�ective strategies for addressing quadratic

box-constrained minimization problems often leverage techniques rooted in

gradient projections and conjugate gradients, see [10] and a randomized al-

gorithm for �nding good suboptimal solutions is obtained in [16]. See also

the paper in [17] that presents a canonical duality theory for solving qua-

dratic minimization problems subjected to either box or integer constraints.
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Interesting work, in which a fractional control strategy has been used

to improve system performance include, [4]. By using fractional and inte-

ger order sliding mode control, [7], a comparison study has been conducted

with a planer robotic manipulator and has shown a signi�cant improvement

in stability in, [8]. See control action that has been applied to a nonlinear

system based on Lyapunov stability, resulting in the rapid convergence of

the system to an equilibrium point in [12, 13, 14]. It is to mention that the

particle �lter is additionally promoted as one can fully utilize the distribu-

tion probability, which makes it easier to design control laws and therefore

obtain more signi�cant performance improvements, see [5] for a recent sur-

vey.

The Kalman Filter (KF) uses noisy observed data and data with other

inconsistencies to estimate unknown states by the use of a mathematical

model. It is a standard optimal estimation algorithm based on Bayesian

�lter theory, [15] and was proposed early in the 1960s by R. E. Kalman,

[9]. Given its ability to provide rapid, e�cient, real-time, and robust anti-

interference estimation, the algorithm has garnered widespread adoption,

particularly in target tracking, orbit calculation, and navigation. Addition-

ally, its signi�cance extends to diverse domains, including dynamic position-

ing, microeconomics, sensor fusion, and digital image processing. Notewor-

thy variants such as the Extended and Unscented Kalman Filters further

contribute to its versatility.

In conjunction with these advancements, this paper conducts a com-

parative study, juxtaposing the algorithm with a theoretical approach to

address the minimization problem of a linear system with a quadratic cri-

terion.

The organizational structure of this paper is outlined as follows: the �rst

section delves into the operations justifying the construction of the control,

presenting formulas detailing the calculation steps involved. The second

section formulates the criterion to be minimized, while the third section

elaborates on the process of criterion minimization. Moving forward, the

fourth section provides an illustrative simulation of the results, and the �nal

section replicates the results using the classical method.

Let us consider a linear system given in the form of a state representation

as follows : (see Fig. 1)

xn+1 = A:x n + B:un (1.1)



The Mathematics Student ISSN: 0025-5742

Vol. 94, Nos. 1-2, January - June (2025), 115�118

ON A HYPERGEOMETRIC SERIES

NANDAN SAI DASIREDDY

(Received : 25 - 02 - 2024 ; Revised : 18 - 08 - 2024)

Abstract. On page 130 of his wonderful paper [1], Nimbran have re-

cently listed and mentioned the following hypergeometric series, with-

out o�ering a proof:

3F2

(
1
2
, 1
2
, 1
2

3
2
, 3
2

∣∣∣∣∣ 12
)

:=

∞∑
n=0

(
2n
n

)
23n (2n+ 1)2

:=

√
2π

8
ln (2) +

√
2G

2

In this paper, we give an elementary proof of the above identity.

1. Introduction

In a wonderful paper [1, p. 130], Nimbran have recently listed and men-

tioned the following hypergeometric series, reads explicitly as:

3F2

(
1
2 ,

1
2 ,

1
2

3
2 ,

3
2

∣∣∣∣∣ 12
)

:=

∞∑
n=0

(
2n
n

)
23n (2n+ 1)2

:=

√
2π

8
ln (2) +

√
2G

2
(1.1)

without o�ering a proof. In this paper, we give an elementary proof of

the identity (1.1) mentioned above.

Throughout this paper,

(
2n

n

)
denotes the central binomial coe�cient,

which is de�ned for n ≥ 1 by

(
2n

n

)
=

(2n)!

(n!)2
, ζ (s) denotes the Riemann

zeta function, which is de�ned by ζ (s) =
∞∑
n=1

1

ns
, ℜ(s) > 1 and G denotes

the Catalan's constant, which is de�ned by G =
∞∑
n=1

(−1)n+1

(2n− 1)2
.
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To evaluate (1.1), we'll establish some lemmas:

Lemma 1.1. Let n > −1

2
. The following equality holds:∫ 1

0
x2n ln (x) dx = − 1

(2n+ 1)2
.

Proof. We have, using integration by parts, that

∫ 1

0
x2n ln (x) dx =

[
x2n+1 ln (x)

2n+ 1

]1
0

−
∫ 1

0

x2n

2n+ 1
dx = − 1

(2n+ 1)2
. □

Lemma 1.2. The following equality holds:∫ π

4

0
ln (sin t) dt = −π

4
ln 2− G

2
.

Proof. By splitting up the integral into two integrals, we have,

∫ π

4

0
ln (sin t) dt =

∫ π

2

0
ln (sin t) dt−

∫ π

2
π
4

ln (sin t) dt

Using the derivative of the Euler's beta function and the Leibniz formula

for the di�erentiation of products, K.S.Kölbig [2, p. 25], had evaluated the

de�nite integral

∫ π

2

0
ln (sin t) dt = −π

2
ln 2.

We have, based on the above equality, that

∫ π

4

0
ln (sin t) dt = −π

2
ln 2−

∫ π

2
π
4

ln (sin t) dt

Employing the substitution of v =
π

2
− t, in the de�nite integral∫ π

2
π
4

ln (sin t) dt results in the following equality:

∫ π

2
π
4

ln (sin t) dt =

∫ π

4

0
ln (cos v) dv
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In [3, p. 531], the de�nite integral

∫ π

4

0
ln (cos v) dv was

evaluated to −π

4
ln 2 +

G

2
and it follows, based on the

previous equality, that

∫ π

4

0
ln (sin t) dt = −π

4
ln 2− G

2
.

□

Theorem 1.3. The following identity holds:

∞∑
n=0

(
2n
n

)
23n (2n+ 1)2

=

√
2π

8
ln (2) +

√
2G

2
.

Proof.

∞∑
n=0

(
2n
n

)
23n (2n+ 1)2

=
∞∑
n=0

(
2n
n

)
23n

(
−
∫ 1

0
x2n ln (x) dx

)

= −
∫ 1

0
ln (x)

[ ∞∑
n=0

(
2n

n

)(
x2

8

)n
]
dx

Invoking the well-known generating function of the central binomial

coe�cient,
∞∑
n=0

(
2n

n

)
kn =

1√
1− 4k

. we have,

∞∑
n=0

(
2n
n

)
23n (2n+ 1)4

= −
√
2

∫ 1

0

ln (x)√
2− x2

dx

We make the substitution: x =
√
2 sin t, so that

dx

dt
=

√
2 cos t

Then, −
√
2

∫ 1

0

ln (x)√
2− x2

dx = −
√
2

∫ π

4

0
ln
(√

2 sin t
)
dt

= −
√
2

∫ π

4

0
ln
√
2dt+

∫ π

4

0
ln (sin t) dt


= −

√
2

(
π

8
ln (2)− π

4
ln 2− G

2

)
=

√
2π

8
ln (2) +

√
2G

2
,

and the theorem is proved.
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Here in the proof of Theorem1.3, Bernstein's theorem [4, Thm. 9.30,

p. 243] justi�es interchanging the order of integration and summation be-

cause of the positivity of the coe�cients.

□
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For us, a Banach algebra means an algebra A over the real �eld R1,

and a Banach space with a norm || || such that ||x ∗ y|| ≤ ||x|| ||y||, ∀x, y ∈
A, for the multiplication ∗. If (A, || ||) is a Banach algebra without a

multiplicative identity element, then let us consider A1 = A×R1 with the

norm ||(x, a)|| = ||x||+ ||a||, with the addition (x, a)+(y, b) = (x+y, a+b),

with the scalar multiplication b(x, a) = (bx, ba), with the multiplication

(x, a) ∗ (y, b) = (x ∗ y + ay + bx, ab), and with the multiplicative identity

element (0, 1). Then (A1, || ||) is a Banach algebra, which is called the

unitization of (A, || ||). If (A, d) is a complete metrizable topological algebra

over R1 with an addition invariant metric which induces the topology and

if a metric d1 on A1 is de�ned by d1((x, a), (y, b)) = d(x, y) + |a− b| for the
algebra A1 = A × R1 given above, then (A1, d1) is called the unitization

of (A, d). Observe that A1 is commutative, if A is commutative. A linear

functional on an algebra is called a multiplicative linear functional, if it also

preserves multiplication. It is known that every real multiplicative linear

functional on a complete metrizable topological algebra over the real �eld

R1 is continuous (see [6]). The complex case of this statement is an open

problem (see [1, 4]). However, complex multiplicative linear functionals

on Banach algebras over the complex �eld are continuous (see [1]). The

discussions are to be restricted to Banach algebras for simplicity. However,

discussions can be carried out to other topological algebras, more speci�cally

to complete metrizable topological algebras.

2. The Dirac delta type function

Let I denote an interval of positive length in the real line R1. Let

(A, || ||) be a Banach algebra of real valued functions on I with respect

to the pointwise addition, the pointwise scalar multiplication, and a mul-

tiplication ∗, which is called as a convolution in this article. Suppose A

does not contain a multiplicative identity element. Let A1 = A × R1

be the unitization of A with the extended multiplication ∗ de�ned above,

and with the norm || || de�ned above. Let us also call the extended mul-

tiplication ∗ as a convolution. Let us call the member (0, 1) in A1 as

a Dirac delta type function for A. This is introduced with the follow-

ing symbolic understanding:
+∞∫
−∞

f(x)δ(x − a) dx =
+∞∫
−∞

f(y + a) δ(y) dy.

This symbolic understanding is useful in extending the de�nition from∫
g(x)(f(x), a)dx =

∫
g(x)(f(x), aδ(x))dx =

∫
g(x)f(x)dx+a

∫
g(x)δ(x)dx
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to
∫
g(x)(f(x), aδ(x− b))dx =

∫
g(x)f(x)dx+ a

∫
g(x)δ(x− b)dx.

Let us call the members of A1 as generalized functions relative to A.

Thus classical functions in A becomes generalized functions (relative to A)

in A1 with the identi�cation x 7→ (x, 0). So, one may search for solutions

subject to the conditions that integrations are de�ned for members of A1,

but not di�erentiations. However di�erentiations of members of A are per-

mitted in searching solutions.

One may observe that a multidimensional Dirac delta type function can

be introduced, if we consider I as a �nite product of intervals.

3. Restricted convolution

Let I be a subinterval of R1. Let (A, || ||) be given as in the previous

section. Let J be a subinterval of I such that if f : I → R1 is a member

of A, then g : I → R1 de�ned by g(x) =

f(x) if x ∈ J

0 if x ∈ I\J
is also a

member of A, and such that ||g|| ≤ ||f ||. Let AJ be the collection of all

restrictions of f in A to J . To each f in AJ , let us de�ne ef in A by

ef (x) =

f(x) if x ∈ J

0 if x ∈ I\J
. Let us de�ne a multiplication ∗ in AJ by the

relation: f ∗ g = restriction of ef ∗ eg to J , ∀f, g ∈ AJ . Let us consider the

pointwise addition and the pointwise scalar multiplication as addition and

scalar multiplication in AJ . Let us consider the norm || || on AJ de�ned by

||f || = ||ef ||, ∀f ∈ AJ , when ||ef || is the norm of ef in A.

Theorem 3.1. (AJ , || ||) is a non-associative Banach algebra.

Proof. Since A is an algebra, a direct veri�cation implies that the algebraic

operations de�ned above satisfy all axioms for an algebra, except the as-

sociativity of the multiplication ∗ in AJ . If f, g ∈ AJ , then ||f + g|| =
||ef+g|| = ||ef + eg|| ≤ ||ef || + ||eg|| = ||f ||+ ||g||, because ef+g = ef + eg.

If f ∈ AJ and a ∈ R1, then ||af || = ||eaf || = ||aef || = |a|||ef || = |a|||f ||,
because eaf = aef . If f, g ∈ AJ , then ||f ∗ g|| = ||ef∗g|| ≤ ||ef ∗ eg|| ≤ ||ef ||
||eg|| = ||f || ||g||, because the restrictions of ef ∗ eg and of ef∗g to J are equal

and ef∗g is zero on I\J , Thus (AJ , || ||) is a normed non-associative algebra.
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To prove the completeness, consider a Cauchy sequence (fn)
∞
n=1 in AJ .

Then ||fn−fm|| = ||efn−fm || = ||efn−efm ||, for all m,n, and hence (efn)
∞
n=1

is a Cauchy sequence in (A, || ||). Then there is a function g in A such that

||g−efn || → 0 as n → ∞. Let f be the restriction of g to J . Then ||f −fn||
= ||ef − efn || ≤ ||g− efn ||, because the restrictions of g− fn and of ef − efn
to J are equal and ef − efn is zero in I\J . Thus ||f − fn|| → 0 as n → ∞,

and hence (AJ , || ||) is a non-associative Banach algebra.

Observe that AJ is commutative, if A is commutative. □

Example. If I = (−∞,+∞), and J is any subinterval of I, then the L1 −
norm || || on L1(I) has the following property: If f ∈ L1(I) and if g : I →

R1 is de�ned by g(x) =

f(x) if x ∈ J

0 if x ∈ I\J
, then g ∈ L1(I) and ||g|| ≤ ||f ||.

Consider the usual classical convolution ∗ on L1(I) de�ned by (f ∗ g)(x) =
+∞∫
−∞

f(y)g(x − y)dy =
+∞∫
−∞

f(x − y)g(y)dy. Note that L1(J) is the set of all

restrictions of functions in L1(I) to J . More speci�cally, if J = [0,∞),

and if f, g ∈ L1(J), then (f ∗ g)(x) = (ef ∗ eg)(x) =
+∞∫
−∞

ef (y)eg(x −

y)dy =
x∫
0

f(t)g(x − t)dt, for x ∈ J . If J = [0, T ] with 0 < T < ∞, and

if f, g ∈ L1(J), then again (f ∗ g)(x) =
x∫
0

f(t)g(x − t)dt for x ∈ J . If

J = [−T, T ] with 0 < T < ∞, and if f, g ∈ L1(J), then

(f ∗ g)(x) =


T∫

x−T

f(t)g(x− t)dt if 0 ≤ x ≤ T

x+T∫
−T

f(t)g(x− t)dt if − T ≤ x ≤ 0

.

Observe that these convolutions are commutative.

Proposition 3.2. The Banach space L1(J) is a commutative Banach al-

gebra with respect to the restricted convolution product, if J is [T,+∞) or

(−∞,−T ], when T ≥ 0.

Proof. The problem appears only for associativity of ∗. If the convolution is

not restricted, then for f, g, h in L1(J) and for J with the end points a and

b, −∞ ≤ a < b ≤ +∞, the following two relations should be the same for

associativity with the transformation: v = t, u = s+ t or t = v, s = u− v.
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[(f ∗ g) ∗ h](x) =
t=b∫
t=a

[
s=b∫
s=a

f(x − t − s)g(s)ds]h(t)dt. [f ∗ (g ∗ h)](x) =

u=b∫
u=a

f(x− u)[
v=b∫
v=a

g(u− v)h(v)dv]du. For associativity of the restircted con-

volution ∗, the following two systems of inequalities should determine the

same region through the transformation: v = t, u = s+ t.

System 1 System 2

a ≤ x ≤ b a ≤ x ≤ b

a ≤ t ≤ b a ≤ v ≤ b

a ≤ s ≤ b a ≤ u− v ≤ b

a ≤ x− t− s ≤ b a ≤ x− u ≤ b

a ≤ x− t ≤ b a ≤ u ≤ b

If a = −∞ or b = +∞, then the corresponding inequalities ≤ are

replaced by the inequalities <. It is now easy to verify that the proposition

is true. □

4. Integral type transformations

Consider I and (A, || ||) as in the previous section. It is assumed that

if f ∈ A and f = g almost everywhere on I, then g ∈ A, ||f − g|| = 0, and

f and g are considered to be equal.

De�nition 4.1. Let (X, || ||) be a real Banach space of real valued func-

tions de�ned on a set E. Let S : A → X be a linear transformation such that

S(f)S(g) ∈ X whenever f, g ∈ A, when (S(f)S(g))(x) = (S(f)(x))(S(g)(x)),

∀x ∈ E. Then S is called an integral type transformation, if S(f ∗ g) =

k S(f)S(g), ∀f, g ∈ A, for some �xed constant k, and if S(f) = S(g)

whenever f = g almost everywhere on I, and f, g ∈ A.

Theorem 4.2. The integral type transformation given in the previous def-

inition is continuous, if to each x ∈ E, the evalution functional evx : X →
R1, de�ned by evx(f) = f(x), ∀f ∈ X, is continuous.

Proof. Note that each evx ◦ S is a scalar multiple of a multiplicative linear

functional on A, and hence it is continuous, for every x ∈ E. Let (fn)
∞
n=1

be a sequence in A, such that fn → 0 in A and Sfn → g in X, as n → ∞.

Then (evx ◦S)(fn) = evx(Sfn) converges to evx(g) = g(x) and (evx ◦S)(fn)
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converges to the zero number as n → ∞, for every x ∈ E. Thus g(x) = 0, for

every x ∈ E so that g is the zero function. This proves that S : A → X has a

closed graph and by the closed graph theorem, this integral transformation

should be continuous. □

Example. Fourier integral transform, Laplace integral transform and

Mellin's integral transform are integral type transformations (See [2]).

Remark 4.3. Let us consider the special case: k is the constant 1 in the

de�nition of an integral type transformation S : A → X. In this case, de�ne

S1 : A1 → X on the unitization A1 of A, if X contains the constant function

1 on E, by the relation S1((f, a)) = S(f) + a, for (f, a) ∈ A×R1, when `a'

in `S(f) + a' is the constant function a on E. Then S1 is an integral type

transformation on A1, when A1 is considered with the convolution which

was already de�ned. This S1 may be considered as an extension of S. That

is, the integral type transformation is extended for generalized functions.

Acknowledgement: We are grateful to the referee for the comments which

improved the quality of the paper.
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Abstract. In this note, we consider G to be an undirected bipartite

graph with n vertices and e edges. We present some new upper and

lower bounds for eigenvalues and energy of G in terms of e and Ni∩Nj

(number of common vertices adjacent to vi and vj for i, j = 1, . . . , p)

where, Ni denote the set of neighbours of vertices vi(i = 1, . . . , p).

1. Introduction

Let graph G = G(V,E) with n vertices and e edges be �nite, simple

and undirected. Let A(G) = [aij ]n×n be the adjacency matrix of graph G,

de�ned as aij = 1 if two vertices are adjacent otherwise 0. It is always a real

symmetric matrix with trace zero. Its eigenvalues without loss of generality

are: λ1 ≥ · · · ≥ λn (called eigenvalues of graph G). Further we assume that

di = d(vi) is vertex degree for each vertex vi ∈ V for all i = 1, . . . , n. Next

denote δ = δ(G) is the minimum vertex degree in the graph.

Next, assume G be a simple connected undirected bipartite graph with

bipartition of the vertex set V = X ∪ Y , where X = {v1, . . . , vp}, Y =

{w1, . . . , wq}, p ≤ q with X ∩ Y = ϕ and | E |= e ̸= 0, such that each

edge in G has one end in X and other end in Y . Note that |· | stands
for cardinality of a given set. Order vertices v1, . . . , vp so that they have

degrees d1 ≥ · · · ≥ dp > 0, respectively. Also order w1, . . . , wq so that they

have degrees d′1 ≥ · · · ≥ d′q > 0 respectively. We have then d1 + · · ·+ dp =

d′1 + · · · + d′q = e. Let A(G) = [aij ](p+q)×(p+q) be the adjacency matrix of

bipartite graph G. It may be assumed that the vertices of a bipartite graph

G could be ordered as {v1, . . . , vp, w1, . . . , wq} so that, the adjacency matrix

2010 Mathematics Subject Classi�cation: Primary 05C50; Secondary 05C92
Key words and phrases: Eigenvalue, Energy, Bipartite graph

© Indian Mathematical Society, 2025 .
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has the following form:

A(G) =

Op B

BT Oq

 .

On the main diagonal Op and Oq are square zero-matrices of order p and q

respectively. The matrix B = [bij ]p×q is the incidence matrix between the

two partite sets X and Y of graph G such that bij = 1 if and only if vertices

vi ∈ X and wj ∈ Y are adjacent in the graph G and bij = 0 if and only

if vertices vi ∈ X and wj ∈ Y are not adjacent in the graph G. If bij = 1

for all i = 1, . . . , p and j = 1, . . . , q, then G is said to be complete bipartite

graph and de�ned as Kp,q, or in other word, if every vertex of X adjacent

with every vertex of set Y , then G is said to be complete bipartite graph.

We use all these notations throughout.

The singular values of matrix B are the positive square roots of eigen-

values of BBT = D = (dij) (see [12]). Let λ
2
1 ≥ · · · ≥ λ2

p be eigenvalues of

matrix D. Then λ1 ≥ · · · ≥ λp ≥ 0 are the singular values of B. Also, then

eigenvalues of bipartite graph G will be λ1, . . . , λp,

q−p︷ ︸︸ ︷
0, . . . , 0,−λp, . . . ,−λ1.

We �nd lower bounds for the largest two eigenvalues λ2
1 and λ2

2 (if G is not

complete). We recall [12], Rayleigh-quotient, for x ∈ Rp

λ2
1 = max

x ̸=0

xTDx

xTx
. (1.1)

Let Ni denote the set of neighbors of vertex vi for i = 1, . . . , p. Then

dij = |Ni ∩Nj | for i, j = 1, . . . , p.

Also dii = di for i = 1, . . . , p. Here we have the results below as

trD = e, trD2 =

p∑
i,j=1

d2ij = h, (1.2)

where tr(D) means trace of matrix D.

The energy of graph, denoted by ϵ(G) is de�ned as ϵ(G) =
n∑

i=1
|λi|. This

concept was introduced by I. Gutman [9] and has extensively been studied in

chemistry, since it can be used to approximate the total π−electron energy

of a molecule, for more literature see [2], [4], [5], [7], [10], [15]. In 1971,

McClelland [4] discovered the �rst upper bound for ϵ(G) as follows:

ϵ(G) ≤
√
2en.
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The paper is organized as follows, in Section 2 we present bounds for eigen-

values. In Section 3 we present some lower and upper bounds for the energy

of a bipartite graph and in Section 4 we present two examples and perform

a comparision of our results with certain known results.

2. Bounds for Eigenvalues

Our �rst theorem applies the dij 's.

Theorem 2.1. Let G be a simple bipartite graph with e edges and disjoint

bipartition of the vertex set V = X ∪ Y (where |X| = p, |Y | = q, such that

p ≤ q), Then its largest eigenvalue will follow

λ1 ≥

√√√√√1

p

e+
∑
i ̸=j

dij

 ≥
√

e

p
, (2.1)

equality, holds if |Ni ∩Nj | = δ for all i, j = 1, . . . , p and all dii = di = d for

i = 1, . . . , p are equal.

Proof. Assume x = 1√
p(1, . . . , 1)

T is a unit vector of p-tuple. Then by

application of equation (1.1), we have required result

λ1 ≥

√√√√√1

p

e+
∑
i ̸=j

dij

 ≥
√

e

p
.

For equality in the �rst inequality of (2.1) under the stated conditions, we

note the largest eigenvalue of D lies between the smallest and largest row

sums (e.g., Theorem 8.1.22 of [12]). Thus

λ1 =
√

d+ (p− 1)δ,

which is same as right hand side of (2.1). □

Besides a complete graph with n ≥ 2 vertices, the second largest eigen-

value is non-negative. It is equal to 0 if and only if the graph is a complete

multipartite graph (other than a complete graph) see, for example, [6], [16].

The following result applies to regular bipartite graphs (excluding complete

bipartite graphs).
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Theorem 2.2. If G is a regular bipartite (except complete bipartite) graph

of degree k, then the second largest eigenvalue satis�es

λ2 ≥ max
1≤i,j≤p

√
k2 − pdij
p− 1

. (2.2)

Proof. First let G be a regular bipartite (not complete bipartite) graph

of degree k, and u1, . . . , up denote orthonormal eigenvectors corresponding

eigenvalues λ1 ≥ · · · ≥ λp respectively, where u1 = 1√
p(1, . . . , 1)

T and

λ1 = k. Further, since D = BBT =
p∑

r=1
λ2
ruru

T
r . Thus,

dij =
p∑

r=1
λ2
r

(
uru

T
r

)
ij
≥ k2

p −
∣∣∣∣ p∑
r=2

λ2
r(ur)i(ur)j

∣∣∣∣ ≥ k2

p −λ2
2

[
p∑

r=2
|(ur)i| |(ur)j |

]

≥ k2

p − λ2
2

[
p∑

r=2
|(ur)i|2

]1/2 [ p∑
r=2

|(ur)j |2
]1/2

≥

k2

p − λ2
2

[
1− (ur)

2
i

]1/2 [
1− (ur)

2
j

]1/2
≥ k2

p − λ2
2

[
1− 1

p

]1/2 [
1− 1

p

]1/2
=

k2

p − λ2
2

[
1− 1

p

]
.

Hence λ2 ≥
√

k2−pdij
p−1 , we take maximum for all values of 1 ≤ i, j ≤ p we

immediately get required inequality (2.2). □

Let Ri's and Cj 's for i = 1, . . . , p; j = 1, . . . , q be row and column sums

of incidence matrix B, arrenged in decreasing order as l1 ≥ · · · ≥ lp+q ≥ 0.

Then the following results follow from [13].

Theorem 2.3. Let G be a simple bipartite graph with l1 ≥ · · · ≥ lp+q ≥ 0

as row and column sums of its incidence matrix B. Then its non-negative

eigenvalues follow the inequality

λk ≤ (lklk+1)
1/2 , (2.3)

for every k = 1, . . . , p.

Proof. Since the singular values of the matrix B are the positive square

roots of eigenvalues of D. So that λ1 ≥ · · · ≥ λp ≥ 0 are the singular

values of incidence matrix B, also absolute row sums of B are d1, . . . , dp

and column sums are d′1, . . . , d
′
q respectively. Arrenged di's and d′j 's for

i = 1, . . . , p; j = 1, . . . q, in decreasing order as l1 ≥ l2 ≥ · · · ≥ lp+q ≥ 0.

Then from [13], we have the awaited proof. □
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3. Bounds for Graph Energy

In this section �rst, we derive a new bound for the energy of a bipartite

graph motivated from the paper [11].

Theorem 3.1. Let G be a simple bipartite graph with e edges and disjoint

bipartition of the vertex set V = X ∪ Y (where |X| = p, |Y | = q, such that

p ≤ q). Denote e = d1 + · · ·+ dp, h =
p∑

i,j=1
d2ij = d21 + · · ·+ d2p +

p∑
i,j=1,i ̸=j

d2ij.

Then the energy of the bipartite graph satis�es

ϵ(G) ≥ 2

√
e3

h
. (3.1)

Proof. Since, it is true that
p∑

i=1
λ2
i =

p∑
i=1

(λi)
2
3 (λ4

i )
1
3 . From application of

Hölders inequality, we get

p∑
i=1

λ2
i ≤

(
p∑

i=1
λi

) 2
3
(

p∑
i=1

λ4
i

) 1
3

, or
p∑

i=1
λi ≥

√√√√√√√√
(

p∑
i=1

λ2
i

)3

p∑
i=1

λ4
i

=

√
(trD)3

trD2
.

Since λ1, . . . , λp,

q−p︷ ︸︸ ︷
0, . . . , 0,−λp, . . . ,−λ1 are eigenvalues of bipartite graph G.

Therefore energy of G is given by absolute sum of eigenvalues

ϵ(G) =

p∑
i=1

|λi|+
p∑

i=1

|−λi| = 2

p∑
i=1

λi. (3.2)

From the results provided in the equations (1.2) and (3.2), we immediately

get proof of our result. □

We now investigate some upper bounds for the energy of a bipartite

graph by creating a decreasing function of eigenvalues in an interval in

which our bounds of the largest eigenvalue are positioned, also we consider

the cases of equality. These results specialized cases of Theorem 6.27 in R.

B. Bapat [15].

Theorem 3.2. Let G be a simple bipartite graph with e edges and disjoint

bipartition of the vertex set V = X ∪ Y (where |X| = p, |Y | = q, such that
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p ≤ q), then the energy of the bipartite graph satis�es

ϵ(G) ≤ 2

√√√√√1

p

e+
∑
i ̸=j

dij

+ 2

√√√√e(p− 1)2

p
− p− 1

p

∑
i ̸=j

dij , (3.3)

moreover, equality holds if G is complete bipartite.

Proof. Let λ2
1 ≥ · · · ≥ λ2

p(λi ≥ 0) be eigenvalues of matrix D, then by

Cauchy-Schwarz inequality, we have

p∑
i=1

λi = λ1 +
p∑

i=2
λi ≤ λ1 +

√
(p− 1)

p∑
i=2

λ2
i ,

since e = trD, we get
p∑

i=1
λi ≤ λ1 +

√
(p− 1)(e− λ2

1).

Next, the function f(x) = x+
√
(p− 1)(e− x2) is monotonic decreasing

on the interval
√

e
p ≤ x ≤

√
e. Now using bounds given by Theorem 2.1,

as below

λ1 ≥

√√√√1
p

(
e+

∑
i ̸=j

dij

)
≥
√

e
p ,

and that λ1 ≤
√
e (see [11]), we have

f(λ1) ≤ f

√√√√1
p

(
e+

∑
i ̸=j

dij

).

This implies
p∑

i=1
λi ≤

√√√√1
p

(
e+

∑
i ̸=j

dij

)
+

√
e(p− 1)2

p
− p−1

p

∑
i ̸=j

dij , and so

that the inequality (3.3) holds from (3.2). Further, if G is a complete

bipartite graph, it is easy to check that the equality in (3.3) holds. □

For the next result, we will use Lemma given below in our paper [14].

Lemma 3.3. Let G be a bipartite graph. Then

λ1 ≥

√√√√e

p
+

√
1

p(p− 1)

(
h− e2

p

)
≥

√√√√√1

p

e+
1

p− 1

∑
i ̸=j

dij

 ≥
√

e

p
, (3.4)

equality holds if d1 = · · · = dp = 1.
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Theorem 3.4. Let G be a simple bipartite graph with e edges and disjoint
bipartition of the vertex set V = X ∪ Y (where |X| = p, |Y | = q, such that
p ≤ q), then energy of graph satis�es

ϵ(G) ≤ 2

√√√√ e

p
+

√
1

p(p− 1)

(
h− e2

p

)
+ 2

√√√√e(p− 1)2

p
−

√
p− 1

p

(
h− e2

p

)
. (3.5)

Proof. This result also can be proven the same as Theorem 3.2 by using the

lower bound of the largest eigenvalue given by Lemma 3.3. □

Lemma 3.5. [5] If bipartite graph G is either regular of degree k, or semi-

regular of degrees d1 and d′1, then largest eigenvalue either λ1 = k or, λ1 =√
d1d′1, respectively.

Theorem 3.6. If G is bipartite either regular of degree k, or semi-regular

with positive degrees d1 and d′1. Then energy of graph satis�es

ϵ(G) ≤ 2k + 2
√
(p− 1)(2e− k2), (3.6)

or ϵ(G) ≤ 2
√
d1d′1 + 2

√
(p− 1)(2e− d1d′1), (3.7)

respectively.

Proof. By Cauchy-Schwarz inequality for λ1 ≥ · · · ≥ λp, we get

p∑
i=2

λi ≤

√
(p− 1)

p∑
i=2

λ2
i .

Hence by equation (3.2), we get

ϵ(G) ≤ 2λ1 + 2
√

(p− 1)(e− λ2
1). (3.8)

By application of Lemma 3.5 in (3.8), we have required proof. □

Lemma 3.7. [3] For any regular graph G of order n, we have

λ1 + λ2 ≤ n− 2, (3.9)

equality holds if and only if the complement of G has a connected component

that is bipartite.

Theorem 3.8. If G is a regular bipartite graph of degree k, then energy of

graph satis�es,

ϵ(G) ≤ 2(n− 2) + 2
√

(p− 2)(e− k2 − h1), (3.10)

where, h1 = max
(
k2−pdij
p−1

)
for i, j = 1, . . . , p.
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Proof. By Cauchy-Schwarz inequality, for positive eigenvalues λ3, . . . , λp

p∑
i=3

λi ≤

√
(p− 2)

p∑
i=3

λ2
i .

Then by equation (3.2), we have

ϵ(G) ≤ 2(λ1 + λ2) + 2
√
(p− 2)(e− λ2

1 − λ2
2). (3.11)

Combining Lemma 3.5, Lemma 3.7 and Theorem 2.2 with the inequality

(3.11), we immediately get bound (3.10). □

Below given theorem is a good application of Theorem 2.3 above.

Theorem 3.9. Let G be a simple bipartite graph with l1 ≥ · · · ≥ lp+q ≥ 0 as

row and column sums of its incidence matrix B. The energy of G satis�es

ϵ(G) ≤ 2

p∑
k=1

(lklk+1)
1/2 . (3.12)

Proof. Obviously clear by equations (2.3) and (3.2). □

4. Comparisions and Examples

Below we list some upper bounds for ϵ(G), which were obtained recently.

Koolen and Moulton [10]: If 2e ≥ n and G is a bipartite graph on n > 2

vertices with e edges.

ϵ(G) ≤ 2

(
2e

n

)
+

√√√√(n− 2)

(
2e− 2

(
2e

n

)2
)
. (4.1)

Zhou [2]: If G is a bipartite graph with n > 2 vertices and degree sequence

d1, . . . , dn. Then

ϵ(G) ≤ 2

√√√√ 1

n

n∑
i=1

d2i +

√√√√(n− 2)

(
2e− 2

n

n∑
i=1

d2i

)
. (4.2)

Aimei Yu and et al. [1]: If G is a bipartite graph with n > 2 vertices, degree

sequence d1, . . . , dn and 2-degree sequence t1, . . . , tn , then

ϵ(G) ≤ 2

√√√√√√√
n∑

i=1
t2i

n∑
i=1

d2i

+

√√√√√√√(n− 2)

2e−
2

n∑
i=1

t2i

n∑
i=1

d2i

. (4.3)
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H. Kharaghani, et al. [7]: If G be a (p, q)-bipartite graph with e edges,

then

ϵ(G) ≤ 2e
√
pq

+ 2

√
(p− 1)

(
e− e2

pq

)
. (4.4)

Now we present two examples and compare our results with the above known

results.

Example 4.1. Let G be a bipartite graph (2.17, [5]).

v1 v2 v3 v4 v5

v6

v7

Figure (4.1)

with P =

[
1 1 1 1 0

0 0 0 1 1

]
, D =

[
4 1

1 2

]
, p = 2, q = 5, n = 7,

e = 6,
∑
i ̸=j

dij = 2, h = 22. Now (2.1) yields λ1 ≥ 2, while the (3.4)

yields λ1 ≥ 2.1010, the actual value of eigenvalues and energy are −2.1010,

−1.2593, 0, 1.2593, 2.1010 and ϵ(G) = 6.7206 respectively. The upper bound

values of energy are:

Inequality (3.3) (3.5) (3.12) (4.1) (4.2) (4.3) (4.4)

Bound Value 6.8284 6.7206 9.6568 8.9614 8.9867 8.2279 6.8931

Table(4.1)

The lower bound (3.1) gives ϵ(G) ≥ 5.0410.

Example 4.2. Let G be a regular bipartite graph as below;

v1 v2 v3

w1 w2 w3

Figure (4.2)
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with P =

 0 1 1

1 0 1

1 1 0

, D =

 2 1 1

1 2 1

1 1 2

, p = q = 3, n = e = 6,

∑
i ̸=j

dij = 6, h = 18. Now (2.1) and (3.4) yields λ1 ≥ 2.0 and λ1 ≥ 1.7320,

while (2.2) give λ2 ≥ 0.7071, the actual value of eigenvalues and energy are

−2.0000,−1.0000, −1.0000, 1.0000, 1.0000, 2.0000 and ϵ(G) = 8.0, respec-

tively. The upper bound values of energy are:

Ineq. (3.3) (3.5) (3.6) (3.10) (3.12) (4.1) (4.2) (4.3) (4.4)

B.V. 8.0 8.3631 12.0 10.4494 12.0 8.0 8.0 8.0 8.0

Table(4.2)

The lower bound (3.1) gives ϵ(G) ≥ 6.9282.

5. Conclusion and Remarks

We presented bounds for the eigenvalues of a bipartite graph, simple

upper bounds for an arbitrary eigenvalue are also given. With the help of

these bounds, we have shown some new bounds of energy of the bipartite

graph. We conclude our contribution with a remark.

Remark 5.1. If p ≥ 2, then bound (3.4) beat the bound (2.1), as given

below

√
e ≥ λ1 ≥

√√√√e

p
+

√
1

p(p− 1)

(
h− e2

p

)

≥

√√√√√1

p

e+
1

p− 1

∑
i ̸=j

dij

 =

√√√√√1

p

e+
∑
i ̸=j

dij

 ≥
√

e

p
.

Further, in view of above inequalities the energy bound (3.5) beats (3.3),

since f(x) = x +
√
(p− 1)(e− x2), is a monotonic decreasing function on

the interval
√

e
p ≤ x ≤

√
e.
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SOME INEQUALITIES INVOLVING THE DIGAMMA

FUNCTION
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Abstract. In this paper, we will present some inequalities involving

the digamma function and its derivative. To this end, we have used

some well-known inequalities, like Titu's Lemma, the relation between

the arithmetic mean and harmonic mean, and the properties of the

digamma function.

1. Introduction

The mathematicians who �rst concerned with the gamma function, were

Leonard Euler and Christian Goldbach. Digamma function, like gamma

and polygamma functions, occurs in many areas, like fractional di�erential

equations, mathematical physics, the theory of special functions, probability

theory, and the theory of in�nite series. This kind of function is related to

many other functions in mathematics, especially with the well-known Zeta

function, Clausen's function, and hypergeometric functions (see [6]).

Initially, we will give some known de�nitions and lemmas, which will be

used to prove our main results.

De�nition 1.1. Digamma function is de�ned by

ψ(x) =
d

dx
log(Γ(x)) =

Γ′(x)

Γ(x)
,

where Γ(x) represents the gamma function, which is de�ned as follows:

Γ(x) =

∫ ∞

0
tx−1e−tdt.

Lemma 1.2. The digamma function ψ(x) satis�es:

2010 Mathematics Subject Classi�cation:: 33B15
Key words and phrases: Digamma function, Titu's Lemma, Arithmetic Mean,
Harmonic Mean
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a. The functional equation

ψ(x+ 1) = ψ(x) +
1

x
.

b. For n ∈ N,

ψ(n) = −γ +

n−1∑
k=1

1

k
,

where γ denotes the Euler-Mascheroni constant.

Lemma 1.3. For all x > −1,

ln(1 + x) ≤ x.

Lemma 1.4. For all n > 1,

1 +
1

2
+

1

3
+ · · ·+ 1

n
< 1 + ln(n).

Lemma 1.5. For x ∈ (0,∞), the following inequality holds:

ln(x)− 1

x
< ψ(x) < ln(x)− 1

2x
.

Lemma 1.6 (Titu's Lemma). Let a1, a2, . . . , an, b1, b2, . . . , bn be real num-

bers such that b1, b2, . . . , bn > 0, then:

a21
b1

+
a22
b2

+ · · ·+ a2n
bn

≥ (a1 + a2 + · · ·+ an)
2

b1 + b2 + · · ·+ bn
,

with equality if and only if
a1
b1

=
a2
b2

= · · · = an
bn

.

2. Main results

Proposition 2.1. Let ψ be the digamma function. There exist n distinct

points in R+, such that
n∑

i=1

ψ′(ci) < n,

where ψ′ is the derivative of the digamma function, and ci(i = 1, 2, . . . , n)

are distinct points in R+, n ∈ N.

Proof. Since digamma function is continuous in [n, n+1], and di�erentiable

on (n, n + 1), (see [5]) n ∈ N, then it ful�lls the conditions of the Mean

Value Theorem, so ∃c ∈ (n, n+ 1), such that

ψ′(c) =
ψ(n+ 1)− ψ(n)

n+ 1− n
= ψ(n+ 1)− ψ(n).
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By Lemma 1.2, we have:

ψ′(c) =
1

n
. (2.1)

Using Lemma 1.3 and Lemma 1.4 we have:

n∑
i=1

ψ′(ci) < 1 + ln(n)

n∑
i=1

ψ′(ci)− ln(n) < 1

n∑
i=1

ψ′(ci)− (n− 1) < 1

n∑
i=1

ψ′(ci) < n,

which is the desired result. □

Proposition 2.2. For k ∈ N ∪ {0} and n ∈ N, the following inequality

ln(n) +
k

n
< (k + 1)ψ(n+ 1)− kψ(n) < ln(n) +

2k + 1

n

holds.

Proof. We will use the mathematical induction to prove this. According to

Lemma 1.5, we have:

ln(n)− 1

n
< ψ(n) < ln(n)− 1

2n

ln(n) < ψ(n) +
1

n
< ln(n) +

1

2n
.

Now using Lemma 1.2 in this, we have

ln(n) < ψ(n) + ψ(n+ 1)− ψ(n) < ln(n) +
1

2n

ln(n) < ψ(n+ 1) < ln(n) +
1

2n
.

Thus the proposition holds for k = 0. Now to complete the induction,

suppose the proposition is true for k = m

ln(n) +
m

n
< (m+ 1)ψ(n+ 1)−mψ(n) < ln(n) +

2m+ 1

2n
.

Now, adding 1
n on both sides of this relation, we have:

ln(n) +
m

n
+

1

n
< (m+ 1)ψ(n+ 1)−mψ(n) +

1

n
< ln(n) +

2m+ 1

2n
+

1

n
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ln(n)+
m+ 1

n
< (m+1)ψ(n+1)−mψ(n)+ψ(n+1)−ψ(n) < ln(n)+

2m+ 3

2n

ln(n)+
m+ 1

n
< (m+1+1)ψ(n+1)−(m−1)ψ(n) < ln(n)+

2(m+ 1) + 1

2n
.

Thus the proposition holds with k = m + 1 and so, by induction, our

proposition holds for all k ∈ N ∪ {0}, and the proof is complete. □

Proposition 2.3. The following inequality

ψ(n+ 1) ≥ 2n

n+ 1
− γ

holds.

Proof 1. By the Lemma 1.2 and Lemma 1.6, we have

ψ(n+ 1) + γ = 1 +
1

2
+

1

3
+ · · ·+ 1

n
≥ (1 + 1 + · · ·+ 1)2

1 + 2 + · · ·+ n
=

2n

n+ 1
.

So,

ψ(n+ 1) ≥ 2n

n+ 1
− γ.

□

Proof 2. Let's start from the well-known relation between Harmonic Mean

and Arithmetic Mean:

n
1
1 + 1

2 + 1
3 + · · ·+ 1

n

≤ 1 + 2 + · · ·+ n

n

n2

1 + 2 + · · ·+ n
≤ 1

1
+

1

2
+

1

3
+ · · ·+ 1

n
2n

n+ 1
≤ ψ(n+ 1) + γ,

on using Lemma 1.2, which is the desired result. □

Proposition 2.4. The inequality

ψ(n+ 1) ≤ n+ ln 2

1 + ln 2
− γ

holds.

Proof. If in Lemma 1.3 we take x = n− 1, we will have

ln(n) + 1 ≤ n.
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Using Lemma 1.2 and Lemma 1.3 in this, we have

ψ(n+ 1) + γ = 1 +
1

2
+

1

3
+ · · ·+ 1

n

≤ 1 +
1

ln 2 + 1
+

1

ln 3 + 1
+ · · ·+ 1

lnn+ 1

≤ 1 +
n− 1

1 + ln 2
=
n+ ln 2

1 + ln 2
.

This proves our proposition. □
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Abstract. We examine the golden (GCR−L)subM s within the frame-

work of golden statistical manifolds. Our investigation involves identify-

ing alternative criteria for the integrability of distributions and exploring

the geometric characteristics of distribution leaves.

1. Introduction

Submanifold geometry is one of the central subjects of di�erential geom-

etry. Although the geometry of semi-Riemannian submanifolds and its Rie-

mannian case are widely recognized to share many similarities, the geometry

of lightlike submanifolds di�ers in that and is more complex and fascinating

to study due to the intersection of its normal vector bundle with the tangent

bundle. Having signi�cant applications in mathematical physics, speci�cally

in general relativity and electromagnetism [9], Lightlike geometry has been

the subject of exploration by Duggal and Bejancu [9]. Subsequently, Duggal

and Sahin further developed these studies [13]. Duggal and Bejancu intro-

duced CR-lightlike submanifolds for inde�nite Kaehler manifolds, prompting

the introduction of screen Cauchy-Riemann (SCR)-lightlike submanifolds

by Duggal and Sahin to encompass cases beyond complex and totally real

scenarios [10]. Seeking a unifying class for CR-lightlike and SCR-lightlike

submanifolds of inde�nite Kaehler manifolds, Duggal and Sahin introduced

(GCR − L)subM s, acting as an umbrella for real hypersurfaces, invariant,

screen real, and CR lightlike submanifolds [11]. This concept was further

extended to inde�nite Sasakian manifolds in [12].

The golden ratio, partitioning a line segment into major and minor sub-

segments, is represented by the Phidias number ϕ, a real positive root of the

equation x2 − x− 1 = 0 [21]. The fascination with the golden ratio has led

to its widespread application in architecture, music, arts, and philosophies.

Inspired by this ratio, Hretcanu and Crasmareanu de�ned a golden Riemann-

ian manifold [22]. Sahin and Akyol introduced golden maps between such

2010 Mathematics Subject Classi�cation: 53C12, 53C15, 53C22, 53C40, 53C56
Key words and phrases: golden structure, golden semi-Riemannian manifold, lightlike
submanifold, GCR-lightlike submani, statistical manifold.
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manifolds, demonstrating their harmonic nature [31]. Erdogan and Yildirim

explored semi-invariant submanifolds of golden Riemannian manifolds [15],

while Keles and Kilic characterized submanifolds' semi-invariance in terms

of canonical structures induced by the golden structure of the ambient man-

ifold [20]. Poyraz and Yasar introduced lightlike hypersurfaces of golden

(SR)M s [26]. Erdogan investigated various aspects of screen transversal

lightlike submanifolds, radical screen transversal lightlike submanifolds, and

screen transversal anti-invariant lightlike submanifolds of golden (SR)M s

[16]. Acet explored screen pseudo-slant lightlike submanifolds [1]. Poyraz

extended the study to golden (GCR− L)subM s of golden (SR)M s [27].

In the domain of statistical manifolds, an emerging branch of mathe-

matics extending beyond Riemannian manifolds, di�erential geometry tools

are applied to investigate statistical inference, information loss, and esti-

mation. E�ron emphasized the role of di�erential geometry in statistics

[14], and later, Amari further developed this idea [5, 6]. Vos initiated the

study of submanifolds of statistical manifolds [33], with Furuhata exploring

hypersurfaces [22] and Aydin et al. studying submanifolds of statistical man-

ifolds with constant curvature [7]. Ahmad and Alam investigated lightlike

submanifolds of an inde�nite LP-sasakian statistical manifold [2], radical

anti-invariant lightlike submanifolds of Kaehler statistical manifolds. Mo-

tivated by these studies, the investigation into golden (GCR − L)subM s of

golden statistical manifolds involved establishing equivalent conditions for

distribution integrability and exploring the geometry of distribution leaves.

In this paper, we examine some characteristics of (GCR − L)subM s in

an (IGS)M s. We also study some theorems on integrability of distributions

on (GCR− L)subM s of an (IGS)M s.

2. Preliminaries

Consider an n−dimensional manifold (Q, q) having a (1, 1) tensor �eld

ψ such that

ψ2 = ψ + I, (2.1)

where I is the identity map on tangent bundle Γ(TQ). Then, the structure

ψ is called a golden structure. If ψ is a self-adjoint with respect to metric

tensor q which is a symmetric non-degenerate (0, 2) tensor �eld on Q, i.e.

q(ψF,G) = q(F,ψG) (2.2)

for all F,G ∈ Γ(TQ), then the metric q is said to be ψ-compatible and

(Q, q, ψ) is called golden (SR)M . From (2.1) and (2.2) we have

q(ψF,ψG) = q(F,ψG) + q(F,G) (2.3)

for any F,G ∈ Γ(TQ).
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Consider a real (n+d)-dimensional (SR)M (Q, q) of index k where n, d ≥
1, 1 ≤ k ≤ n+ d− 1 and a d-dimensional submanifold (Q, q) of (Q, q) where

q is the induced metric of q on Q. (Q, q) is called a lightlike submanifold of

(Q, q) if q is degenerate on the tangent bundle TQ of Q, for details see [9].

TQ⊥ is a subspace of TxQ of dimension d which is degenerate such that

TQ⊥ = ∪{µ ∈ TxQ : q(µ, ν) = 0 (2.4)

for all ν ∈ TxQ, x ∈ Q}. Here, both TxQ and TxQ
⊥ are degenerate orthog-

onal subspace but not complementary any more. Consequently, there is a

subspace

RadTxQ = TxQ ∩ TxQ⊥.

We call it radical or null subspace. The submanifold Q is called an r-lightlike

submanifold if RadTQ : x ∈ Q→ RadTxQ de�nes a radical distribution on

Q of rank r > 0.

Consider a semi-Riemannian complementary distribution S(TQ) known

as the screen distribution of RadTQ in TQ. Here we have

TQ = S(TQ) ⊥ RadTQ (2.5)

and S(TQ⊥) is a vector subbundle that is complimentary to RadTQ in TQ⊥.

Consider two vector bundles tr(TQ) and ltr(TQ) that are complementary

(but not orthogonal) on TQ in TQ and RadTQ in S(TQ⊥)⊥, respectively.

We get

tr(TQ) = S(TQ⊥) ⊥ ltr(TQ), (2.6)

TQ = TQ⊕ tr(TQ) = {RadTQ⊕ ltr(TQ)} ⊥ S(TQ) ⊥ S(TQ⊥). (2.7)

Theorem 2.1. [9] Consider a lightlike submanifold (Q, q, S(TQ)) of a (SR)M

(Q, q). Then, in S(TQ⊥)⊥ there exists a complementary vector subbundle

ltr(TQ) of RadTQ and a basis of Γ(ltr(TQ)) | u comprising a smooth sec-

tion {Wi}, where u is a coordinate neighbourhood of Q, such that

q(Wi, ei) = 1, q(Wi,Wj) = 0,

where i, j ∈ {1, ..., r} and {ei} is a lightlike basis of Γ(RadTQ).

We say that a submanifold (Q, q, S(TQ), S(TQ⊥)) of Q is

Case 1: r-lightlike if r ≤ min(n, d),

Case 2: Coisotropic if r = d ≤ n;S(TQ⊥) = {0},
Case 3: Isotropic if r = n ≤ d;S(TM) = {0},
Case 4: Totally lightlike if r = n = d;S(TM) = {0} = S(TM⊥).

Consider the Levi-Civita connection ∇ on Q. Then, from the decompo-

sition of TQ, the Gauss and Weingarten equations are given by

∇FG = ∇FG+ b̄(F,G), ∀ F,G ∈ Γ(TQ), (2.8)
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∇FU = −AUF +∇t
FU, ∀ F ∈ Γ(TQ), U ∈ Γ(tr(TQ)), (2.9)

where

{∇FG,AUF} ∈ Γ(TQ)

and

{b̄(F,G),∇⊥
FU} ∈ Γ(tr(TQ)).

Here, ∇ and ∇t are linear connections on Q and on vector bundle tr(TM)

respectively, b̄ is second fundamental form and AU is a shape operator.

Let us consider the projection morphism of tr(TQ) on ltr(TQ) be L and

of tr(TQ) on S(TQ⊥) be S. Then, the Gauss and Weingarten equations

give

∇FG = ∇FG+ b̄l(F,G) + b̄s(F,G), (2.10)

∇FN = −ANF +∇l
FN + Es(F,N), (2.11)

∇FW = −AWF +∇s
FW + El(F,W ) (2.12)

for any F,G ∈ Γ(TM), N ∈ Γ(ltr(TM)) and W ∈ Γ(S(TM⊥)), where

b̄l(F,G) = L(b̄(F,G)), b̄s(F,G) = S(b̄(F,G)),∇FG,ANF,AWF ∈ Γ(TM),

∇l
FN,F

l(F,W ) ∈ Γ(ltr(TM)) and ∇s
FW,E

s(F,N) ∈ Γ(S(TM⊥)).

In light of the fact that b̄l and b̄s are, respectively, Γ(ltr(TQ))-valued and

Γ(S(TQ⊥))-valued, they are referred to as the lightlike second fundamental

form and the screen second fundamental form on Q. By using (2.8), (2.10)-

(2.12) and taking into account that ∇ is a metric connection, we obtain

q(b̄s(F,G),W ) + q(G,El(F,W )) = q(AWF,G), (2.13)

q(Es(F,N),W ) = q(AWF,N). (2.14)

Let P be a projection of TQ on S(TQ). Then, using (2.3) we can write

∇FPG = ∇∗
FPG+ b̄∗(F, PG), (2.15)

∇F ξ = −A∗
ξF +∇∗t

F ξ (2.16)

for any F,G ∈ Γ(TQ) and ξ ∈ Γ(Rad(TQ)), where {∇∗
FPG,A

∗
ξF} and

{b̄∗(F, PG),∇∗t
F ξ} belong to Γ(S(TQ)) and Γ(Rad(TQ)), respectively. Us-

ing above equations, we derive

q(b̄l(F, PG), ξ) = q(A∗
ξF, PG), (2.17)

q(b̄∗(F, PG), N) = q(ANF, PG), (2.18)

q(b̄l(F, ξ), ξ) = 0, A∗
ξξ = 0. (2.19)

Generally, the induced connection ∇ on Q is not metric connection. But

∇∗ is a metric connection on S(TQ). Since ∇ is a metric connection, from

(2.8), we get

(∇F q)(G,Z) = q(b̄l(F,G), Z) + q(b̄l(F,Z), G). (2.20)
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If we set Bl(F,G) = q(b̄l(F,G), ξ), Bs(F,G) = q(b̄s(F,G), ξ), τ l(F ) =

q(∇l
FN, ξ) and τ

s(F ) = q(∇s
FN, ξ). Then equations (2.10), (2.11) and (2.12)

become

∇FG = ∇FG+Bl(F,G)N +Bs(F,G)N, (2.21)

∇FN = −ANF + τ l(F )N + Es(F,N), (2.22)

∇FW = −AWF + τ s(F )W + El(F,W ), (2.23)

respectively, where B is second fundamental form. If we take the vector

�eld ξ ∈ Γ(Rad(TQ)) and F ∈ Γ(TQ), we have the following relation like

Weingarten formula

DF ξ = −AξF +∇F ξ, (2.24)

D∗
F ξ = −A∗

ξF +∇∗
F ξ, (2.25)

where {DF ξ,D
∗
F ξ} and {AξF,A∗

ξF} are the linear connections on Γ(Rad(TQ))

and shape operators on Γ(S(TQ)), respectively.

Now, we de�ne some statistical basic concepts:

De�nition 2.2. [22] Let Q be a smooth manifold. Let D be an a�ne

connection with the torsion tensor TD and q semi-Riemannian metric on Q.

Then the pair (D, q) is called statistical structure on Q if

(1) (DF q)(G,Z) − (DGq)(F,Z) = q(TD(F,G), Z) for all F,G,Z ∈ Γ(TQ),

and

(2) TD = 0.

De�nition 2.3. [22] Let (Q, q) be a (SR)M . Two a�ne connections D and

D
∗
on Q are said to be dual with respect to the metric q, if

Zq(F,G) = q(DZF,G) + q(F,D
∗
ZG) (2.26)

for all F,G,Z ∈ Γ(TQ)

A statistical manifold will be represented by (Q, q,D,D
∗
). If ∇ is Levi-

Civita connection of q, then

∇ =
1

2
(D +D

∗
). (2.27)

In (2.26), if we choose D
∗
= D, then Levi-Civita connection is obtained.

Lemma 2.4. For statistical manifold (Q, q,D,D
∗
), we set

K = D −∇, (2.28)

then we have

K(F,G) = K(G,F ), q(K((F,G), Z) = q(K((F,Z), G) (2.29)

for all F,G,Z ∈ Γ(TQ). Conversely, for a Riemannian metric q, if K satis�es

(2.28), the pair (D = ∇+K, q) is statistical structure on Q.
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Let (Q, q) be a submanifold of (Q, q). If (Q, q,D,D
∗
) is statistical manifold,

then (Q, q,D,D∗) is called it's statistical submanifold, where D and D∗ are

a�ne dual connections on Q and D and D
∗
are a�ne dual connections on

Q.

Let (Q, q) be a lightlike submanifold of a statistical manifold (Q, q,D,D
∗
),

then Gauss and Wiengarten formulas with respect to the dual connections

are given by

DFG = DFG+Bl(F,G)N +Bs(F,G)N, (2.30)

DFN = −ANF + τ l(F )N + Es(F,N), (2.31)

DFW = −AWF + τ s(F )W + El(F,W ), (2.32)

D
∗
FG = D∗

FG+Bl∗(F,G)N +Bs∗(F,G)N, (2.33)

D
∗
FN = −A∗

NF + τ l
∗
(F )N + Es

∗
(F,N), (2.34)

D
∗
FW = −A∗

WF + τ s
∗
(F )W + El

∗
(F,W ) (2.35)

for all F, G ∈ Γ(TQ), N ∈ Γ(ltr(TQ)) and W ∈ Γ(S(TQ⊥)). Here,

D,D∗, Bl, Bl∗ , Bs, Bs∗ , AN and A∗
N are called the induced connections on

Q, the second fundamental forms and Wiengarten mappings with respect to

D and D
∗
, respectively.

3. Golden GCR-lightlike submanifolds

De�nition 3.1. Consider a real lightlike submanifold (Q, q, S(TQ)) of a

golden (SR)M (Q, q, ψ). Then Q is said to be a golden (GCR−L)subM if :

(a) There exist two subbundles E1 and E2 of (Rad(TQ)) such that

Rad(TQ) = E1 ⊕ E2, ψ(E1) = E1, ψ(E2) ⊂ S(TQ), (3.1)

(b) There exist two subbundles E0 and E
′
of S(TQ) such that

S(TQ) = {ψE2 ⊕ E
′} ⊥ E0, ψ(E0) = E0, ψ(L1 ⊥ L2) = E

′
, (3.2)

where Γ(E0) is a nondegenerate distribution on Q, Γ(L1) and Γ(L2) are

vector subbundles of Γ(ltr(TQ)) and Γ(S(TQ⊥)) respectively.

Let Q1 = ψ(L1) and Q2 = ψ(L2). Then we have

E
′
= ψ(L1) ⊥ ψ(L2) = Q1 ⊥ Q2. (3.3)

We can decompose TQ as

TQ = E ⊕ E
′
, E = Rad(TQ) ⊥ ψ(E2) ⊥ E0. (3.4)

We say that Q is a proper golden (GCR − L)subM of a golden (SR)M if

E0 ̸= {0}, E1 ̸= {0}, E2 ̸= {0} and L2 ̸= {0}.
Let Q be a golden (GCR − L)subM of a golden (SR)M Q. For any

F ∈ Γ(TQ) e derive

ψF = ψF + wF, (3.5)
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where ψF and wF are tangential and transversal parts of ψF .

For V ∈ Γ(tr(TQ)) we write

ψV = BV + CV, (3.6)

where BV and CV are tangential and transversal parts of ψV .

Theorem 3.2. Let (Q, q,D,D∗) be a golden (GCR−L)subM of an (IGS)M

(Q, q,D,D
∗
). Then the distribution E0 is integrable i�

(i) Bl(F,G) = Bl(G,F ) and Bs(F,G) = Bs(G,F ),

(ii) Bl∗(F,G) = Bl∗(G,F ) and Bs∗(F,G) = Bs∗(G,F ),

(iii) Bl(F,ψG) = Bl(G,ψF ) and Bs(F,ψG) = Bs(G,ψF ),

(iv) Bl∗(F,ψG) = Bl∗(G,ψF ) and Bs∗(F,ψG) = Bs∗(G,ψF ),

(v) AψFG = AψGF and A∗
ψF
G = A∗

ψG
F ,

(vi) El(F,ψG) = El(G,ψF ) and El
∗
(F,ψG) = El

∗
(G,ψF )

for any F,G ∈ Γ(E0), ξ ∈ Γ(E2), N ∈ Γ(ltr(TQ)), N
′ ∈ Γ(L1) and W ∈

Γ(L2).

Proof. : By the de�nition of Golden (GCR− L)subM , E0 is integrable i�,

q([F,G], N) = q([F,G], ψN
′
) = q([F,G], ψW ) = q([F,G], ψξ) = 0. (3.7)

For F,G ∈ Γ(E0) and N ∈ Γ(ltr(TQ)), from equations (2.2), (2.10) and

(2.15), we derive

q([F,G], N) = q(DFG−DGF,N).

By using equation (2.30), we get

q([F,G], N) = q(Bl(F,G)N +Bs(F,G)N −Bl(G,F )N −Bs(G,F )N,N)

= q([Bl(F,G)−Bl(G,F )]N + [Bs(F,G)−Bs(G,F )]N,N).

From (3.7) we get,

Bl(F,G) = Bl(G,F ),

Bs(F,G) = Bs(G,F ).

Similarly, using equation (2.33) we get,

Bl∗(F,G) = Bl∗(G,F ),

Bs∗(F,G) = Bs∗(G,F ).

Now, for F,G ∈ Γ(E0) and N
′ ∈ Γ(L1)), from equations (2.2), (2.30) and

(2.31), we get

q([F,G], ψN
′
) = q(DFG−DGF,ψN

′
)

= q(DFψG−DGψF,N
′
)

= q(Bl(F,ψG)N +Bs(F,ψG)N −Bl(G,ψF )N −Bs(G,ψF )N,N
′
)

= q([Bl(F,ψG)−Bl(G,ψF )]N + [Bs(F,ψG)−Bs(G,ψF )]N,N
′
).
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Equation (3.7) gives us,

Bl(F,ψG) = Bl(G,ψF ),

Bs(F,ψG) = Bs(G,ψF ).

Similarly, using equation (2.33) we get,

Bl∗(F,ψG) = Bl∗(G,ψF ),

Bs∗(F,ψG) = Bs∗(G,ψF ).

Now, for F,G ∈ Γ(E0) and W ∈ Γ(L2), we have

q([F,G], ψW ) = q(DFG−DGF,ψW )

= q(DFψG−DGψF,W ).

Using equation (2.32), we get

= q(−AψGF + τ s(F )ψG+El(F,ψG)+AψFG− τ s(G)ψF −El(G,ψF ),W ).

This implies that

AψFG = AψGF.

Similarly, using (2.35)

A∗
ψF
G = A∗

ψG
F.

Now, for F,G ∈ Γ(E0) and ξ ∈ Γ(E2), we have

q([F,G], ψξ) = q(DFG−DGF,ψξ)

= q(DFψG−DGψF, ξ).

Using (2.32), we get

El(F,ψG) = El(G,ψF ).

Similarly, using equation (2.35) we get,

El
∗
(F,ψG) = El

∗
(G,ψF ).

□

Corollary 3.3. Let (Q, q,D,D∗) be a golden (GCR−L)subM of an (IGS)M

(Q, q,D,D
∗
). Then the distribution E0 is integrable i�

(i) q(ANF,G) = q(ANG,F ),

(ii) q(A∗
NF,G) = q(A∗

NG,F ),

(iii) q(AWF,ψG) = q(AWG,ψF ),

(iv) q(A∗
WF,ψG) = q(A∗

WG,ψF ),

(v) q(Bl(F,ψG), ξ) = q(Bl(G,ψF ), ξ),

(vi) q(Bl∗(F,ψG), ξ) = q(Bl∗(G,ψF ), ξ)

for any F,G ∈ Γ(E0), ξ ∈ Γ(E2), N ∈ Γ(ltr(TQ)), N
′ ∈ Γ(L1) and W ∈

Γ(L2).

Theorem 3.4. Let (Q, q,D,D∗) be a golden (GCR−L)subM of an (IGS)M

(Q, q,D,D
∗
). Then Rad(TQ) is integrable i�
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(i) q(Bl(ξ, Z), ξ
′
) = q(Bl(ξ

′
, Z), ξ) and q(Bl∗(ξ, Z), ξ

′
) = q(Bl∗(ξ

′
, Z), ξ),

(ii) q(Bl(ξ, ψξ”), ξ
′
) = q(Bl(ξ

′
, ψξ”), ξ)

and q(Bl∗(ξ, ψξ”), ξ
′
) = q(Bl∗(ξ

′
, ψξ”), ξ),

(iii) q(Bl(ξ, ψN), ξ
′
) = q(Bl(ξ

′
, ψN), ξ)

and q(Bl∗(ξ, ψN), ξ
′
) = q(Bl∗(ξ

′
, ψN), ξ),

(iv) q(Bs(ξ, ψW ), ξ
′
) = q(Bs(ξ

′
, ψW ), ξ)

and q(Bs∗(ξ, ψW ), ξ
′
) = q(Bs∗(ξ

′
, ψW ), ξ),

for any Z ∈ Γ(E0), ξ
” ∈ Γ(E2), ξ, ξ

′ ∈ Γ(Rad(TQ)), N ∈ Γ(L1) and W ∈
Γ(L2).
Proof. : By the de�nition of golden (GCR−L)subM , Rad(TQ) is integrable

i�

q([ξ, ξ
′
], Z) = q([ξ, ξ

′
], ψξ”) = q([ξ, ξ

′
], ψN) = q([ξ, ξ

′
], ψW ) = 0

for any Z ∈ Γ(E0), ξ
” ∈ Γ(E2), ξ, ξ

′ ∈ Γ(Rad(TQ)), N ∈ Γ(L1) and W ∈
Γ(L2).

Using equation (2.2) and (2.30)-(2.35) we get

q([ξ, ξ
′
], Z) = q(Dξξ

′ −Dξ′ ξ, Z)

= −q(ξ′ , DξZ) + q(ξ,Dξ′Z)

= −q(Bl(ξ, Z), ξ
′
) + q(Bl(ξ

′
, Z), ξ) = 0.

This implies that

q(Bl(ξ, Z), ξ
′
) = q(Bl(ξ

′
, Z), ξ).

Similarly,

q(Bl∗(ξ, Z), ξ
′
) = q(Bl∗(ξ

′
, Z), ξ).

Now,

q([ξ, ξ
′
], ψξ”) = q(Dξξ

′ −Dξ′ ξ, ψξ
”)

= −q(Bl(ξ, ψξ”), ξ
′
) + q(Bl(ξ

′
, ψξ”), ξ) = 0.

This implies that

q(Bl(ξ, ψξ”), ξ
′
) = q(Bl(ξ

′
, ψξ”), ξ).

Similarly,

q(Bl∗(ξ, ψξ”), ξ
′
) = q(Bl∗(ξ

′
, ψξ”), ξ).

Now,

q([ξ, ξ
′
], ψN) = q(Dξξ

′ −Dξ′ ξ, ψN)

= q(Dξξ
′
, ψN)− q(Dξ

′ ξ, ψN)

= −q(ξ′ , DξψN) + q(ξ,Dξ′ψN)

= −q(Bl(ξ, ψN), ξ
′
) + q(Bl(ξ

′
, ψN), ξ) = 0.

This implies that

q(Bl(ξ, ψN), ξ
′
) = q(Bl(ξ

′
, ψN), ξ).
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Similarly,

q(Bl∗(ξ, ψN), ξ
′
) = q(Bl∗(ξ

′
, ψN), ξ).

Now,

q([ξ, ξ
′
], ψW ) = q(Dξξ

′ −Dξ′ ξ, ψW )

= q(Dξξ
′
, ψW )− q(Dξ′ ξ, ψW )

= −q(ξ′ , DξψW ) + q(ξ,Dξ′ψW )

= −q(Bs(ξ, ψW ), ξ
′
) + q(Bs(ξ

′
, ψW ), ξ) = 0.

This implies that

q(Bs(ξ, ψW ), ξ
′
) = q(Bs(ξ

′
, ψW ), ξ).

Similarly,

q(Bs∗(ξ, ψW ), ξ
′
) = q(Bs∗(ξ

′
, ψW ), ξ).

□

Theorem 3.5. Let (Q, q,D,D∗) be a golden (GCR−L)subM of an (IGS)M

(Q, q,D,D
∗
). Then each leaf of radical distribution is totally geodesic on Q

i�

(i) A∗
ξ′
ξ ∈ Γ(ψ(D2) ⊥ Q2),

(ii) q(Bl(ξ, ψN), ξ
′
) = 0 and q(Bl∗(ξ, ψN), ξ

′
) = 0,

(iii) q(Bs(ξ, ψξ
′
),W ) = 0 and q(Bs∗(ξ, ψξ

′
),W ) = 0

for any Z ∈ Γ(E0), ξ, ξ
′ ∈ Γ(Rad(TQ)), N ∈ Γ(L1),W ∈ Γ(L2).

Proof. : By the de�nition of golden (GCR − L)subM , each leaf of radical

distribution is totally geodesic i�

q(Dξξ
′
, Z) = q(Dξξ

′
, ψξ”) = q(Dξξ

′
, ψN) = q(Dξξ

′
, ψW ) = 0

for any Z ∈ Γ(E0), ξ, ξ
′ ∈ Γ(Rad(TQ)), ξ” ∈ Γ(E2), N ∈ Γ(L1),W ∈ Γ(L2).

Using equations (2.8), (2.16), (2.30)-(2.33),

q(Dξξ
′
, Z) = −g(A∗

ξ′
ξ, Z)

q(Dξξ
′
, ψξ”) = −g(A∗

ξ′
ξ, ψξ”).

Now,

q(Dξξ
′
, ψN) = −q(ξ′ , DξψN) = −q(Bl(ξ, ψN), ξ

′
).

Similarly,

q(D
∗
ξξ

′
, ψN) = −q(Bl∗(ξ, ψN), ξ

′
).

Now,

q(Dξξ
′
, ψW ) = q(Dξψξ

′
,W ) = q(Bs(ξ, ψξ

′
),W )

Similarly,

q(D
∗
ξξ

′
, ψW ) = q(Bs∗(ξ, ψξ

′
),W ).

□
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Theorem 3.6. Let (Q, q,D,D∗) be a golden (GCR−L)subM of an (IGS)M

(Q, q,D,D
∗
). Then the distribution E1 is integrable i�

(i) D∗t
F ψG−D∗t

GψF ∈ Γ(D1),

(ii) Dt
FψG−Dt

GψF ∈ Γ(D1),

(iii) A∗
ψF
G = A∗

ψG
F ,

(iv) AψFG = AψGF ,

(v) C1B
l(F,ψG) = C1B

l(G,ψF ),

(vi) C2B
s(F,ψG) = C2B

s(G,ψF ),

(vii) C1B
l∗(F,ψG) = C1B

l∗(G,ψF ),

(viii) C2B
s∗(F,ψG) = C2B

s∗(G,ψF )

for any F,G ∈ Γ(E1).

Proof. : Since ψ is the golden structure on Q, we have

DFG = ψDFψG−DFψG

for any F,G ∈ Γ(E1). Using (2.30) and (2.16)

DFG+Bl(F,G)+Bs(F,G) = ψ(−A∗
ψG
F+D∗t

F ψG+Bl(F,ψG)+Bs(F,ψG))

−(−A∗
ψG
F +D∗t

F ψG+Bl(F,ψG) +Bs(F,ψG))

taking tangential components of above equation,

DFG = −ψA∗
ψG
F+ψD∗t

F ψG−C1B
l(F,ψG)−C2B

s(F,ψG)+A∗
ψG
F−D∗t

F ψG.

Replacing F by G and subtracting resulting equation, we get

[F,G] = ψ(A∗
ψF
G−A∗

ψG
F ) + ψ(D∗t

F ψG−D∗t
GψF )

−C1B
l(F,ψG) + C1B

l(G,ψF )− C2B
s(F,ψG)

+C2B
s(G,ψF ) +A∗

ψG
F −A∗

ψF
G−D∗t

F ψG+D∗t
GψF.

Thus, [F,G] ∈ Γ(E1) i�

D∗t
F ψG−D∗t

GψF ∈ Γ(E1),

A∗
ψF
G = A∗

ψG
F,

C1B
l(F,ψG) = C1B

l(G,ψF ),

C2B
s(F,ψG) = C2B

s(G,ψF ).

Similarly, we get

Dt
FψG−Dt

GψF ∈ Γ(E1),

AψFG = AψGF,

C1B
l∗(F,ψG) = C1B

l∗(G,ψF ),

C2B
s∗(F,ψG) = C2B

s∗(G,ψF ).

□

Corollary 3.7. Let (Q, q,D,D∗) be a golden (GCR−L)subM of an (IGS)M

(Q, q,D,D
∗
). Then the distribution E1 de�nes a totally geodesic foliation in
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Q i�

(i) D∗t
F ψG,D

∗t
GψF ∈ Γ(E1),

(ii) A∗
ψF
G = 0,

(iii) AψGF = 0,

(iv) C1B
l(F,ψG) = 0,

(v) C1B
l∗(F,ψG) = 0,

(vi) C2B
s(F,ψG) = 0,

(vii) C2B
s∗(F,ψG) = 0

for any F,G ∈ Γ(E1).

Theorem 3.8. Let (Q, q,D,D∗) be a golden (GCR−L)subM of an (IGS)M

(Q, q,D,D
∗
). Then, ψ(E2) is integrable i�

(i) q(A∗
ξψξ1, ψZ) = q(A∗

ξ1
ψξ, ψZ),

(ii) q(Aξψξ1, ψZ) = q(Aξ1ψξ, ψZ),

(iii) q(Bl(ξ, ψξ1), ξ2) = q(Bl(ξ1, ψξ), ξ2),

(iv) q(Bl∗(ξ, ψξ1), ξ2) = q(Bl∗(ξ1, ψξ), ξ2),

(v) q(Bs(ξ, ψξ1),W ) = q(Bs(ξ1, ψξ),W ),

(vi) q(Bs∗(ξ, ψξ1),W ) = q(Bs∗(ξ1, ψξ),W ),

(vii) q(ANψξ, ψξ1) = q(ANψξ1, ψξ),

(viii) q(A∗
Nψξ, ψξ1) = q(A∗

Nψξ1, ψξ)

for any Z ∈ Γ(E0), ξ, ξ1, ξ2 ∈ Γ(E2), N ∈ Γ(ltr(TQ)),W ∈ Γ(L2).

Proof. : Using the de�nition of (GCR− L)subM , ψ(E2) is integrable i�

q([ψξ, ψξ1], Z) = q([ψξ, ψξ1], ψξ2) = q([ψξ, ψξ1], ψW ) = q([ψξ, ψξ1], N) = 0

for any Z ∈ Γ(E0), ξ, ξ1, ξ2 ∈ Γ(E2), N ∈ Γ(ltr(TQ)),W ∈ Γ(L2). Then

from equation (2.30), (2.31), (2.16), (2.17) we get

q([ψξ, ψξ1], Z) = q(Dψξψξ1 −Dψξ1
ψξ, Z)

= q(Dψξξ1 −Dψξ1
ξ, ψZ)

= q(A∗
ξψξ1 −A∗

ξ1ψξ, ψZ).

Similarly, from equation (2.33), (2.34), (2.16), (2.17) we have

q([ψξ, ψξ1], Z) = q(Aξψξ1 −Aξ1ψξ, ψZ).

Now,

q([ψξ, ψξ1], ψξ2) = q(Dψξψξ1, ψξ2)− q(Dψξ1
ψξ, ψξ2)

= q(Bl(ξ, ψξ1), ξ2)− q(Bl(ξ1, ψξ), ξ2).

Similarly, by equation (2.30), (2.33), (2.17) we have

q([ψξ, ψξ1], ψξ2) = q(Bl∗(ξ, ψξ1), ξ2)− q(Bl∗(ξ1, ψξ), ξ2).

Now,

q([ψξ, ψξ1], ψW ) = q(Dψξψξ1, ψW )− q(Dψξ1
ψξ, ψW )

= q(Bs(ξ, ψξ1),W )− q(Bs(ξ1, ψξ),W ).
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Similarly, from equations (2.33), (2.34), (2.17), we get

q([ψξ, ψξ1], ψW ) = q(Bs∗(ξ, ψξ1),W )− q(Bs∗(ξ1, ψξ),W ).

Now,

q([ψξ, ψξ1], N) = q(Dψξψξ1, N)− q(Dψξ1
ψξ,N)

= q(ψξ1, DψξN)− q(ψξ,Dψξ1
N)

= q(ANψξ, ψξ1)− q(ANψξ1, ψξ).

Similarly, from equations (2.34) and (2.17) we get

q([ψξ, ψξ1], N) = q(A∗
Nψξ, ψξ1)− q(A∗

Nψξ1, ψξ).

□

Corollary 3.9. Let (Q, q,D,D∗) be a golden (GCR−L)subM of an (IGS)M

(Q, q,D,D
∗
). Then, ψ(E2) is integrable i�

(i) q(Bl(ψξ1, ψZ), ξ) = q(Bl(ψξ, ψZ), ξ1),

(ii) q(Bl∗(ψξ1, ψZ), ξ) = q(Bl∗(ψξ, ψZ), ξ1),

(iii) q(A∗
ξ2
ξ, ψξ1) = q(A∗

ξ2
ξ1, ψξ),

(iv) q(Aξ2ξ, ψξ1) = q(Aξ2ξ1, ψξ),

(v) q(ξ1, E
l(ξ, ψW )) = q(ξ, El(ξ1, ψW )),

(vi) q(ξ1, E
l∗(ξ, ψW )) = q(ξ, El∗(ξ1, ψW ))

for any Z ∈ Γ(E0), ξ, ξ1, ξ2 ∈ Γ(E2), N ∈ Γ(ltr(TQ)),W ∈ Γ(L2).
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Abstract. We prove a criterion for the existence of a strictly mono-

tone subsequence of a real sequence and one for the existence of a

constant subsequence, and we use them to give an alternative proof of

the monotone subsequence theorem. We then use the criterion for the

existence of a strictly monotone subsequence to reformulate and relax

the sequential criteria for limits, one-sided limits, and continuity of a

real function.

1. Introduction

The monotone subsequence theorem states that every real sequence has

a monotone subsequence. It is an important property, as it implies, along

with the least-upper-bound and greatest-lower-bound properties of the real

numbers, the existence of a convergent subsequence of every bounded real

sequence; a statement, known as the Bolzano-Weierstrass theorem, that

is used in the proof of many important results in analysis. In literature;

see, for instance, [1, 2, 3, 4, 5, 6], the proof of the monotone subsequence

theorem is based on the examination of the truth value of the statement

�the examined sequence has in�nitely many peaks1� [1, 3, 5, 6] or of the

statement �the set of values of every tail of the examined sequence contains

its supremum� [2, 4].

2010 Mathematics Subject Classi�cation: 97I20, 97I30
Key words and phrases: monotone subsequence theorem, strictly monotone sequence,
sequential criterion for limits, sequential criteria for one-sided limits, sequential
criterion for continuity

© Indian Mathematical Society, 2025 .
1A peak of a real sequence is every term of the sequence that is greater than or equal to
every subsequent term of the sequence.
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It is important to note that the previous two statements are logically

equivalent. Indeed, given a real sequence (xn), if (xn) has in�nitely many

peaks, then every tail of (xn) has a peak. As a result, every tail contains a

�rst peak; i.e., a peak with smallest index (note that this results from the

set of positive integers being well-ordered). If the �rst peak is not the �rst

term of the tail, then the �rst peak is greater than or equal to every term of

the tail that precedes it; otherwise, the greatest of the �nitely many terms

that precede the �rst peak is greater than the �rst peak, and thus it is a

peak that precedes the �rst peak, which is a contradiction. Consequently,

the �rst peak of the tail is the supremum of the set of values of the tail,

and this holds for every tail. Conversely, if the set of values of every tail of

(xn) contains its supremum, then (xn) has in�nitely many peaks; otherwise,

there exists a positive integer N such that the index of every peak of (xn) is

less than or equal to N , and thus the N -tail of (xn) does not have a peak.

As a result, for every term of the N -tail, there exists a subsequent term

that is greater than that term, and thus the set of values of the N -tail does

not contain its supremum, which is a contradiction.

In this work, we derive a criterion for the existence of a strictly mono-

tone subsequence and one for the existence of a constant subsequence, of a

real sequence, and we use them to give an alternative proof of the monotone

subsequence theorem that is based on the examination of the truth value

of the statement �the set of values of the examined sequence is in�nite�.

We then use the criterion for the existence of a strictly monotone subse-

quence to reformulate, in terms of strictly monotone sequences, and relax

the sequential criteria for limits, one-sided limits, and continuity of a real

function. As an application, we give a proof of the statement that for every

monotone real function on an interval, both one-sided limits of the function

exist at every interior point of the interval.

In what follows, N denotes the set of positive integers.

2. Criteria for the existence of a strictly monotone and a

constant subsequence of a real sequence, and the

monotone subsequence theorem

First, we will prove a criterion for a nonempty subset of R to be �nite.

Lemma 2.1. Let S be a nonempty subset of R. The set S is �nite if and

only if every nonempty subset of S contains its in�mum and its supremum.
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Proof. We assume that S is �nite and let F be a nonempty subset of S As

a result, F is �nite, and comparing its points pairwise, we derive that F

contains its in�mum and its supremum.

For the converse, suppose to the contrary that every nonempty subset

of S contains its in�mum and its supremum, and yet S is in�nite. We set

s1 = supS and sn = sup(S \ {sk : 1 ≤ k ≤ n − 1}) for every n ≥ 2.

Since S is in�nite, we have S \ {sk : 1 ≤ k ≤ n − 1} ̸= ∅, and thus

sn ∈ S \ {sk : 1 ≤ k ≤ n− 1} for every n ≥ 2.

Next, we have s2 < s1. For every n ≥ 2, we assume that sn < sn−1.

Since sn is the supremum of S \ {sk : 1 ≤ k ≤ n − 1} and belongs to

S \ {sk : 1 ≤ k ≤ n− 1}, we know that sn is greater than every other point

of S \ {sk : 1 ≤ k ≤ n − 1}. Further, since sn+1 ∈ S \ {sk : 1 ≤ k ≤ n} =

(S\{sk : 1 ≤ k ≤ n−1})\{sn}, it follows that sn+1 ∈ S\{sk : 1 ≤ k ≤ n−1}
and sn+1 ̸= sn. Hence, sn+1 < sn. Therefore, by induction on n, we have

sn < sn−1 for every n ≥ 2.

For every n ≥ 2, we have sn ∈ S \ {sk : 1 ≤ k ≤ n − 1} ⊆ S, whence

sn ∈ S. Also, s1 = supS ∈ S. As a result, the sequence (sn) is a strictly

decreasing sequence of points of S. Hence, the set {sn : n ∈ N} of values

of (sn) is a nonempty subset of S, and thus it contains its in�mum. As a

result, the in�mum of the set of values of (sn) is a term of (sn), which is a

contradiction, since (sn) is strictly decreasing.

Therefore, S is �nite. □

We will also need the following two simple lemmas.

Lemma 2.2. Let S be a nonempty subset of R. If supS /∈ S, then for every

x ∈ S, there exist in�nitely many points of S that are greater than x.

Proof. Let any x1 ∈ S be given. As supS /∈ S, we have x1 < supS, and

thus x1 is not an upper bound of S. Hence, there exists x2 ∈ S such that

x1 < x2. Applying the same argument to x2, there exists x3 ∈ S such that

x2 < x3, and by induction, we obtain a strictly increasing sequence (xn) of

points of S. □

Lemma 2.3. Let S be a nonempty subset of R. If inf S /∈ S, then for every

x ∈ S, there exist in�nitely many points of S that are less than x.

Proof. The proof is similar to that of Lemma 2.2 and will be omitted. □
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Next, we will prove a criterion for the existence of a strictly monotone

subsequence and a criterion for the existence of a constant subsequence, of

a real sequence.

Lemma 2.4. Let (xn) be a real sequence. If the set of values of (xn) is

in�nite, then (xn) has a strictly monotone subsequence.

Proof. We assume that the set {xn : n ∈ N} of values of (xn) is in�nite. By

Lemma 2.1, there exists S ⊆ {xn : n ∈ N} such that S ̸= ∅, and supS /∈ S

or inf S /∈ S. Without loss of generality, we assume that supS /∈ S. Let any

y1 ∈ S be given. By Lemma 2.2, the set F1 = {y ∈ S : y ≥ y1} is in�nite.

As a result, there exists y2 ∈ F1 \ {y1}, and thus y2 > y1. Repeating this

process; i.e., choosing yn+1 ∈ Fn \{yn} for every n ∈ N, we obtain a strictly

increasing sequence (yn) in S ⊆ {xn : n ∈ N}. Note that for every n ∈ N,
the set Fn is in�nite, and thus yn+1 exists. □

Lemma 2.5. Let (xn) be a real sequence. If the set of values of (xn) is

�nite, then (xn) has a constant subsequence.

Proof. We assume that {xn : n ∈ N} = {xn1 , xn2 , . . . , xnk
}. It su�ces

to show that there exists i ∈ {1, . . . , k} such that xn = xni for in�nitely

many values of n ∈ N. We suppose the contrary. As a result, for every

i ∈ {1, . . . , k}, the set Fi = {n ∈ N : xn = xni} is �nite. We setmi = supFi.

Next, we choose n0 ∈ N such that n0 > sup{mi : 1 ≤ i ≤ k}. Since xn0 is

a term of (xn), we have xn0 = xnj for some j ∈ {1, . . . , k}. Hence, n0 ∈ Fj ,

and thus n0 ≤ mj , which is a contradiction. □

Noting that every subsequence of a sequence is a sequence whose set of

values is a subset of the set of values of the parent sequence, Lemma 2.5

yields the following corollary.

Corollary 2.6. Let (xn) be a real sequence. If the set of values of (xn) is

�nite, then every subsequence of (xn) has a constant subsequence.

The monotone subsequence theorem follows easily from Lemma 2.4 and

Lemma 2.5.

Theorem 2.7 (Monotone subsequence theorem). Every real sequence has

a monotone subsequence.

Proof. Let any real sequence (xn) be given. The set of values of (xn) is

either �nite or in�nite. If the set of values of (xn) is �nite, then, by Lemma
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2.5, (xn) has a constant subsequence, which is a monotone subsequence. If

the set of values of (xn) is in�nite, then, by Lemma 2.4, (xn) has a strictly

monotone subsequence, which is a monotone subsequence.

Therefore, (xn) has a monotone subsequence. □

3. Relaxation of the sequential criteria for limits, one-sided

limits, and continuity of a real function

We will need the following two simple lemmas.

Lemma 3.1. Let (xn) be a real sequence and let (xn) converge to L ∈ R.
If L does not belong to the set of values of (xn), then the set of values of

(xn) is in�nite.

Proof. Suppose to the contrary that L does not belong to the set of values of

(xn), and yet the set of values of (xn) is �nite. By Lemma 2.5, the sequence

(xn) has a constant subsequence, and that subsequence converges to L as

a result of (xn) converging to L. Hence, (xn) has a constant subsequence

with value L, and thus L belongs to the set of values of (xn), which is a

contradiction. Therefore, the set of values of (xn) is in�nite. □

Lemma 3.1 yields the following corollary.

Corollary 3.2. Let (xn) be a real sequence and let (xn) have a subsequence

(xnk
) that converges to L ∈ R. If L does not belong to the set of values of

(xnk
), then the set of values of (xnk

) is in�nite, and so is the set of values

of (xn).

Lemma 3.3. Let (xn) be a real sequence. If every subsequence of (xn) has

a subsequence that converges to L ∈ R, then (xn) converges to L, as well.

Proof. Suppose to the contrary that every subsequence of (xn) has a sub-

sequence that converges to L, and yet (xn) does not converge to L. As a

result, there exists ε0 > 0 such that for every n ∈ N there exists m ∈ N such

that m > n and |xm − L| ≥ ε0. Applying the last statement for n = 1, we

have that |xn1−L| ≥ ε0 for some n1 ∈ N and n1 > 1. Next, for every k ∈ N,
we apply the previous statement for nk ∈ N to obtain |xnk+1

− L| ≥ ε0 for

some nk+1 ∈ N and nk+1 > nk. Hence, by induction on k, we have that

there exists a strictly increasing sequence (nk) of positive integers such that

the terms of the corresponding sequence (xnk
), which is thus a subsequence

of (xn), satisfy the inequality |xnk
− L| ≥ ε0 for every k ∈ N.
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Besides, since (xnk
) is a subsequence of (xn), it follows that (xnk

) has

a subsequence that converges to L, and thus the distance from L of every

term of a tail of that subsequence of (xnk
) is less than ε0. Hence, there

exist in�nitely many terms of the said subsequence of (xnk
); thus, of (xnk

)

as well, whose distance from L is less than ε0, which contradicts the last

inequality.

Therefore, the sequence (xn) converges to L. □

The sequential criterion for limits of a real function states the following.

Theorem 3.4 (Sequential criterion for limits). Let A be a subset of R, let
f : A → R be a real function, and let c be a cluster point of A. The limit

of f at c is equal to L ∈ R if and only if for every sequence (xn) in A that

converges to c and xn ̸= c for every n ∈ N, the sequence (f(xn)) of function

values converges to L.

For the proof of the sequential criterion for limits, the reader may refer

to [1] or [3]. It should be noted that the sequential criterion for limits can

be relaxed by showing that for every sequence (xn) in A that converges to

c and xn ̸= c for every n ∈ N, if the sequence (f(xn)) converges, then it

converges to the same limit as every other such sequence; i.e., it converges

to a �xed limit. For the proof of this statement, the reader may refer to the

�rst part of the proof of Lemma 1 in [7].

Lemma 3.5 (Sequential criterion for limits in terms of strictly monotone

sequences). Let A be a subset of R, let f : A → R be a real function, and

let c be a cluster point of A. The limit of f at c is equal to L ∈ R if and

only if for every strictly monotone sequence (xn) in A that converges to c,

the sequence (f(xn)) of function values converges to L.

Proof. We assume that the limit of f at c is equal to L. Let any strictly

monotone sequence (xn) in A that converges to c be given. If there exists

n1 ∈ N such that xn1 = c, then for every n > n1, we have

xn ≥ xn1+1 > xn1 = c, (3.1)

if (xn) is strictly increasing, or

xn ≤ xn1+1 < xn1 = c, (3.2)
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if (xn) is strictly decreasing. Further, since (xn) converges to c, so does its

n1-tail, and by the order limit theorem [1], we have by (3.1) that

c ≥ xn1+1 > xn1 = c,

or by (3.2) that

c ≤ xn1+1 < xn1 = c.

Hence, c > c or c < c, which is a contradiction. As a result, xn ̸= c for every

n ∈ N. Hence, the sequence (xn) is in A, converges to c, and xn ̸= c for

every n ∈ N. Therefore, by the sequential criterion for limits, the sequence

(f(xn)) converges to L.

Now, we assume that for every strictly monotone sequence (xn) in A

that converges to c, the sequence (f(xn)) converges to L. Let (yn) be

any sequence in A that converges to c and yn ̸= c for every n ∈ N. For

every subsequence (f(ynk
)) of the sequence (f(yn)), the sequence (ynk

) is a

subsequence of (yn). As a result, (ynk
) is in A, converges to c, and ynk

̸= c

for ever k ∈ N. Hence, by Corollary 3.2, the set of values of the subsequence
(ynk

) is in�nite, and since every subsequence is also a sequence, it follows by

Lemma 2.4 that the subsequence (ynk
) has a strictly monotone subsequence

(ynkr
), which is thus in A and converges to c. Hence, by assumption, the

sequence (f(ynkr
)), which is a subsequence of (f(ynk

)), converges to L.

Thus, every subsequence of (f(yn)) has a subsequence that converges to L.

Hence, by Lemma 3.3, the sequence (f(yn)) converges to L. We have thus

shown that for every sequence (yn) in A that converges to c and yn ̸= c

for every n ∈ N, the sequence (f(yn)) converges to L. Therefore, by the

sequential criterion for limits, the limit of f at c is equal to L. □

It should be noted that the sequential criterion for limits in terms of

strictly monotone sequences cannot be relaxed in the way that the sequen-

tial criterion for limits can as explained above. This happens because the

statement �for every strictly monotone sequence (xn) in A that converges

to c, if the sequence (f(xn)) converges, then it converges to a �xed limit� is

false. As a counterexample, we consider the real function f : R → R de�ned

by

f(x) =

{
0 x ≤ 0

1 x > 0
.

Given any strictly monotone real sequence (xn) that converges to 0, we have

that (xn) is either strictly increasing or strictly decreasing. If (xn) is strictly
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increasing, then, since it converges 0, its terms must be negative, and thus

the sequence (f(xn)) is equal to the constant sequence with value 0, and

thus it converges to 0. On the other, if (xn) is strictly decreasing, then, since

it converges to 0, its terms must be positive, and thus the sequence (f(xn))

is equal to the constant sequence with value 1, and thus it converges to 1.

Consequently, for every strictly monotone real sequence (xn) that converges

to 0, the sequence (f(xn)) converges, but it does not converge to a �xed

limit.

Similarly to the way we derived the sequential criterion for limits in

terms of strictly monotone sequences from the sequential criterion for limits,

we derive the following sequential criteria for left-hand and right-hand limits

in terms of strictly monotone sequences, from the sequential criteria for left-

hand and right-hand limits [3], respectively.

Lemma 3.6 (Sequential criterion for left-hand limits in terms of strictly

increasing sequences). Let A be a subset of R, let f : A → R be a real

function, and let c be a cluster point of the intersection A
⋂
(−∞, c). The

left-hand limit of f at c is equal to L ∈ R if and only if for every strictly

increasing sequence (xn) in A that converges to c, the sequence (f(xn)) of

function values converges to L.

Lemma 3.7 (Sequential criterion for right-hand limits in terms of strictly

decreasing sequences). Let A be a subset of R, let f : A → R be a real

function, and let c be a cluster point of the intersection A
⋂
(c,∞). The

right-hand limit of f at c is equal to L ∈ R if and only if for every strictly

decreasing sequence (xn) in A that converges to c, the sequence (f(xn)) of

function values converges to L.

As shown, the sequential criterion for limits in terms of strictly mono-

tone sequences cannot be relaxed. On the contrary, the sequential criteria

for left-hand and right-hand limits in terms of strictly monotone sequences

can be relaxed by means of the following two lemmas.

Lemma 3.8. Let A be a subset of R, let f : A → R be a real function, and

let c be a cluster point of the intersection A
⋂
(−∞, c). For every strictly

increasing sequence (xn) in A that converges to c, if the sequence (f(xn))

of function values converges, then it converges to a �xed limit.

Proof. Suppose to the contrary that for every strictly increasing sequence

(xn) in A that converges to c, the sequence (f(xn)) converges, and yet the
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sequence (f(xn)) does not converge to a �xed limit. As a result, there exist

strictly increasing sequences (xn) and (yn) in A that converge to c, and

the sequences (f(xn)) and (f(yn)) converge, but they converge to di�erent

limits, say L1 and L2. Hence,

L1 ̸= L2. (3.3)

We observe that the intersection {xn : n ∈ N} ∩ {yn : n ∈ N} is

�nite. Indeed, if it is in�nite, then the sequences (xn) and (yn) have a

common subsequence, and thus the sequences (f(xn)) and (f(yn)) have a

common subsequence, as well. Hence, since (f(xn)) and (f(yn)) converge,

they converge to the limit of their common subsequence, which contradicts

(3.3).

Now, we consider the sequence (zn) de�ned by z1 = min{x1, y1}, and
zn = min

[
{(x1, . . . , xn, y1, . . . , yn} \

⋃n−1
i=1 {zi}

]
for every n > 1.

Since the sequences (xn) and (yn) are strictly increasing, it is easily

seen that the sequence (zn) is also strictly increasing. Further, for every

n ∈ N, the term zn is chosen from (xn) or (yn), and since (xn) and (yn)

have only �nitely many common terms, and both sequences converge to the

same limit, the sequence (zn) contains in�nitely many terms of (xn) and

in�nitely many terms of (yn). As a result, (zn) contains a subsequence (znk
)

of (xn) and a subsequence (zmk
) of (yn).

As a strictly increasing sequence, (zn) either converges to a point of R
or diverges to positive in�nity. Since (zn) contains a subsequence of (xn),

which thus converges to c, it follows that (zn) also converges to c.

Since (zn) is strictly increasing and converges to c, it follows, by our ini-

tial assumption, that (f(zn)) converges. However, since (f(xn)) converges

to L1 and (f(yn)) converges to L2, the subsequences (f(znk
)) and (f(zmk

))

of (f(zn)) converge to L1 and L2, respectively, and in view of (3.3), the

sequence (f(zn)) diverges, which is a contradiction. □

Lemma 3.9. Let A be a subset of R, let f : A → R be a real function,

and let c be a cluster point of the intersection A
⋂
(c,∞). For every strictly

decreasing sequence (xn) in A that converges to c, if the sequence (f(xn))

of function values converges, then it converges to a �xed limit.

Proof. The proof is similar to that of Lemma 3.8 and will be omitted. □
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We can now state and prove the relaxed sequential criteria for one-sided

limits in terms of strictly monotone sequences.

Lemma 3.10 (Relaxed sequential criterion for left-hand limits in terms of

strictly increasing sequences). Let A be a subset of R, let f : A → R be a

real function, and let c be a cluster point of the intersection A
⋂
(−∞, c).

The left-hand limit of f at c exists if and only if for every strictly increasing

sequence (xn) in A that converges to c, the sequence (f(xn)) of function

values converges.

Proof. We assume that the left-hand limit of f at c exists. Let any strictly

increasing sequence (xn) in A that converges to c be given. By the sequential

criterion for left-hand limits in terms of strictly increasing sequences, the

sequence (f(xn)) converges to the left-hand limit of f at c; thus, (f(xn))

converges.

Now, we assume that for every strictly increasing sequence (xn) in A

that converges to c, the sequence (f(xn)) converges. By Lemma 3.8, the

sequence (f(xn)) converges to a �xed limit, say L. Next, by the sequential

criterion for left-hand limits in terms of strictly increasing sequences, the

left-hand limit of f at c is equal to L; thus, it exists. □

Lemma 3.11 (Relaxed sequential criterion for right-hand limits in terms

of strictly decreasing sequences). Let A be a subset of R, let f : A → R be a

real function, and let c be a cluster point of the intersection A
⋂
(c,∞). The

right-hand limit of f at c exists if and only if for every strictly decreasing

sequence (xn) in A that converges to c, the sequence (f(xn)) of function

values converges.

Proof. The proof is similar to that of the previous lemma and will be omit-

ted. □

As an application of the relaxed sequential criterion for left-hand limits

in terms of strictly increasing sequences and the relaxed sequential criterion

for right-hand limits in terms of strictly decreasing sequences, we will prove

the following lemma.

Lemma 3.12. Let I be an interval of R, let f : I → R be a real function,

and let c be an interior point of I. If f is monotone on I, then both one-sided

limits of f at c exist.
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Proof. Since c is an interior point of the interval I, there exists ε0 > 0

such that (c − ε0, c + ε0) ⊆ I. As a result, (c − ε0, c) ⊆ I
⋂
(−∞, c) and

(c, c+ε0) ⊆ I
⋂
(c,∞). As a result, c is a cluster point of both intersections,

and thus we can examine whether the one-sided limits of f at c exist.

We assume that f is monotone on I. As a result, f is increasing or

decreasing. We will examine the two cases separately.

First, we assume that f is increasing on I. Given any strictly increasing

sequence (xn) in I that converges to c, we have, for every n ∈ N, that
xn+1 > xn, and since f is assumed increasing, we have f(xn+1) ≥ f(xn),

whence the sequence (f(xn)) is increasing. Further, since (xn) is strictly

increasing and converges to c, we have, for every n ∈ N, that xn < c, and

since f is increasing, we have f(xn) ≤ f(c), whence the sequence (f(xn))

is bounded above. Next, since (f(xn)) is increasing and bounded above,

it follows, by the monotone convergence theorem, that (f(xn)) converges.

Now, by the relaxed sequential criterion for left-hand limits in terms of

strictly increasing sequences, we have that the left-hand limit of f at c

exists.

Next, given any strictly decreasing sequence (xn) in I that converges

to c, we have, for every n ∈ N, that xn+1 < xn, and since f is assumed

increasing, we have f(xn+1) ≤ f(xn), whence the sequence (f(xn)) is de-

creasing. Further, since (xn) is strictly decreasing and converges to c, we

have, for every n ∈ N, that xn > c, and since f is increasing, we have

f(xn) ≥ f(c), whence the sequence (f(xn)) is bounded below. Next, since

(f(xn)) is decreasing and bounded below, it follows, by the monotone con-

vergence theorem, that (f(xn)) converges. Now, by the relaxed sequential

criterion for right-hand limits in terms of strictly decreasing sequences, we

have that the right-hand limit of f at c exists.

We have thus shown that if f is increasing, then the one-sided limits of

f at c exist.

Next, we assume that f is decreasing on I. As a result, −f is increasing,

and as we showed, the one-sided limits of −f at c exist. By the properties

of function limits, the one-sided limits of f at c exist and are the opposites

of the one-sided limits of −f at c

We have thus shown that if f is decreasing, then the one-sided limits of

f at c exist. □
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Finally, we will use the sequential criterion for limits in terms of strictly

monotone sequences to reformulate and relax the sequential criterion for

continuity, which states the following.

Theorem 3.13 (Sequential criterion for continuity). Let A be a subset of

R, let c ∈ A, and let f : A → R be a real function. The function f is

continuous at c if and only if for every sequence (xn) in A that converges

to c, the sequence (f(xn)) of function values converges to f(c).

For the proof of the sequential criterion for continuity, the reader may

refer to [1] or [3].

If the point c is not a cluster point of the domain A of the function f ,

then there exists ε0 > 0 such that the open interval (c− ε0, c+ ε0) does not

contain points of A other than c, and since c is assumed to be a point of

A, the point c is an isolated point of A. As a result, for every ε > 0 there

exists δ = ε0 > 0 such that for every x ∈ A and |x− c| < ε0, we have x = c,

and thus |f(x) − f(c)| = 0 < ε, whence f is continuous at c. Besides, if c

is an isolated point of A, then for every sequence (xn) in A that converges

to c, only �nitely many terms of (xn) are not equal to c; otherwise, there

exists a subsequence (xnk
) of (xn) such that the distance of every term of

(xnk
) from c is at least equal to ε0. As a result, the subsequence (xnk

) does

not converge to c, and thus the parent sequence (xn) does not converge

to c, either, which is a contradiction. Consequently, the sequence (xn) is

eventually constant, with value c, and thus (f(xn)) is eventually constant,

too, with value f(c), and thus it converges to f(c).

For every cluster point of the domain A of the function f , the sequential

criterion for continuity can be relaxed by showing that for every sequence

(xn) in A that converges to c, if the sequence (f(xn)) converges, then it

converges to a �xed limit, and that limit is equal to f(c). For the proof of

this statement, the reader may refer to Lemma 1 in [7].

Lemma 3.14 (Sequential criterion for continuity in terms of strictly mono-

tone sequences). Let A be a subset of R, let f : A → R be a real function, let

c ∈ A, and let c be a cluster point of A. The function f is continuous at c

if and only if for every strictly monotone sequence (xn) in A that converges

to c, the sequence (f(xn)) of function values converges to f(c).

Proof. We assume that f is continuous at c. Given any strictly monotone

sequence (xn) in A that converges to c, we have, by the sequential criterion

for continuity, that the sequence (f(xn)) converges to f(c).
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Now, we assume that for every strictly monotone sequence (xn) in A

that converges to c, the sequence (f(xn)) converges to f(c). Also, c is a

cluster point of A. Hence, by the sequential criterion for limits in terms of

strictly monotone sequences, the limit of f at c is equal to f(c), and thus f

is continuous at c. □

Similarly to the sequential criterion for limits in terms of strictly mono-

tone sequences, the sequential criterion for continuity in terms of strictly

monotone sequences cannot be relaxed in the way that the sequential crite-

rion for continuity can as explained above. Again, this happens because the

statement �for every strictly monotone sequence (xn) in A that converges

to c, if the sequence (f(xn)) converges, then it converges to a �xed limit� is

false, and thus the statement �for every strictly monotone sequence (xn) in

A that converges to c, if the sequence (f(xn)) converges, then it converges

to a �xed limit, and that limit is equal to f(c)� is false, too. A counterex-

ample is the counterexample we used in the case of the sequential criterion

for limits in terms of strictly monotone sequences. Acknowledgement:

The author is grateful to the anonymous referee for providing a short proof

of Lemma 3.8, and for several useful suggestions that improved the paper.
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Abstract. Two new proofs of evaluations for a Ramanujan-type series

containing squared pochhammer symbols are presented.

1. Introduction and Preliminaries

The Legendre complete elliptic integral of the �rst kind K (t) of modulus

t is de�ned for real numbers 0 ≤ t < 1 by

K (t) =

∫ π/2

0

dθ√
1− t2 sin2θ

=
π

2
2F1

(
1
2 ,

1
2

1

∣∣∣∣∣ t2
)

=
π

2

∞∑
n=0

(
1
2

)2
n

(n!)2
t2n, (1.1)

where

2F1

[
a1, a2

b1

∣∣∣∣∣ λ
]
=

∞∑
n=0

(a1)n(a2)n
n!(b1)n

.λn, |λ| < 1,

is the classical Gaussian hypergeometric function, here

b1 /∈ {. . . ,−3,−2,−1, 0}, and (x)n is the Pochhammer symbol de�ned

as (x)0 = 1 for x ̸= 0, and (x)n =
∏n−1

k=0 (x+ k) = Γ(x + n)/Γ(x) for

n ∈ N = {1, 2, 3, . . .}, in which Γ (x) =
∫ +∞
0 ux−1e−udu (R(x) > 0) is the

classical Euler Gamma function (see [16, p. 9, �8] for example).

A Ramanujan-type series for 1/π is an identity of the following hyper-

geometric form:
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∞∑
n=0

zn
(1/2)n (s)n(1− s)n

n!3
(a(z) + b(z)n) =

c

π
, (1.2)

where s ∈ {1
2 ,

1
3 ,

1
4 ,

1
6}, the parameters z, a(z), b(z), c2 are real algebraic

numbers.

Toward the end of his well known 1914 paper �Modular equations and

approximations to π� [17](see also [2, Chap. 29]), Srinivasa Ramanujan sys-

tematically investigated seventeen rapidly converging series for 1/π of the

form (1.2) which he found using modular equations. The �rst three series

belong to the classical theory of elliptic functions, while the latter fourteen

series depend on Ramanujan's alternative theories of elliptic functions. The

following are two of them:

∞∑
n=0

(−1)n
(
1
2

)3
n

n!3
(4n+ 1) =

2

π
, (1.3)

∞∑
n=0

(
1
2

)3
n

(1)3n

(6n+ 1)

4n
=

4

π
. (1.4)

Formula (1.3)(also known as Bauer's series) was likely to have been

the �rst discovered series for 1/π of the form (1.2), proved in 1859 by the

German mathematician Gustav Conrad Bauer [1] via a Fourier�Legendre

(FL) expansion.

Bauer's series was also established in Isaac Todhunter's treatise [22,

p. 114]. Forty six years after the publication of [1], Formula (1.3) was re-

discovered in 1905 by James Whitbread Lee Glaisher [11] using elliptic

functions. This formula was recorded by Ramanujan in his �rst notebook

[18, Chap.XII, p. 92], second notebook [19, Chap.X, p. 118],[20, p. 122] and

was communicated in his �rst letter to Godfrey Harold Hardy [21, p. xxvi],

[3, Sect. V, eq. (3), p. 25], dated 16th January, 1913.

Formula (1.4) was proved rigorously in 1928 by Sarvadaman Chowla

[8],[9, p. 12]. However, Ramanujan's series looked enigmatic and were for-

gotten by the mathematical community until the brothers Jonathan Bor-

wein and Peter Borwein proved all of the seventeen Ramanujan series using

modular forms in their book [4, pp. 177-187]. In their subsequent papers

[5],[6], these authors further established several series for 1/π.



TWO NEW PROOFS FOR A RAMANUJAN-TYPE SERIES .... SYMBOLS 189

Further work has been accomplished using the Wilf-Zeilberger method

by Jesús Guillera in [12], [13] and [14]. Recently, there has been a growing

interest in searching for new Ramanujan-type series. In the recent article

[7], Hongwei Chen had discovered a variety of new Ramanujan-type series

including the following formula:

∞∑
n=0

(−1)n
(
1
2

)2
n

(1)2n
=

√
2Γ2

(
1
4

)
4π3/2

. (1.5)

The objective of the present paper is to provide two new proofs for the

formula (1.5). In contrast to [7], our �rst proof is based on the Wallis' inte-

gral formula. The second proof follows from the de�nition of the complete

elliptic integral of the �rst kind (1.1).

Note that all the three series (1.3), (1.4) and (1.5) contain the Pochham-

mer symbols which can be rewritten using the central binomial coe�cient(
1
2

)
n

(1)n
=

(
1
2

)
n

n!
=

1

22n

(
2n

n

)
.

We shall recall the de�nition of the lemniscate constant L from [10,

p. 420], de�ned by

L = 2

∫ 1

0

da√
1− a4

=
Γ2
(
1
4

)
2
√
2π

.

2. Two proofs for the Ramanujan-type series in (1.5)

2.1. The �rst proof.

In order to evaluate in closed form (1.5), we compile the following

lemma.

Lemma 2.1. The following equality holds:∫ π/2

0

dθ√
1 + cos2 θ

=

√
2Γ2

(
1
4

)
8
√
π

.

Proof. Enforcing the substitution a = cos θ so that da = −
√
1− a2 dθ gives,∫ π/2

0

dθ√
1 + cos2 θ

=

∫ 1

0

da√
1− a4

=
L

2
=

√
2Γ2

(
1
4

)
8
√
π

. □
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We can now begin evaluating (1.5) in closed form.

Theorem 2.2. The evaluation

∞∑
n=0

(−1)n
(
1
2

)2
n

(1)2n
=

√
2Γ2

(
1
4

)
4π3/2

,

holds true.

Proof. Invoking the Wallis' well-known integral formula, namely,

2

π

∫ π/2

0
(cos θ)2n dθ =

1

22n

(
2n

n

)
and the well-known generating function of the central binomial coe�-

cient,

∞∑
n=0

(
2n

n

)
kn =

1√
1− 4k

, |k| < 1

4
.

we have,

∞∑
n=0

(−1)n
(
1
2

)2
n

(1)2n
=

∞∑
n=0

(−1)n

24n

(
2n

n

)2

=

∞∑
n=0

(−1)n
(
2n
n

)
22n

((
2n
n

)
22n

)

=
∞∑
n=0

(−1)n
(
2n
n

)
22n

(
2

π

∫ π/2

0
(cos θ)2n dθ

)
.

By the dominated convergence theorem, we are allowed to switch the

order of the operators
∑∞

n=0 . and
∫ π/2
0 .dθ, giving us

∞∑
n=0

(−1)n
(
1
2

)2
n

(1)2n
=

2

π

[∫ π/2

0

( ∞∑
n=0

(
2n

n

)(
− cos2 θ

4

n))
dθ

]

=
2

π

(∫ π/2

0

1√
1 + cos2 θ

dθ

)

=
2

π

(√
2Γ2

(
1
4

)
8
√
π

)
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=

√
2Γ2

(
1
4

)
4π3/2

,

and the theorem is proved. □

2.2. The second proof.

The second proof of formula (1.5) is based on the de�nition of the com-

plete elliptic integral of the �rst kind (1.1).

We have

∞∑
n=0

(−1)n
(
1
2

)2
n

(1)2n
=

∞∑
n=0

(−1)n
(
1
2

)2
n

(n!)2

=
∞∑
n=0

(
1
2

)2
n

(√
−1
)2n

(n!)2

=
2

π
K
(√

−1
)
.

In their book [15, section 2.4, p. 69], Henry McKean and Victor Hugo

Moll had evaluated the following identity:

K
(√

−1
)
=

Γ2
(
1
4

)
4
√
2π

.

giving us that the following equality holds:

∞∑
n=0

(−1)n
(
1
2

)2
n

(1)2n
=

2

π

(
Γ2
(
1
4

)
4
√
2π

)
=

√
2Γ2

(
1
4

)
4π3/2

.

The proof is complete.
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A NOTE ON MAHLER'S THEOREM

APARNA TRIPATHI

(Received : 09 - 09 - 2024 ; Revised : 09 - 03 - 2025)

Abstract. For an irrational number α, it is well-known that the frac-

tional part of mα is dense in the interval (0, 1). This in particular

implies that an integral multiple of α captures a given digit in base b

at least once in its base b-representation. In 1973, K. Mahler proved

that some integral multiple of a given irrational number α captures a

given block of length n in base b in�nitely often. However, the inte-

ger in Mahler's result is existential and lies in an interval [1, 2bn+1].

In this short note, we explicitly �nd an interval I such that if X ∈ I

is an integer, then the given digit b0 in base b occurs in the fractional

part of {Xα} for a given irrational number α, under a mild assumption

depending on the inputs.

1. Introduction

It is less known about the digits or sequence of digits in the decimal rep-

resentation of a given irrational number like
√
2 or π. It is comparatively

easy to construct an irrational number such that in its decimal representa-

tion certain digits or blocks of digits do not occur. The well-known theorems

of Tchebychef, Kronecker, and Weyl imply that a given �nite string of dig-

its does occur at least once in the decimal representation of some integral

multiple of a given irrational number, as the fractional part of the integral

multiples of an irrational number is dense in the interval (0, 1).

In this theme, in 1974, K. Mahler [6] proved that if α is an irrational

number, written in base b for some integer b ≥ 2, and a given block B of

length n in base b, there exists an integer X with 1 ≤ X ≤ b2n+1 such

that the block B appears in the base b expansion of the fractional part of

Xα in�nitely often. There were improvements in the bounds on X (see [5]

2010 Mathematics Subject Classi�cation: 11K16
Key words and phrases: Borel's Conjecture, Mahler's Theorem, Normal numbers

© Indian Mathematical Society, 2025 .

194



A NOTE ON MAHLER'S THEOREM 195

and [8]). In 2017, N. K. Meher, K. Senthil Kumar and R. Thangadurai [7]

proved that if the block of 0's of length n and followed by a non-zero digit

occurs in the b-ary expansion of α with frequency ν, then the given block

B of length m (with 1 ≤ m ≤ n) occurs in the fractional part of Xα with

the frequency at least ν/bm+1. Here the frequency of a block B of length

n in base b expansion of α is de�ned to be lim
m→∞

N(α,B,m)

m
= ν, where

N(α,B,m) denotes the number of times the block B occurs in the �rst m

digits of the base b expansion of the fractional part of α.

In 2008, B. Adamczewski and N. Rampersad [2] proved that the binary

expansion of an algebraic irrational contains in�nitely many occurrences of

7/3 powers. Also, every algebraic irrational contains either in�nitely many

occurrences of squares or in�nitely many occurrences of one of the blocks

010 or 02120 in its ternary expansion.

In another direction, an important result was proved by B. Adamczewski

and Y. Bugeaud [1]. We denote the function P (α, b, n) to be the number of

distinct blocks of length n in base b which occurs at least once in the base

b expansion of α. Clearly, 1 ≤ P (α, b, n) ≤ bn. Then they proved that if α

is an algebraic irrational number, then

lim
n→∞

P (α, b, n)

n
= ∞.

In this article, we prove the following.

Theorem 1.1. Let b ≥ 6 be an integer. Let a and b0 be integers such

that 1 ≤ b0 < a ≤ b − 1 and a(a + 1) ≤ (a − b0)b. Let α ∈ (0, 1) be an

irrational number such that its base b representation is α =
∞∑
n=1

an
bn

where

an ∈ {0, 1, . . . , b − 1} with ah−1 = 0 and ah = a for some natural number

h ≥ 2. For any integer X ∈
[
bb0
a

,
b(b0 + 1)

a+ 1

)
, write the fractional part of

{Xα} in base b as {Xα} =

∞∑
n=1

zn
bn

. Then zh−1 = b0.

Note. For example: If we take a = 2, b0 = 1 for the interval I =[
bb0
a

,
b(b0 + 1)

a+ 1

)
, when b is odd, we have

b+ 1

2
,
b+ 3

2
, . . . ,

b+ 1

2
+

[
b

6

]
−1 ∈

I; whereas whenever b is even, the integers
b

2
,
b+ 2

2
, . . . ,

b

2
+

[
b

6

]
− 1 ∈ I.
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Here, for a given real number x, the symbol [x] de�nes the greatest integer

less than or equal to x.

An immediate corollary is as follows.

Corollary 1.2. Let b ≥ 6 be an integer. Let a and b0 be integers such that

1 ≤ b0 < a ≤ b− 1 and a(a+ 1) ≤ (a− b0)b. Let α ∈ (0, 1) be an irrational

number. Suppose the block 0a occurs in the base b representation of α with

frequency ν. Then the frequency of b0 occurring in the fractional part of Xα

is at least ν for all integer X ∈
[
bb0
a

,
b(b0 + 1)

a+ 1

)
.

2. Proof of Theorems 1.1

Given that α ∈ (0, 1) is an irrational number and written in base b as

0.a1a2 · · · an · · · . The block 0a appears in α with the frequency ν. Assume

that h1 < h2 < · · · < hn < · · · are the positions such that ahi−1 = 0 and

ahi
= a for each i = 1, 2, . . . and they determine the frequency ν. Let m be

any natural number such that ahm−1 = 0 and ahm = a. Let

sm =

hm−2∑
n=1

an
bn

and tm =
∞∑

n=hm

an
bn−hm+1

.

Then sm ∈ Q and tm is irrational such that tm ∈
[
a

b
,
a+ 1

b

)
.

Claim. Let I =

[
bb0
a

,
b(b0 + 1)

a+ 1

)
be the interval. Then any integer X ∈ I

satis�es [Xt] = b0 for all irrational numbers t lie in the interval

[
a

b
,
a+ 1

b

)
.

Given that b0 < a and the interval I =

[
bb0
a

,
b(b0 + 1)

a+ 1

)
. For any

irrational number t ∈
[
a

b
,
a+ 1

b

)
, we see that

bb0
a+ 1

<
b0
t
<

bb0
a

<
b(b0 + 1)

a+ 1
≤ b0 + 1

t
<

b(b0 + 1)

a
.

Therefore, if there is an integer X ∈ I, then X ∈
(
b0
t
,
b0 + 1

t

)
for every

irrational number t ∈
[
a

b
,
a+ 1

b

)
. Hence the integral part of Xt which is
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[Xt] = b0. Note that the length of the interval I is

b(b0 + 1)

a+ 1
− bb0

a
=

bb0a+ ba− bb0a− bb0
a(a+ 1)

=
b(a− b0)

a(a+ 1)
≥ 1,

by hypothesis. Hence, there exists an integerX ∈ I. Note that the assertion

is true for any integer Y ∈ I. This proves the claim.

Note that by the claim, any integer X ∈ I satis�es [Xt] = b0 for every

irrational number t ∈
[
a

b
,
a+ 1

b

)
. In particular, for tm, we have [Xtm] = b0.

We �x an integer X ∈ I.

Also note that

Xα = Xsm +
Xtm
bhm−1

= Xsm +
[Xtm] + {Xtm}

bhm−1
= Xsm +

b0
bhm−1

+
{Xtm}
bhm−1

.

Since X is an integer, we see that Xsm cannot give any carryover to the

digits in b0/b
hm−1 = [Xtm]/bhm−1, as the denominator of sm is at most

bhm−2. Therefore,

{Xα} =

hm−2∑
n=1

cn
bn

+
b0

bhm−1
+

{Xtm}
bhm−1

(2.1)

for some cj ∈ {0, 1, . . . , b− 1}.
For an integer r ̸= m, we follow the above procedure to get

{Xα} =

hr−2∑
n=1

dn
bn

+
b0

bhr−1
+

{Xtr}
bhr−1

(2.2)

for some dj ∈ {0, 1, . . . , b − 1}. Since Xα is an irrational number, it has a

unique expansion in base b. Therefore, by (2.1) and (2.2), we must have

{Xα} =

hr−2∑
n=1

dn
bn

+
b0

bhr−1
+

{Xtr}
bhr−1

=

hm−2∑
n=1

cn
bn

+
b0

bhm−1
+

{Xtm}
bhm−1

and each respective digit is the same. Thus, we conclude that if the base b

expansion of {Xα} is

{Xα} =

∞∑
n=1

zn
bn

then zhℓ−1 = b0 for each integer ℓ ≥ 1. Hence b0 occurs in {Xα} with the

frequency at least ν. Moreover, we see that the above procedure holds true

for any integer Y ∈ I. This proves the theorem. □
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Note. One observes that when b0 > a, we don't seem to have analogous

result as in the above claim.

3. Proof of Corollary 1.2

Let α =
∞∑
n=1

an
bn

be the base b representation of the given irrational

number α. Since the block B = 0a occurs in α with a frequency ν, we have

lim
m→∞

N(α,B,m)

m
= ν. (3.1)

Let X ∈
[
bb0
a

,
b(b0 + 1)

a+ 1

)
be a given integer. Then, we need to prove

lim
m→∞

N(Xα, b0,m)

m
≥ ν. (3.2)

Let ϵ > 0 be any given real number. Since the block B occurs in α with the

frequency ν, by (3.1), there exists a constant M0 such that

N(α,B,m) ≥ (ν − ϵ)m (3.3)

for every m ≥ M0. Take any integer m ≥ M0. By (3.3), in the �rst m digits

of the base b representation of α, the block B = 0a occurs in the positions

ahi
= 0 and ahi+1 = a for all i = 1, 2, . . . , ℓm where ℓm = [(ν − ϵ)m], the

integral part of (ν − ϵ)m. By Theorem 1.1, if we write {Xα} in base b

representation as {Xα} =

∞∑
n=1

cn
bn
, then we get

chi
= b0 for all i = 1, 2, . . . , ℓm.

Therefore, we get

N(Xα, b0,m) ≥ ℓm = [(ν − ϵ)m] ≥ (ν − ϵ)m− 1 = (ν − ϵ− 1/m)m.

This is true for all m ≥ M0. Therefore, we get

lim
m→∞

N(Xα, b0,m)

m
≥ lim

m→∞
(ν − ϵ− 1/m) = ν − ϵ

holds for any ϵ > 0. Therefore (3.2) holds true and proves the corollary.□
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USE OF AN EXPONENTIAL FUNCTION FOR

SOLVING CUBIC EQUATIONS

RAGHAVENDRA G. KULKARNI

(Received : 11 - 09 - 2024 ; Revised : 13 - 11 - 2024)

Abstract. A new method for solving cubic equations is presented in

this paper, wherein an exponential function is employed to determine

the three solutions of a cubic equation. A numerical example is solved

using the proposed method.

1. Introduction

The cubic equation was solved by the Italian mathematician Cardano

in 1545, and thereafter several methods of solving the cubic equation have

appeared in the literature, such as Viète's substitution method, Tschirnhaus

transformation method, Lagrange's method, Euler's method, and so on; for

more details on these methods one may see the literature [?, ?, ?, ?]. In

this paper another method is presented, wherein a substitution using an

exponential function is employed for solving the cubic equation.

2. The proposed method

Since a general cubic equation, x3 + Ax2 + Bx + C = 0, can be trans-

formed to a reduced cubic equation (with no second degree term) by using

a simple linear transformation, we consider here the following reduced cubic

equation in x, without loss of any generality,

x3 + ax+ b = 0, (2.1)

where a and b are the coe�cients in (1). For solving the cubic equation (1)

with the proposed method, we make the substitution,

x = def , (2.2)

2020 Mathematics Subject Classi�cation: 12E12
Key words and phrases: cubic equation, resolvent quadratic equation, hyperbolic sine
and cosine functions
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in (1) and obtain the following expression,

d3e3f + adef + b = 0. (2.3)

Note that d and f are the two unknown numbers. Use of the identity,

ef = cosh(f) + sinh(f), in (3) results in,

d3[cosh(3f) + sinh(3f)] + ad[cosh(f) + sinh(f)] + b = 0. (2.4)

We plan to obtain an expression in cosh(f) and its powers by eliminating

the hyperbolic sine functions from (4). For this purpose, we employ the

following identities,

sinh(3f) = [4 cosh2(f)− 1] sinh(f),

cosh(3f) = 4 cosh3(f)− 3 cosh(f),

sinh2(f) = cosh2(f)− 1,

(2.5)

in (4) and obtain the following expression after some algebraic manipula-

tions and rearrangement,

[4d3 cosh2(f) + ad− d3] sinh(f) =

−[4d3 cosh3(f) + (ad− 3d3) cosh(f) + b]. (2.6)

Next, the term sinh(f) appearing in (6) is eliminated using the relation,

sinh(f) = ±
√
cosh2(f)− 1, yielding two expressions as shown below.

[4d3 cosh2(f) + ad− d3]

√
cosh2(f)− 1

= ∓[4d3 cosh3(f) + (ad− 3d3) cosh(f) + b] (2.7)

However squaring (7) yields a single expression as shown below after some

simpli�cations,

8bd3 cosh3(f)+4ad4 cosh2(f)+2bd(a− 3d2) cosh(f)+ b2+ d2(a− d2)2 = 0.

We divide the above expression throughout by 8bd3 to obtain,

cosh3(f) + (ad/2b) cosh2(f) +[
(a− 3d2)/4d2

]
cosh(f) +

b2 + d2(a− d2)2

8bd3
= 0, (2.8)

and then rearrnge (8) as, [
cosh(f) + (ad/6b)

]3
+(

a− 3d2

4d2
− a2d2

12b2

)
cosh(f) =

a3d3

216b3
− b2 + d2(a− d2)2

8bd3
. (2.9)
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Notice that equating the coe�cient of cosh(f) in (9) to zero results in a

quadratic equation in d2 as shown below,

d4 + (9b2/a2)d2 − (3b2/a) = 0, (2.10)

which is known as resolvent quadratic equation; solving (10) determines two

values of d2 and thereafter four values of d as shown below.

d2 =
9b2

2a2

(
−1±

√
1 +

4a3

27b2

)
and d = ± 3b

a
√
2

√
−1±

√
1 +

4a3

27b2
(2.11)

For the values of d determined from (11), the expression (9) becomes a

perfect cube as shown below,[
cosh(f) + (ad/6b)

]3
= g3, (2.12)

where g3 is given by:

g3 =
a3d3

216b3
− b2 + d2(a− d2)2

8bd3
. (2.13)

Taking cube root of (12) yields three values of cosh(f) + (ad/6b) as shown

below,

cosh(f) + (ad/6b) = g, gw, gw2, (2.14)

where w = (−1+
√
3 i)/2, and g is the principal cube root of g3. From (14)

we determine three values of cosh(f) as,

cosh(f) = g − (ad/6b), gw − (ad/6b), gw2 − (ad/6b). (2.15)

Our next step is to determine ef , since x = def , see (2). Also, due to

the fact that ef = cosh(f) + sinh(f), and sinh(f) = ±
√
cosh2(f)− 1, we

obtain two values of sinh(f) for each value of cosh(f), and only one is the

true (or desired) value, and it appears this has to be found out by trial

and error method. Not really!!; we can determine the true value of sinh(f)

from expression (6); and thereafter determine the three values of ef . The

three solutions of the given cubic equation (1) are then determined using

the relation (2).

3. A numerical example

Let us solve one numerical example using the proposed method. Con-

sider the cubic equation,

x3 + 6x− 2 = 0.
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We determine two values of d2 and four values of d using (11) as: d2 = 1, −2

and d = ±1, ±
√
2 i. Let d = 1; using this in (13) we determine g3 as:

27/16, and obtain its principal cube root g as: 3/2 3
√
2. The three values

of cosh(f) are determined from (15) as: 1.690550788..., −0.095275394...+

1.031047227...i, and −0.095275394...− 1.031047227...i.

Next, the three true values of sinh(f) corresponding to the above values

of cosh(f) are determined from (6) as: −1.363070786..., −0.068464606...+

1.434806045...i, and −0.068464606... − 1.434806045...i. The three values

of ef are now determined using the relation, ef = cosh(f) + sinh(f), as:

0.327480002...,

−0.163740001...+ 2.465853272...i, and −0.163740001...− 2.465853272...i.

Since in this example d = 1, the three solutions of x3 + 6x − 2 = 0

are equal to the three values of ef shown above [due to x = def , see (2)].

Notice that any of the four values of d can be used to get the solutions of

the cubic equation. We invite the curious reader to solve the cubic equation

using the other values of d.

Concluding comments

In conclusion, this note has given a new method for solving the cubic

equation using an exponential function, which is further expanded as the

sum of hyperbolic sine and cosine functions. The hyperbolic sine functions

are eliminated using the relevent identities. Thereafter, the resulting cu-

bic equation in the hyperbolic cosine is transformed into a binomial cubic

equation in a novel fashion, which is then solved to get the three solutions

of the given cubic equation.
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NANDAN SAI DASIREDDY

(Received : 12 - 09 - 2024 ; Revised : 11 - 11 - 2024)

Abstract. On page 123 of his second notebook, Ramanujan recorded

the closed-form expression in terms of π and G, for the following hy-

pergeometric 3F2 (1) series, without o�ering a proof:

3F2

(
1
2
, 1
2
, 1
2

1, 3
2

∣∣∣∣∣ 1
)

:=

∞∑
n=0

(
2n
n

)2
24n (2n+ 1)

:=
4G

π
.

This formula had been proven previously using the substitution

method by Berndt(Ramanujan's Notebooks: Part II (1989) (New York:

Springer)). In this paper, with the aid of a de�nite integral formula

due to J.W.L. Glaisher and the Taylor series expansion of the complete

elliptic integral of the �rst kind, the author gives two new proofs of this

formula.

1. Introduction and the Main Result

In his second notebook [1, Chap.X, p. 123, entry 29. corollary 1], [2,

p. 127], Ramanujan recorded the closed-form expression for the following

hypergeometric 3F2 (1) series, without o�ering a proof:

3F2

(
1
2 ,

1
2 ,

1
2

1, 32

∣∣∣∣∣ 1
)

:=

∞∑
n=0

(
2n
n

)2
24n (2n+ 1)

:=
4G

π
. (1.1)

Berndt [3, Equation (29.3), p. 40] o�ered a relatively straight-forward

proof of (1.1) using the substitution method. Recently, Formula (1.1) was

listed and mentioned on page 81 in his MATHEMATICS STUDENT article

[8, Equation (65)] by Nimbran. An alternative proof of (1.1) was found in

2020 Mathematics Subject Classi�cation: Primary 40A25, 65B10, 33C75; Secondary
05A10
Key words and phrases: Hypergeometric series, Complete elliptic integral of the �rst
kind, Squared central binomial coe�cients, Catalan's constant, in�nite summation
formulas
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[4, Equation (2.4)] by Ferretti, Gambini and Ritelli. The main objective of

the present work is to provide two new proofs of the formula (1.1) mentioned

above.

The �rst proof of (1.1) is based on the Wallis' integral and the de�nite

integral formula due to J.W.L. Glaisher. The second proof follows from the

Taylor series expansion of the complete elliptic integral of the �rst kind.

Throughout this paper, the classical hypergeometric series of type for

rFs is de�ned by rFs

[
a1, a2, . . . , ar

b1, b2, . . . , bs

∣∣∣∣∣ z
]
=

∞∑
n=0

(a1)n(a2)n · · · (ar)n
n!(b1)n(b2)n · · · (bs)n

.zn,

where (a)n = a(a+ 1) · · · (a+ n− 1) is the Pochhammer symbol, K (r)

denotes the complete elliptic integral of the �rst kind, which is de�ned

on (0, 1) by K (r) =
π

2

(
2F1

(
1
2 ,

1
2

1

∣∣∣∣∣ r2
))

=

∫ π

2

0

dθ√
1− r2 sin2θ

,

(
2n

n

)
denotes the central binomial coe�cient, which is de�ned for n ≥ 1 by(
2n

n

)
=

(2n)!

(n!)2
and G denotes the Catalan's constant, which is de�ned

by G =
1

2

(
3F2

(
1
2 , 1, 1
3
2 ,

3
2

∣∣∣∣∣ 1
))

=
∞∑
n=0

(−1)n

(2n+ 1)2
.

The main result of this paper is the following theorem.

Theorem 1.1. (Ramanujan's Hypergeometric 3F2 (1) series).

The following identity holds:

∞∑
n=0

(
2n
n

)2
24n (2n+ 1)

=
4G

π
.

Proof. The �rst proof. For ease of understanding, we divide the proof

into two steps.

Step One: First, we evaluate the in�nite series involving the central

binomial coe�cient :
∞∑
n=0

(
2n
n

)
x2n

2n+ 1
.
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Invoking the well-known generating function of the central binomial

coe�cient,
∞∑
n=0

(
2n

n

)
kn =

1√
1− 4k

, |k| < 1

4
. we have,

∞∑
n=0

(
2n

n

)
x2n =

1√
1− 4x2

, |x| < 1

2
. (1.2)

Integrating both sides of (1.2) with respect to x with the limits from 0

to x by means of the power rule, we obtain,

∞∑
n=0

(
2n
n

)
x2n+1

2n+ 1
=

∫ x

0

1√
1− 4x2

dx. (1.3)

Making the change of variable t = 2x in the integral on the right side

of (1.3), so that dt = 2dx, gives,

∞∑
n=0

(
2n
n

)
x2n+1

2n+ 1
=

1

2

∫ 2x

0

1√
1− t2

dt =
1

2
sin−1 (2x) . (1.4)

Dividing by x on both sides of (1.4), we have that the following power

series formula holds true.

∞∑
n=0

(
2n
n

)
x2n

2n+ 1
=

1

2x
sin−1 (2x) .

Step Two: Second, we evaluate the required sum:
∞∑
n=0

(
2n
n

)2
24n (2n+ 1)

.

Invoking the Wallis' well-known integral formula, namely,

2

π

∫ π

2

0
(sin θ)2n dθ =

1

22n

(
2n

n

)
. we have,

∞∑
n=0

(
2n
n

)2
24n (2n+ 1)

=
∞∑
n=0

(
2n
n

)
22n (2n+ 1)

(
1

22n

(
2n

n

))

=
∞∑
n=0

(
2n
n

)
22n (2n+ 1)

 2

π

∫ π

2

0
(sin θ)2n dθ


=

2

π

∫ π

2

0

( ∞∑
n=0

(
2n
n

) (
sin θ
2

)2n
2n+ 1

)
dθ


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=
2

π

∫ π

2

0

sin−1 (sin θ)

sin θ
dθ


=

2

π

∫ π

2

0

θ

sin θ
dθ

 .

In his wonderful paper [5], J.W.L. Glaisher had evaluated the following

de�nite integral formula:

∫ π

2

0

θ

sin θ
dθ = 2G.

giving us that the following equality holds:

∞∑
n=0

(
2n
n

)2
24n (2n+ 1)

=
2

π
(2G) =

4G

π
.

The proof is complete.

The second proof. The second proof of formula (1.1) is based on

the Taylor series expansion

2

π
K (r) =

∞∑
n=0

(
2n
n

)2
r2n

42n
,

of the complete elliptic integral of the �rst kind [6, (3.127), p. 37].

We have

∞∑
n=0

(
2n
n

)2
24n (2n+ 1)

=
∞∑
n=0

(
2n
n

)2
24n

(∫ 1

0
r2ndr

)

=

∫ 1

0

( ∞∑
n=0

(
2n
n

)2
r2n

24n

)
dr

=
2

π

∫ 1

0
K (r) dr.

In his famous book [7, p. 32], François Le Lionnais had listed the fol-

lowing de�nite integral formula:
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∫ 1

0
K (r) dr = 2G.

giving us that the following equality holds:

∞∑
n=0

(
2n
n

)2
24n (2n+ 1)

=
2

π
(2G) =

4G

π
.

The proof is complete.

Here, in the �rst proof(Step Two) and in the second proof of Theo-

rem1.1, Bernstein's theorem [9, Thm. 9.30, p. 243] justi�es interchanging

the order of integration and summation because of the positivity of the

coe�cients.

□
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A NOTE ON ζ(2n) ∈ Q π2n

PEDRO RIBEIRO

(Received : 07 - 11 - 2024 ; Revised : 26 - 04 - 2025)

Abstract. In this note, our aim is to present a recursive proof of

Euler's famous formula for ζ(2n). Our proof uses the basics of complex

function theory and it is easily within the reach of any student taking

a �rst course on the subject.

1. Introduction

Over the past years, several new ways of proving Euler's astonishing

formula,

ζ (2n) =
(−1)n−1 (2π)2n

2(2n)!
B2n, (1.1)

have been considered. In (1.1), (Bn)n∈N denotes the sequence of Bernoulli

numbers, which are de�ned by the generating function

x

ex − 1
=

∞∑
n=0

Bn

n!
xn, |x| < 2π. (1.2)

It is not our intention to provide here a historical and exhaustive account

of the di�erent proofs of (1.1). For this, the reader is referred to Moreno's

paper [6] (see also [5] for the published version), where a comprehensive list

of references (mostly dealing with the case n = 1) is furnished. The reader

is also encouraged to read Ayoub's wonderful article [1].

In this note we indicate a short and simple proof of (1.1), which consists

in a generalization of a beautiful argument presented in Timothy Marshall's

paper on the Basel identity [4].

The main interest in our argument is that it contains very few com-

putations and it possesses the advantage of providing a particular case of

the Lipschitz summation formula, whose proof usually relies on the Poisson

summation formula. The proof here presented is, of course, far from being

2010 Mathematics Subject Classi�cation: 40C15, 40C99
Key words and phrases: Riemann zeta function, Basel problem
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elementary, because it uses the fact that the meromorphic functions on the

extended complex plane (or the Riemann sphere) are necessarily rational.

However, it only depends on a purely �functional� approach and does not re-

quire the usual calculations and algebraic manipulations that the standard

proofs involving Fourier analysis need.

Besides, in a standard college curriculum, the basic theory of complex

functions is often taught before any Fourier analysis course. Therefore, we

believe that our proof, although strongly in�uenced by Marshall's paper,

may be of interest to undergraduate students or university professors lec-

turing a �rst course in complex analysis.

2. The proof

To start, �x n ∈ N≥2, z ∈ C \ {0, 1} and let

Rn(z) =
∑
B

1

logn(z)
=
∑
k∈Z

1

(Log(z) + 2πik)n

=
∑
k ̸=0

1

(Log(z) + 2πik)n
+

1

Logn(z)
, (2.1)

where B denotes the set of branches of the logarithm function and Log(z)

denotes its principal branch. Since each complex number (di�erent from

0 or 1) has a neighborhood in which the branches of log(z) are analytic,

and since the series de�ning Rn(z) is absolutely and uniformly convergent

in any compact subset of C \ {0, 1}, Weierstrass' theorem assures us that

Rn(z) must be analytic in C \ {0, 1}. Moreover, our function Rn(z) has the

following additional properties:

• Rn(z) is given by an uniformly convergent series near z = 0. Since

each term of the series approaches zero as z tends to zero, then the

singularity located at z = 0 is removable and we may set Rn(0) = 0.

• The only remaining singularity of Rn(z) is a pole of order n at z = 1.

This pole comes from the principal branch of the logarithm, i.e., the

second term on the right-hand side of (2.1). Clearly,

lim
z→1

(z − 1)nRn(z) = 1. (2.2)

• From the fact that Rn(1/z) = (−1)nRn(z) and the singularity at

z = 0 is removable, Rn(z) is analytic at ∞ and Rn(∞) = 0. Thus,

Rn(z) is a meromorphic function on the extended complex plane,
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which means that it must be rational, say Rn(z) = Pn(z)/Qn(z)

[[8], p. 87, Thm. 3.4]. Moreover, by (2.2), Qn(z) = (z − 1)n and

Pn(1) = 1. Finally, since Rn(0) = Rn(∞) = 0, the degree of Pn(z)

is at most n− 1 and Pn(0) = 0, which implies that

Rn(z) =
Pn(z)

(z − 1)n
=

∑n−1
k=1 ak z

k

(z − 1)n
. (2.3)

• Since the series consisting of the di�erentiated terms of (2.1) is uni-

formly convergent away from z = 1, termwise di�erentiation of (2.1)

is allowed and so we can simply deduce the recursive relation

Rn+1(z) = − z

n
R′

n(z). (2.4)

In the next few items we check the steps just described for particular values

of n. On the last item we provide the necessary tools to complete the proof

of (1.1) for every n ∈ N.

(1) for n = 2, we conclude by the previous observations that P2(z) = cz,

for some c ̸= 0. By (2.2), we know that P2(1) = 1, which means

that c = 1. Therefore,

R2(z) =
z

(z − 1)2
. (2.5)

Setting z = e2πiw in (2.5) (as Marshall does in his paper [4]), one is

able to obtain

π2

sin2(πw)
=
∑
k∈Z

1

(k + w)2
,

from which it follows that ζ(2) = π2

6 , once we take w = 1
2 . Note

that this can be also derived if we set z = −1 = eiπ in (2.5) and

(2.1).

(2) By (2.3), we know that R3(z) = P3(z)/(z− 1)3, for a polynomial of

degree 2, P3(z). Since P3(0) = 0 and R3(1/z) = −R3(z), we have

that P3(−1) = 0 as well. Thus P3(z) = c(z2 + z) for some c ̸= 0.

Using again (2.2), we can deduce that c = 1
2 , proving that

R3(z) =
1

2

z2 + z

(z − 1)3
. (2.6)
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Thus, for z = e2πiw,

R3

(
e2πiw

)
:=

i

8π3

∑
k∈Z

1

(k + w)3
= i

cos(πw)

8 sin3(πw)
,

from which we conclude that∑
k∈Z

1

(k + w)3
=

π3 cos(πw)

sin3(πw)
.

By taking w = 1
4 in the previous equality, we are able to get the

well-known Eulerian result∑
k∈Z

1

(4k + 1)3
=

∞∑
n=1

(−1)n−1

(2n− 1)3
:= L(3, χ4) =

π3

32
,

which usually has the cost of a �rst course on Fourier analysis (com-

pare this with the proof in [2])! Another way of getting this identity

is by setting z = i = ei
π
2 in (2.6) and (2.1).

(3) The case n = 4 can be explicitly deduced from (2.6) together with

the recursion formula (2.4). Routine calculations give

R4(z) =
z3 + 4z2 + z

6(z − 1)4
. (2.7)

Setting z = e2πiw in (2.7) and (2.1) shows that∑
k∈Z

1

(k + w)4
=

16π4
(
1 + 2 cos2(πw)

)
3 sin(πw)

, (2.8)

from which it follows that

ζ(4) =
π4

90
,

once we take the particular case w = 1
2 in (2.8) (it also follows from

taking z = −1 in (2.7) and (2.1)).

(4) We can �nd an explicit expression for R5(z) if we once again use

(2.4). Applying this formula yields

R5(z) =
z4 + 11z3 + 11z + 1

24(z − 1)5

=⇒
∑
k∈Z

1

(k + w)5
=

π5 (cos(3πw) + 11 cos(πw))

12 sin5(πw)
. (2.9)
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Taking w = 1
4 in (2.9) (or z = i in (2.9) and (2.1)) yields the

interesting identity∑
k∈Z

1

(4k + 1)5
=

∞∑
n=1

(−1)n−1

(2n− 1)5
:= L(5, χ4) =

5π5

1536
.

(5) As the previous items suggest, the general case can be dealt with via

the recursive relation Rn+1(z) = − z
n R′

n(z), (2.4), which ultimately

reduces to

Rn(z) =
(−1)n

(n− 1)!

(
z

d

dz

)n−2( z

(1− z)2

)
.

In fact, one can prove by induction that

R2n(z) =
1

(2n− 1)!(1− z)2n

2n−2∑
k=0

A(2n− 1, k) z2n−1−k, (2.10)

where the numbers A(m, k) are explicitly given by

A(m, k) =

k∑
j=0

(−1)j

(
m+ 1

j

)
(k + 1− j)m.

Any reader familiar with combinatorics recognizes A(m, k) as the

Eulerian numbers. Replacing z = −1 = eiπ in (2.10) and (2.1) gives

the formula

− 1

22n(2n− 1)!

2n−2∑
k=0

A(2n− 1, k) (−1)k

=
(−1)n

π2n

∑
k ̸=0

1

(2k + 1)2n
+

(−1)n

π2n

=
2(−1)n

π2n

∞∑
k=1

1

(2k − 1)2n

=
2(−1)n

π2n

(
1− 1

22n

)
ζ(2n),

which proves

ζ(2n) =
(−1)n−1π2n

2(2n− 1)! (22n − 1)

2n−2∑
k=0

(−1)kA(2n− 1, k).
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The proof of (1.1) now follows once we establish a connection be-

tween the Eulerian and Bernoulli numbers. The study of their con-

nection probably goes back to Euler himself, and one has the relation

2n−2∑
k=0

(−1)kA(2n− 1, k) =
22n−1(22n − 1)B2n

n
,

which can be easily proved through the generating function for

A(m, k),

∞∑
m=0

xm

m!

m−1∑
k=0

(−1)kA(m, k) =
2

1 + e−2x
,

and by directly comparing it with (1.2). A similar argument can be

made for R2n−1(z) and the evaluation of R2n−1(z) at z = i results

in a new proof of Euler's identity for L(2n− 1, χ4).

Remark 2.1. Any reader who is a bit familiar with special functions recog-

nizes the rational functions Rn(z) as particular values of the polylogarithm

function, Rn+1(z) =
1
n! Li−n(z). It is not di�cult to see that the argument

above can be used to prove the following formula, valid for n ≥ 2,∑
k∈Z

1

(k + w)n
=

(−1)n (2πi)n

(n− 1)!

∞∑
k=1

kn−1e2πikw, Im(w) > 0. (2.11)

We note that (2.11) is usually deduced from the Poisson summation formula

or presented as a particular case of a more general identity, the Lipschitz

summation formula, which in its turn appears in some quick proofs of the

�functional equation� for Hurwitz's ζ-function [3]. Our point in this �nal

remark is to highlight that, by only relying on pure thought and a char-

acterization theorem for meromorphic functions, one can prove laborious

formulas like (2.11).
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