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REMEMBERING THE LEGACY OF
PROFESSOR J. R. PATADIA:

A PILLAR OF DEDICATION TO THE IMS

PROF. M. M. SHIKARE

Prof. J. R. Patadia

In memoriam of the late Professor J. R.
Patadia, esteemed former faculty member
at Maharaj Sayajirao University, Vado-
dara, Gujarat, and former Editor-in-Chief
of The Mathematics Student, it is with
heavy hearts that we acknowledge his pass-
ing on November 1, 2023, after battling ill-
ness. I had the privilege of hosting Prof.
Patadia and his daughter at my home in
Pune back in June 2023, where we shared
pleasant conversations on various familial
and IMS-related matters. His vitality during our meeting gave no indica-
tion of the forthcoming loss we would all mourn. As a tribute to his memory,
I reflect on his profound contributions to the Indian Mathematical Society
(IMS).

Among his myriad achievements, Prof. Patadia’s stewardship as Editor-
in-Chief of The Mathematics Student and his instrumental role in develop-
ing and maintaining the IMS website stand out. Assuming the editorship
in 2004, he dedicated 15 years to this role, despite initial reluctance. Prof.
Patadia inherited a publication in disarray, epitomized by the disconcerting
delay in releasing volumes; however, through his relentless efforts, including
addressing copyright hurdles and transitioning to online publishing, he not
only cleared the backlog but also ensured timely releases. The arduous task
of typesetting, once outsourced, became his personal endeavor, showcasing
his dedication to the cause. His selfless act of reimbursing the IMS for his
typesetting services underscores his commitment.

1



2 PROF. M. M. SHIKARE

Prof. Patadia’s editorial acumen was not confined to logistics but ex-
tended to enhancing the scholarly quality of The Mathematics Student.
His discerning decision to discontinue abstracts of conference papers ele-
vated the journal’s stature as a research publication, a sentiment echoed
by esteemed mathematicians like Professor Bruce Berndt. Under his guid-
ance, the journal’s format evolved into a model of international standards,
featuring distinct sections catering to various academic interests.

His tireless advocacy for IMS extended beyond print to digital realms,
exemplified by his pivotal role in securing recognition for The Mathematics
Student in esteemed databases like SCOPUS. Moreover, his meticulous cu-
ration of the IMS website, featuring historical archives and vital updates,
ensures his legacy endures.

Outside his professional endeavors, Prof. Patadia’s unwavering pursuit
of justice, as exemplified by his protracted legal battle for teachers’ rights,
speaks volumes of his character. Even in the face of personal adversity, his
altruism shone through, epitomized by his generous donation to the IMS
amid unresolved pension disputes.

In honoring Prof. Patadia’s memory, we acknowledge the profound loss
to the IMS community. His refusal of a dedicated volume in his honor
epitomizes his humility and underscores his legacy as a cherished friend,
esteemed office-bearer, and unwavering supporter of the IMS.

May his soul find eternal peace.

Prof. M. M. Shikare, General Secretary, IMS,
Emeritus Professor, JSPM University Pune.
mmshikare@gmail.com
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A KDV-TYPE EQUATION : LAX PAIR AND
TRAVELLING WAVE SOLUTION

R. RANGARAJAN AND BHARATHA K.

(Received : 13 - 08 - 2021 ; Revised : 02 - 02 - 2023)

Abstract. In the present paper, a KdV-type equation is derived with
the help of scaling technique applied to the dependent variable as well
as the Lax pair of the KdV equation. The equation is shown to ad-
mit a Miura-type transformation which yields an m-KdV-type equa-
tion. Standard travelling wave solution is obtained by direct integration
method as well as Adomian decomposition series method. Also lines
on which nonlinear and dispersive terms get equated are computed.

1. Introduction

KdV equation is one of the model equations well studied in the
field of Partial Differential Equations, Nonlinear Dynamics and their appli-
cations. For more details please refer [1, 2, 5, 7, 8, 12]. The KdV equation

∂u

∂t
− 6u

∂u

∂x
+
∂3u

∂x3
= 0 (1.1)

is an integrable equation with the standard Lax pair:

L =
∂2

∂x2
− uI and M = −4 ∂

3

∂x3
+ 6u

∂

∂x
+ 3

∂u

∂x
I, (1.2)

where I is the identity operator.
The equation can be derived in the form

∂L

∂t
+ (LM −ML) = 0,

where one has to make use of the expansion

∂

∂x
× (f(x, t)I) = f(x, t)

∂

∂x
+
∂f

∂x
I.

2010 Mathematics Subject Classification: 35C07, 35C10, 35Q53
Key words and phrases: KdV-type equation, travelling wave solution, the Adomian
decomposition series

© Indian Mathematical Society, 2024 .
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4 R. RANGARAJAN AND BHARATHA K.

For more details on Lax pair please refer [6, 9].

It is well known result that the Miura transformation [10] u = v2 +
∂v

∂x
when applied to KdV equation

∂u

∂t
− 6u

∂u

∂x
+
∂3u

∂x3
= 0, yields

2v

[
∂v

∂t
− 6v2

∂v

∂x
+
∂3v

∂x3

]
+

∂

∂x

[
∂v

∂t
− 6v2

∂v

∂x
+
∂3v

∂x3

]
= 0.

The modified equation is called mKdV equation.
Given an evolution equation, which is a typical nonlinear PDE of the

form
∂u

∂t
+ F

(
u,
∂u

∂x
,
∂2u

∂x2
,
∂3u

∂x3
, · · ·

)
= 0,

the travelling wave solution is given by

u(x, t) = U(z), z = x− ct, c > 0,

where c is called velocity of the wave. The term U(z) can be computed as
exact or approximate solution of the corresponding nonlinear ODE. There
are many travelling wave solutions such as solitary waves, kinks, periodic
waves, compactons and so on. For more details please refer [12].

Adomian decomposition series guided by linear and nonlinear terms of a
differential or integral equation provides a lot of flexibility to use series with
powers of well known elementary functions such as identity function, expo-
nential function and so on. Many times it is more simpler than Maclaurin
series. For more details please refer [3, 4, 11, 12].

In the present paper, section 2 mainly has the following results:

Theorem 1.1. The KdV-type equation

∂u

∂t
− 3

2
αu

∂u

∂x
+
β

4

∂3u

∂x3
= 0 (1.3)

has Lax pair

L =
∂2

∂x2
− α

β
uI and M = −β ∂3

∂x3
+

3

2
αu

∂

∂x
+

3

4
α
∂u

∂x
I, (1.4)

where α, β are non-zero real parameters.

Corollary 1.2. For α = β = 4 in the Theorem 1.1, one gets back the
original KdV equation (1.1) and its Lax pair (1.2).
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Theorem 1.3. The Miura-type transformation u =
β

α

(
v2 +

∂v

∂x

)
trans-

forms KdV-type equation (1.3) into mKdV-type equation

∂v

∂t
− 3

2
βv2

∂v

∂x
+
β

4

∂3v

∂x3
= 0, (1.5)

where α, β are non-zero real parameters.

By employing direct integration in section 3, the exact solitary wave
solutions are derived for KdV-type equation (1.3) as well as mKdV-type
equation (1.5). In section 4, hypergeometric expansions of solutions of (1.3)
and (1.5) equations are obtained. In the ensuing section, Adomian decom-
position technique is applied to derive solutions in the series form for both
(1.3) and (1.5). In the concluding section, balancing of nonlinear terms with
dispersive terms are discussed.

2. Proofs of the Main Theorems

In order to do scaling manipulations, it is convenient to take the depen-
dent variable ũ and the Lax pair (L̃, M̃) so that the KdV equation

∂ũ

∂t
− 6ũ

∂ũ

∂x
+
∂3ũ

∂x3
= 0

has the Lax-Pair

L̃ =
∂2

∂x2
− ũI and

M̃ = −4 ∂
3

∂x3
+ 6ũ

∂

∂x
+ 3

∂ũ

∂x
I.

The scalings u = kũ, L = lL̃ and M = mM̃ where k, l,m are nonzero real
parameters help to derive a KdV-type equations as follows:

L = l
∂2

∂x2
− kluI,

M = −4m ∂3

∂x3
+ 6kmu

∂

∂x
+ 3km

∂u

∂x
I,

∂L

∂t
= −kl∂u

∂t
I,

LM = lm

[
−4 ∂

5

∂x5
+ 10ku

∂3

∂x3
+ 15k

∂u

∂x

∂2

∂x2
+ 12k

∂2u

∂x2
∂

∂x
− 6k2u2

∂

∂x

]
+ klm

[
3
∂3u

∂x3
− 3ku

∂u

∂x

]
,
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ML = ml

[
−4 ∂

5

∂x5
+ 10ku

∂3

∂x3
+ 15k

∂u

∂x

∂2

∂x2
+ 12k

∂2u

∂x2
∂

∂x
− 6k2u2

∂

∂x

]
+mlk

[
4
∂3u

∂x3
− 9ku

∂u

∂x

]
,

and
∂L

∂t
+ (LM −ML) = 0 yields

∂u

∂t
− 6mku

∂u

∂x
+m

∂3u

∂x3
= 0. (2.1)

By taking α = 4mk and β = 4m in (2.1), we have proved Theorem 1.1.
As a special case, for α = β = 4 one gets back the original KdV equation,
which proves Corollary 1.2.

The derived KdV-type equation admits a Miura-type transformation

u =
β

α

(
v2 +

∂v

∂x

)
.

It transforms the KdV-type equation (1.3)
∂u

∂t
− 3

2
αu

∂u

∂x
+
β

4

∂3u

∂x3
= 0 into

β

α
(2v)

[
∂v

∂t
− 3

2
βv2

∂v

∂x
+
β

4

∂3v

∂x3

]
+
β

α

∂

∂x

[
∂v

∂t
− 3

2
βv2

∂v

∂x
+
β

4

∂3v

∂x3

]
= 0.

Hence the resulting mKdV-type equation (1.5) is

∂v

∂t
− 3

2
βv2

∂v

∂x
+
β

4

∂3v

∂x3
= 0,

which proves Theorem 1.3.

3. Travelling Wave Solution

There are many methods available in the literature to derive travelling
wave solutions of KdV and mKdV equations [1, 2, 5, 7, 8, 12].

3.1. KdV-type equation. Following direct integration method, the KdV-
type equation (1.3)

∂u

∂t
− 3

2
αu

∂u

∂x
+
β

4

∂3u

∂x3
= 0

transforms into
β

4

(
dU

dz

)2

= U2
(
c+

α

2
U
)

when applied to the transformation u(x, t) = U(z), z = x − ct, c > 0 and
setting the arbitrary integration constants to zero.
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Case 1 α > 0, β > 0: Final equation reduces to
dU

dz
=

√
2α

β
U

√
2c

α
+ U.

The change of variable U =
−2c
α

sech2(V ) readily gives the solution

U =
−2c
α

sech2
(√

c

β
z

)
.

Case 2 α < 0, β > 0 : The final equation reduces to
dU

dz
=

√
2|α|
β

√
2c

|α|
− U .

Again, by the change of variable U =
2c

|α|
sech2(V ) readily gives the solution

U =
2c

|α|
sech2

(√
c

β
z

)
.

Case 3 β < 0, α > 0: Writing β = −|β| and changing U to (−V ), one can
recast the final form

dV

dz
=

√
2α

|β|
V

√
V − 2c

α
.

The change of variable V =
2c

α
sec2(U) readily gives the solution

U = −2c

α
sec2

(√
c

|β|
z

)
.

Case 4 β < 0, α < 0: The final form of the equation is

dU

dz
=

√
2|α|
|β|

U

√
U − 2c

|α|

and the solution is
U =

2c

|α|
sec2

(√
c

|β|
z

)
.

By observing sec(x) = sech(ix), i =
√
−1 one may express all the four

cases simply as

U =
−2c
|α|

sech2
(√

c

β
z

)
, α 6= 0, β 6= 0.

3.2. mKdV-type equation. The standard application of the transforma-
tion

u(x, t) = V (z), z = x− ct, c > 0
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to the mKdV-type equation (1.5)

∂v

∂t
− 3

2
βv2

∂v

∂x
+
β

4

∂3v

∂x3
= 0

yields the corresponding ODE

−cdV
dz
− 3

2
βV 2dV

dz
+
β

4

d3V

dz3
= 0.

Following standard integration method and setting arbitrary integration
constants to zero, one can finally obtain(

dV

dz

)2

= V 2

[
4c

β
+ V 2

]
.

Case 1 β > 0: put V = iW, i =
√
−1.

The equation simplifies to

dW

dz
=W

√
4c

β
−W 2.

The change of variable W =

√
4c

β
sech(s) and it has the solution

z = −
√
β

4c
s, which gives

W (z) =

√
4c

β
sech

(√
4c

β
z

)
.

Case 2 β < 0: put V (z) =W (iz), i =
√
−1.

The equation simplifies to

dW

dz
=W

√
4c

|β|
−W 2

and its solution is

W (iz) =

√
4c

|β|
sech

(
i

√
4c

|β|
z

)

=

√
4c

|β|
sech

(√
4c

β
z

)
.

Hence in both the cases, the final solution is

V (z) = i

√
4c

β
sech

(√
4c

β
z

)
.
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4. Hypergeometric expansions of solutions of KdV-type and
mKdV-type equations

By looking at same form in all the four cases of KdV-type equation (1.3)
it is enough to work with Case 1, namely α > 0 and β > 0. Similarly, it is
enough to work with β > 0 for mKdV-type equation (1.5).

4.1. KdV-type equation. By writing

U(z) = −2βk2

α
sech2

(
k

2
z

)
;

where k = 2

√
c

β
, one can express

U(z) =


−2βk2

α

e−kz

(1 + e−kz)2
; if z ≥ 0

−2βk2

α

ekz

(1 + ekz)2
; if z ≤ 0

=
−2βk2

α

e−k|z|

(1 + e−k|z|)2
.

Put ξ = e−k|z| and note that 0 < ξ < 1.

U(ξ) = −2βk2

α
[ξ − 2ξ2 + 3ξ3 − 4ξ4 + · · · ]

= −2βk2

α
ξ 2F1(2, 1; 1;−ξ)

where 2F1(α, β; γ; z) = 1 +
∞∑
n=1

(α)n(β)n
(γ)n

zn

n!
with (a)n = a(a + 1) · · · (a +

n− 1), a = α, β, γ, |z| < 1 is the standard Gauss Hypergeometric series.

4.2. mKdV-type Equation. Similarly, for β > 0

W (z) = |V (z)| = k sech(kz)

= 2k
e−k|z|

1 + (e−k|z|)2

= 2k [ξ − ξ3 + ξ5 −+ · · · ]

= 2kξ 2F1(1, 1; 1;−ξ2),

where ξ = e−k|z|, k = 2

√
c

β
and 0 < ξ < 1.
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5. Adomian Decomposition Series Method

5.1. KdV-type equation. For executing the method for KdV-type equa-
tion (1.3) the suitable nonlinear equation is

d2U

dz2
= k2U + 3

α

β
U2;

k = 2

√
c

β
, α > 0, β > 0, o < z <∞, U(0) = − β

2α
k2, U(∞) = 0.

The Adomian decomposition series is

U = U0 + U1 + U2 + · · ·+ Un + · · ·

where
d2U0

dz2
− k2U0 = 0,

d2Un

dz2
− k2Un − 3

α

β

n−1∑
m=0

UmUn−1−m = 0, n = 1, 2, 3, . . .

Choose U0 = −2
β

α
k2e−kz and U1 = 4

β

α
k2e−2kz.

Let us assume that Um = (−1)m(m+1)

(
−2β

α
k2
)
e−(m+1)kz and work-

out the major step of principle of mathematical induction.

Consider
d2Um+1

dz2
− k2Um+1 − 3

α

β

m∑
l=0

UlUm−l = 0.

By choosing Um+1 = am+1 e
−(m+2)kz,we have

am+1[(m+ 2)2 − 1] =(−1)m+16

(
−2β

α

)
k2

[
m∑
i=0

(l + 1)(m+ 1− l)

]

=(−1)m+1

(
−2β

α
k2
)
6

[
m2(m+ 1)

2
+ (m+ 1)2

− m(m+ 1(2m+ 1))

6

]
=(−1)m+1

(
−2β

α
k2
)
(m+ 1)(m+ 2)(m+ 3)

Hence

am+1 =(−1)m+1

(
−2β

α
k2
)
(m+ 2)
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and

U(z) =

(
−2β

α
k2
)
e−kz

∞∑
n=0

(−1)n(n+ 1)e−(n+1)kz

=− β

2α
k2 sech2

(
k

2
z

)
, which is the desired solution.

5.2. mKdV-type Equation. For solving mKdV-type equation (1.5) by
Adomian decomposition series method, the convenient ODE is

d2W

dz2
−k2W+2W 3 = 0, k = 2

√
c

β
, β > 0, 0 < z <∞, W (0) = k, W (∞) = 0.

The Adomian series W = W0 +W1 + · · · +Wn + · · · decomposes into the
following equations :

d2W0

dz2
− k2W0 = 0

d2Wn

dz2
− k2Wn + 2

n−1∑
j=0

Wl

 l∑
j=0

WjWn−1−l−j

 = 0, n = 1, 2, 3, . . .

Choose W0 = 2ke−kz and W1 = −2ke−3kz. Let us assume that Wm =

(−1)m 2k e−(2m+1)kz and workout the major steps of principle of mathe-
matical induction.

d2Wm+1

dz2
− k2Wm+1 + 2

m∑
i=0

Wl

 l∑
j=0

WjWm−l−j

 = 0.

Choose Wm+1 = am+1 e
−(2m+3)kz then

am+1[(2m+ 3)2 − 1] =(−1)m+1(2k) 8
m∑
l=0

(l + 1)

=(−1)m+1(2k) 4(m+ 1)(m+ 2).

Hence, am+1 =(−1)m+12k and

W =2ke−kz
∞∑
n=0

(e−2kz)n

=k sech(kz), which is the desired solution.
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6. Balancing property of travelling wave solutions

6.1. KdV-type equation. Consider the travelling wave solution of the
KdV-type equation (1.3)

U(z) = − 2c

|α|
sech2

√
c

β
z, α 6= 0, β 6= 0

which satisfies the following two relations:

β

4

(
U
dU

dz

)2

= U4
[
c+

α

2
U
]

and
β3

64

(
d3U

dz3

)2

= U2[c+
3

2
αU ]2[c+

α

2
U ].

As a result, (
U
dU

dz

)2

=

(
d3U

dz3

)2

whenever,

β2

16
U4[c+

α

2
U ] = U2[c+

3

2
αU ]2[c+

α

2
U ]

That is,

U = 0, U =
−2c
α

or
β2

16
U2 = [c+

3

2
αU ]2.

Hence (
U
dU

dz

)2

=

(
d3U

dz3

)2

is possible in the following cases :

i) z = 0

ii) β > 0, z = ±∞

iii) 0 < |β| < 6c and z = sech−1
√

2|α|
6c∓ β

6.2. mKdV-type equation. Consider the travelling wave solution of mKdV-
type equation (1.5)

W (z) = k sech(kz), k = 2

√
c

β
, β > 0

which satisfies two important relations(
W 2dW

dz

)2

=W 6(k2 −W 2)

and
(
d3W

dz3

)2

=
(
k2 − 6W 2

)2
W 2(k2 −W 2).
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It is straight forward to deduce that(
W 2dW

dz

)2

=

(
d3W

dz3

)2

,which is possible whenever

z = 0, ±∞, 1

k
sech−1

1√
5
or

1

k
sech−1

1√
7
.

In conclusion, the paper demonstrates that all the standard results of
KdV and mKdV equations are passed on to KdV-type and mKdV-type
equations, respectively in a nontrivial manner.
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ON GOSPER’S ACCELERATED SERIES FOR π

AMRIK SINGH NIMBRAN

(Received : 24 - 11 - 2021 ; Revised : 22 - 06 - 2022)

Abstract. This paper gives alternative derivation of Gosper’s accel-
erated series for π obtained by him via transformation of slow series.
Binomial expansions and Euler’s beta function are used for this.

1. Introduction

1.1. Background. The circular solar disc, the full moon and the semi-
circular rainbow must have fascinated our ancient ancestors. Pythagoras
considered circle as the most perfect of all plane figures. Circularity also
had practical applications. The invention of the wheel stimulated the ad-
vance of civilization. Circle is defined as a plane figure enclosed by a curved
line every point on which is equidistant from some fixed interior point. The
line forming the edge of a circle is called its circumference (C), the common
distance the radius (r), and the fixed point the centre. Any straight-line
passing through the centre and joining two points on the circumference is
called a diameter (D) of the circle. Numerical estimates of the ratio C

D

found in the records of most ancient civilizations (3 in the Old Testament
of the Bible, 31

8 in Babylon, 313
81 in Egypt) point to an early realization

that C
D is constant irrespective of the circle’s size. It is proved in Euclid’s

Elements (Bk. XII, Prop. 2): Circles are to one another as the squares on
(their) diameters. The ratio is denoted by the Greek letter π, introduced
(most likely as an abbreviation for ‘perimeter’ of circle with unit diame-
ter) by William Jones in his Synopsis Palmariorum Matheseos: or, a New
Introduction to the Mathematics (1706). The notation became a standard
symbol once adopted by Euler in his paper Variae observationes circa series
infinitas (1744) and his book Introductio in Analysin Infinitorum (1748).

2010 Mathematics Subject Classification: 11Y60, 33B15, 40A25, 65B10
Key words and phrases: Gosper’s Pi series, convergence acceleration, Beta function

© Indian Mathematical Society, 2024 .
14
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It is not known how the ancients estimated the value of π. Archimedes
(287–212 BC) demonstrated rigorously, by means of Eudoxus’ method of
exhaustion using an inscribed regular polygon and a circumscribing polygon,
that 310

71 < π < 31
7 . Afterward, mathematicians used polygons with more

sides to refine Archimedes’ calculations. The method remained in vogue
until the discovery (around 1670) of the series for the inverse sine function
by Isaac Newton (1642–1727) and for the arctangent function by James
Gregory (1638–1675) which revolutionized the process of computing π.

1.2. Two examples of transformed series. G. W. Leibniz (1646–1716)
discovered in 1673 an alternating series that provided a practical tool to
approximate π.

π

4
= 1− 1

3
+

1

5
− 1

7
+

1

9
− 1

11
+− · · · . (1.1)

(1.1) can be obtained by putting x = 1 in the series for arctanx. The
Leibniz series converges very slowly making it useless for computational
purpose.

L. Euler (1707–1783) introduced in [4, Part II, Ch. 1] a technique to
enhance the rate of convergence of an alternating series. We reproduce here
Euler’s transform of (1.1) in [4, Part II, Ch. 1, p.295].

Euler took a series S = a0−a1 +a2−a3 +− . . . (ai > 0) and computed
successive rows of differences using his difference operator.
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Let ∆n
k = (∆n−1

k+1 −∆n−1
k ) with ∆0

k = (−1)kak. Then

∆0
0 = a0; ∆1

0 = −a0 + a1; ∆2
0 = ∆1

1 −∆1
0 = a0 − 2a1 + a2;

and in general,

∆n
0 = ∆n−1

1 −∆n−1
0 =

n∑
k=0

(−1)n−k
(
n

k

)
ak.

He thus showed that

S =
∞∑
n=0

(−1)n∆n
0

2n+1
.

Euler’s series with rate of convergence 1
2 can be written as

π

4
=
∞∑
k=0

2k−1

(2k + 1)
(
2k
k

) . (1.2)

The following series is ascribed to Newton by Euler in [3, §14]:

1 +
1

3
− 1

5
− 1

7
+

1

9
+

1

11
− 1

13
− 1

15
+ +−− · · · =

∞∑
n=0

(−1)
n(n−1)

2

2n+ 1
=

π

2
√

2
.

Applying what he calls ‘the Nilakantha transformation’ to this series, Brink
[2, eq.(A.5)] obtained a series with rate of convergence 2

27 :
∞∑
n=0

(5n+ 4) (2n)!2 (3n)! 23n

(6n+ 1)(6n+ 5) n! (6n)!
=

3π

8
√

2
.

2. Gosper’s accelerated series for π

Let us now take up R. W. Gosper’s series [1] with rate of convergence
2
27 :

π

2
=
∞∑
n=0

25n− 3

2n
(
3n
n

) . (2.1)

Not knowing how Gosper obtained (2.1), we will derive it with the help of
Euler’s beta function which is defined by the integral [6, p.263]:

B(p, q) =

∫ 1

0
tp−1 (1− t)q−1 dt (<(p),<(q) > 0). (2.2)

The beta function is related to the Gamma function (a generalization of the

factorial function) by: B(p, q) =
Γ(p) Γ(q)

Γ(p+ q)
. [6, p.264]
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2.1. Derivation of
∑∞

n=0
1

2n(3nn )
. Differentiating the geometric series:

1

1− y
=

∞∑
n=0

yn (|y| < 1).

results in
1

(1− y)2
=
∞∑
n=0

n yn−1 (|y| < 1). (2.3)

One can easily see using the definition of beta function that

1(
3n
n

) =
n!(2n)!

(3n)!
=
n(n− 1)!(2n)!

(3n)!
= nB(n, 2n+ 1),

so that
1(
3n
n

) = n

∫ 1

0
tn−1(1− t)2n dt.

Multiplying both sides by xn and taking the sum from n = 0 to ∞
yields

∞∑
n=0

xn(
3n
n

) =

∞∑
n=0

nxn
∫ 1

0
tn−1(1− t)2n dt

=

∫ 1

0
x(1− t)2

∞∑
n=0

nxn−1tn−1{(1− t)2}n−1 dt

interchanging the order of summation and integration.
Now setting y = xt(1− t)2 in (2.3) we get:

1

{1− xt(1− t)2}2
=

∞∑
n=0

nxn−1tn−1(1− t)2n−2,

where |xt(1− t)2| < 1 and 0 < t < 1.

Thus on taking x = 1
2 , we have:

∞∑
n=1

1

2n
(
3n
n

) = 2

∫ 1

0

(1− t)2

{2− t(1− t)2}2
dt.

We may write the integrand on RHS as

(1− t)2

{2− t(1− t)2}2
=

(1− t)2

(t− 2)2(1 + t2)2

whose partial fraction expansion is:

−2t− 9

125(t2 + 1)
− 2(3t− 4)

25(t2 + 1)2
+

2

125(t− 2)
+

1

25(t− 2)2
.
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The resulting integrals are easy to calculate and equal:

−
(

9π

500
+

log(2)

125

)
+

(
π

25
+

1

50

)
− 2 log(2)

125
+

1

50
=

11π − 12 log(2) + 20

500
.

We thus get:
∞∑
n=0

1

2n
(
3n
n

) =
11π − 12 log(2) + 20

250
. (2.4)

2.2. Derivation of
∑∞

n=0
n

2n(3nn )
. Multiplying both sides of (2.3) by y, and

then differentiating gives

− 1 + y

(1− y)3
=
∞∑
n=0

n2 yn−1 (|y| < 1). (2.5)

Proceeding as earlier, we have
∞∑
n=0

n xn(
3n
n

) =

∫ 1

0

∞∑
n=0

n2 xn tn−1(1− t)2n dt

=

∫ 1

0
x(1− t)2

∞∑
n=0

n2xn−1tn−1{(1− t)2}n−1 dt.

Now setting y = xt(1− t)2 in (2.5) we get:

− 1 + xt(1− t)2

(1− xt(1− t)2)3
=
∞∑
n=0

n2xn−1tn−1(1− t)2n−2,

where |xt(1− t)2| < 1 and 0 < t < 1.

Thus on taking x = 1
2 , we have:

∞∑
n=1

n

2n
(
3n
n

) = −2

∫ 1

0

(1− t)2 (2 + t(1− t)2)
{2− t(1− t)2}3

dt.

Since {2− t(1− t)2}3 = −(t− 2)3(t2 + 1)3, we may write the RHS as

2

∫ 1

0

(1− t)2(t3 − 2t2 + t+ 2)

(t− 2)3(t2 + 1)3
.

The partial fraction expansion of the integrand is:

8(2t− 11)

125(t2 + 1)3
− 2(41t− 148)

625(t2 + 1)2
+

6t− 73

3125(t2 + 1)

+
4

125(t− 2)3
+

17

625(t− 2)2
− 6

3125(t− 2)
.
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The resulting integrals can be calculated with the help of standard integral
tables and hence the sum:

∞∑
n=0

n

2n
(
3n
n

) =
79π − 18 log(2) + 405

3125
. (2.6)

25× (2.6)− 3× (2.4) yields (2.1).

3. An akin series

We now give a series with two linear factors in the denominator.

π

2
= 1 +

∞∑
n=1

10n+ 3

2n n (3n+ 1)
(
3n
n

) . (3.1)

Proof. To establish (3.1), we split the sum on the RHS into two parts:

∞∑
n=1

3

2n n
(
3n
n

) +
∞∑
n=1

1

2n (3n+ 1)
(
3n
n

) .
Sum 1. It is easy to compute the sum

∞∑
n=1

1

2n n
(
3n
n

) by proceeding as in the

last section. Using the binomial expansion and the Beta function, we have

xn

n
(
3n
n

) =

∫ 1

0
xntn−1(1− t)2n

and so
∞∑
n=0

xn

n
(
3n
n

) =

∫ 1

0
x(1− t)2

[ ∞∑
n=0

xn−1tn−1(1− t)2n−2
]
dt

=

∫ 1

0

x(1− t)2

1− xt(1− t)2
dt.

Taking x = 1
2 , we get

∞∑
n=1

1

2n n
(
3n
n

) =

∫ 1

0

(1− t)2

2− t(1− t)2
dt =

∫ 1

0
− 1− t)2

(t− 2)(t2 + 1)
dt

and using the partial fraction expansion
∞∑
n=1

1

2n n
(
3n
n

) =

∫ 1

0
−2(2t− 1)

5(t2 + 1)
dt+

∫ 1

0
− 1

5(t− 2)
dt

where the two integrals are easy to calculate. We thus obtain:
∞∑
n=1

1

2n n
(
3n
n

) =
π

10
− log(2)

5
. (3.2)
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Sum 2. For the second sum, we proceed as follows.

1(
3n
n

) = (3n+ 1)
Γ(n+ 1)Γ(2n+ 1)

Γ(3n+ 2)

= (3n+ 1)B(n+ 1, 2n+ 1) = (3n+ 1)

1∫
0

tn(1− t)2n dt.

Hence, we have:
1

2n(3n+ 1)
(
3n
n

) =

1∫
0

(
t(1− t)2

2

)n
dt.

∞∑
n=0

1

2n(3n+ 1)
(
3n
n

) =

1∫
0

2

2− t(1− t)2
dt = −

1∫
0

2

(t− 2)(t2 + 1)
dt

=
2

5

1∫
0

(
t+ 2

t2 + 1
− 1

t− 2

)
dt =

1

5

1∫
0

2t

t2 + 1
+

4

5

1∫
0

1

t2 + 1
− 2

5

1∫
0

1

t− 2
dt,

=
log(2)

5
+
π

5
+

2 log(2)

5
=
π

5
+

3 log(2)

5
.

We took Sum 2 from n = 0. So subtract 1 for the sum from n = 1. Multi-
plying Sum 1 by 3 and adding that to Sum 2, we get:

∞∑
n=1

10n+ 3

2n n (3n+ 1)
(
3n
n

) =
3π

10
− 3 log(2)

5
− 1 +

3 log(2)

5
+
π

5
= −1 +

π

2
.

�

4. Two more series of Gosper

Gosper illustrates in [5] how the rate of convergence of infinite series can
be accelerated by a suitable splitting of each term into two parts and then
combining the second part of the n-th term with the first part of the n+1-th
term and leaving the first part of the first term. Repeated application of
this process yields a new series which approaches 0 and the series of the left
out first parts (‘orphans’) that converges faster than the original series. We
will now discuss two other series obtained by Gosper via transformation of
slow series.
Series I. It is easy to see that

1

3n+ 1
+

1

3n+ 2
=

3(2n+ 1)

(3n+ 1)(3n+ 2)
. Fur-

ther,
1(
3n
n

) =
(3n+ 1)(3n+ 2)Γ(n+ 1) Γ(2n+ 2)

(2n+ 1)Γ(3n+ 3)
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or,

2n+ 1

(3n+ 1)(3n+ 2)
(
3n
n

) =
Γ(n+ 1) Γ(2n+ 2)

Γ(3n+ 3)
= B(n+ 1, 2n+ 2).

Multiplying both sides by xn and using the integral for the beta function
as earlier, we have

(2n+ 1)xn

(3n+ 1)(3n+ 2)
(
3n
n

) =

∫ 1

0
xntn(1− t)2n+1 dt

and taking x = 1
2 and summing the series from 0 to infinity as earlier, we

get
∞∑
n=0

2n+ 1

(3n+ 1)(3n+ 2)2n
(
3n
n

) =

∫ 1

0

2(1− t)
2− t(1− t)2

dt

=

∫ 1

0

2

5(t− 2)
dt−

∫ 1

0

2(t− 3)

2(1 + t)2
dt

=
3

10
(π − 2 log(2))

and hence we deduce
∞∑
n=0

1

(3n+ 2) 2n
(
3n
n

) =
7π

10
− 12 log(2)

5
. (4.1)

Combining this result with Sum 1, we obtain the series which occurs
in Gosper’s paper [5, p.32]:

∞∑
n=0

5n+ 3

(3n+ 1)(3n+ 2)

1(
3n
n

)
2n

=
π

2
. (4.2)

Brink calls it the Nilakantha transform of the Leibniz series [2, eq(3)].
We also get:

∞∑
n=0

5n+ 4

(3n+ 1)(3n+ 2) 2n
(
3n
n

) = 3 log(2). (4.3)

By a shift of the index n from 0 to 1, the last formula becomes
∞∑
n=1

5n− 2

n(2n− 1)
(
3n
n

)
2n

=

∞∑
n=1

2

n
(
3n
n

)
2n

+

∞∑
n=1

1

(2n− 1)
(
3n
n

)
2n

=
π

6
.

Using value of the first sum obtained in the previous section we deduce
∞∑
n=1

1

(2n− 1) 2n
(
3n
n

) =
2 log(2)

5
− π

30
. (4.4)
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Combining this result and the earlier result gives a series for log(2)

∞∑
n=1

5n− 1

n(2n− 1) 2n
(
3n
n

) = log(2). (4.5)

Series II and associated series. Lastly, we take up another series of
Gosper [5, p.33]:

∞∑
n=0

5

(2n+ 1) 2n
(
3n+4
n+2

) = 4− π. (4.6)

The LHS can be decomposed and the formula can be written as
∞∑
n=0

[
100

81(3n+ 1)
− 20

27(3n+ 2)
− 10

81(3n+ 4)

]
1

2n
(
3n
n

) = 4− π.

Using the known values, we deduce from the last expression:
∞∑
n=0

1

(3n+ 4) 2n
(
3n
n

) =
59π

10
+

102 log(2)

5
− 162

5
. (4.7)

Combining this with earlier results gives
∞∑
n=0

11n+ 15

(3n+ 1)(3n+ 4) 2n
(
3n
n

) =
π

10
+

18

5
. (4.8)

∞∑
n=0

19n+ 24

(3n+ 2)(3n+ 4) 2n
(
3n
n

) =
79π

10
− 108

5
. (4.9)

And 19× (4.8)− 11× (4.9) yields

∞∑
n=0

8n+ 9

(3n+ 1)(3n+ 2)(3n+ 4) 2n−1
(
3n
n

) = 18− 5π. (4.10)

Concluding remarks

We derived here Gosper’s series for π by means of Euler’s beta function.
We first developed the binomial coefficient

(
3n
n

)
into associated integral, then

evaluated the resulting integral and lastly eliminated certain constants, such
as logarithms that arose during the process, to obtain the desired series
involving only π. We touched upon Euler’s transformation of the Leibniz
series which involved the central binomial coefficient

(
2n
n

)
. However, other

binomial coefficients, like
(
4n
2n

)
and

(
6n
3n

)
, may not be that easy to handle and

may require much more effort. The technique demonstrated here is readily
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applicable to sums with small binomial coefficient in the denominator and
the associated integral easy to manipulate and evaluate.
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PROOFS OF TWO FORMULAS OF VLADETA
JOVOVIC

ARITRAM DHAR
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Abstract. In this paper, we first provide an analytic and a bijective
proof of a formula stated by Vladeta Jovovic in the OEIS sequence
A117989. We also provide a bijective proof of another interesting result
stated by him on the same page concerning integer partitions with fixed
differences between the largest and smallest parts.

1. Introduction

A partition π of a positive integer n is a non-increasing sequence of

natural numbers λ1 ≥ λ2 ≥ . . . ≥ λr such that
r∑

i=1

λi = n. λ1, λ2, . . . , λr

are called the parts of the partition π. We call λ1 and λr to be the largest
and smallest parts of the partition π respectively and denote p(n) to be the
number of (unrestricted) partitions of n. For example, p(5) = 7 where the
seven partitions of 5 are 5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1,
and 1 + 1+ 1+ 1+ 1. Their corresponding largest parts are 5, 4, 3, 3, 2, 2,
and 1 respectively and smallest parts are 5, 1, 2, 1, 1, 1, and 1 respectively.

Throughout the paper, we consider |q| < 1 and adopt the usual notation
for the conventional q-Pochammer symbols:

(a)n = (a; q)n :=
n−1∏
k=0

(1− aqk),

(a)∞ = (a; q)∞ := lim
n→∞

(a; q)n.

We define (a)n for all real numbers n by

(a)n :=
(a)∞
(aqn)∞

.
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By convention, we take (a)0 = 1 and (0)∞ = 1.

2. Main Formulas

Our starting point is the sequence A117989 in the On-Line Encyclopedia
of Integer Sequences [3]. The sequence in question, a(n), counts the number
of partitions of n where the smallest part occurs at least twice. For example,
a(6) = 7 where the relevant partitions are 4 + 1 + 1, 3 + 3, 3 + 1 + 1 + 1,
2 + 2 + 2, 2 + 2 + 1 + 1, 2 + 1 + 1 + 1 + 1, and 1 + 1 + 1 + 1 + 1 + 1.

Also, on the page of A117989, we find the following formula of a(n)
given by Vladeta Jovovic:

Formula 1: (Vladeta Jovovic, July 21 2006)

a(n) = 2p(n)− p(n+ 1) ∀ n ≥ 1 (2.1)

where p(n) denotes the partition function.

We denote b(n) = 2p(n) − p(n + 1). By (2.1), we have a(6) = 7 =

22− 15 = 2p(6)− p(7) = b(6).
We also find another interesting result on the same page posted by

Vladeta Jovovic which states:

Formula 2: (Vladeta Jovovic, May 09 2008)

a(n) = p(2n, n) ∀ n ≥ 1 (2.2)

where p(2n, n) denotes the number of partitions of 2n with fixed difference
equal to n between the largest and smallest parts.

In sections 3 and 4, we give a q-theoretic and a bijective proof of (2.1)
respectively and finally we provide a bijective proof of (2.2) in section 5.

3. Analytic Proof of Formula 1

In this section, we prove (2.1) using generating functions and elementary
infinite series-product identities from the theory of q-hypergeometric series.

To begin with, we define the generating functions for a(n) and b(n) to
be

A(q) :=

∞∑
n=1

a(n)qn and B(q) :=

∞∑
n=1

b(n)qn (3.1)
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respectively. We then have

A(q) =
∞∑
k=1

qk+k(1 + qk + q2k + · · · )(1 + qk+1 + q2(k+1) + · · · ) · · ·

=

∞∑
k=1

q2k

(qk)∞

=
1

(q)∞

∞∑
k=1

(q)k−1q
2k

=
q2

(q)∞

∞∑
k=0

(q)k(q)kq
2k

(q)k

=
q2(q3)∞
(q2)∞

∞∑
k=0

(q2)kq
k

(q)k(q3)k
(3.2)

=

∞∑
k=0

qk+2

(q)k(1− qk+2)

=
∞∑
k=0

qk+2(1− qk+1)

(q)k+2

=

∞∑
k=0

qk+2

(q)k+2
−
∞∑
k=0

q2k+3

(q)k+2

=
∞∑
k=0

qk+2

(q)k+2
− 1

q

∞∑
k=0

(q2)k+2

(q)k+2

=

(
1

(q)∞
− 1

1− q

)
− 1

q

(
1

(q2)∞
− 1− q + q2

1− q

)
(3.3)

=
1

(q)∞
− 1

1− q
− 1− q
q(q)∞

+
1− q + q2

q(1− q)

=
2

(q)∞
− 1

q(q)∞
+

1

q
− 1

which is equal to B(q), the generating function for b(n) = 2p(n)− p(n+ 1)

∀ n ≥ 1.
Note that (3.2) follows by replacing a = q, b = q, c = 0, and t = q2 in

Heine’s transformation [1], p.19, Corollary 2.3] and (3.3) follows by replacing
a = 0, t = q and a = 0, t = q2 respectively in Cauchy’s identity [[1], p.17,
Theorem 2.1]. �
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4. Bijective Proof of Formula 1

In this section, we provide a bijective proof of (2.1).
From (2.1), we have

a(n) = 2p(n)− p(n+ 1)

= p(n)− (p(n+ 1)− p(n))

which implies
p(n)− a(n) = p(n+ 1)− p(n). (4.1)

Let us now define c(n) = p(n)−a(n) and d(n) = p(n+1)−p(n). Thus,
from (4.1), it suffices to prove that c(n) = d(n) ∀ n ≥ 1.

We note that c(n) denotes the number of partitions of n where the
smallest part occurs exactly once. This follows straightforward from the
definition of a(n). We also note that d(n) denotes the number of partitions
of n+ 1 which do not contain 1 as a part because every partition of n+ 1

which contains 1 as a part can be obtained by adjoining 1 as a part to every
partition of n.

Let Cn be the set of all partitions of n where the smallest part occurs
exactly once and Dn be the set of all partitions of n + 1 not containing 1

as a part. So, #Cn = c(n) and #Dn = d(n). Thus, it is clear that we will
now produce a bijection between the sets Cn and Dn to obtain the desired
result.

Firstly, we consider a partition π ∈ Cn and consider two cases pertaining
to π: If 1 is a part of π, since it is the smallest part, it occurs exactly once.
Now, add 1 to the 1 already in π to get a new partition π′ ∈ Dn whose
smallest part now is 2. Hence, π′ does not contain 1 as a part. Now, if 1
is not a part of π, then the smallest part of π is greater than or equal to 2

and hence it does not contain 1 as a part. On adding 1 to the smallest part
of π, we get a new partition π′ of n+1 which does not contain 1 as a part.
Hence, π′ ∈ Dn.

Now, we consider a partition π′ ∈ Dn. Thus, π′ does not contain 1 as
a part which implies that the smallest part of π′ is greater than or equal
to 2. Again, we consider two cases concerning π′: If the smallest part of π′

occurs exactly once, we subtract 1 from it to get a new partition π ∈ Cn and
we are done. On the other hand, if the smallest part of π′ occurs at least
twice, subtract 1 from any one of the smallest parts to get a new partition
π ∈ Cn.



28 ARITRAM DHAR

Thus, the process is reversible and hence Cn is bijection with Dn ∀ n ≥ 1.
So, we have our desired result. �

5. Bijective Proof of Formula 2

In this section, we provide a bijective proof of (2.2).
Let An be the set of all partitions of n where the smallest part occurs

at least twice and Fn be the set of all partitions of 2n where the difference
between the largest and smallest parts is equal to n. So, #An = a(n) and
#Fn = p(2n, n). Now, we will provide a bijection between the sets An and
Fn to show that a(n) = p(2n, n).

Firstly, we consider a partition π ∈ An. Then, we add n to any one of
the smallest parts of π (since the smallest part of π occurs at least twice)
to get a new partition π′. π′ ∈ Fn because the largest part of π′ now is
equal to n+ the smallest part of π and the smallest part of π′ is equal to
the smallest part of π thus making the difference equal to n.

For the other way, we now consider a partition π′ ∈ Fn. Note that the
largest part of π′ occurs exactly once. We then subtract n from the largest
part of π′ to get a new partition π whose smallest part is equal to the
smallest part of π′ and consider two cases pertaining to π′: If the smallest
part of π′ occurs at least twice, we are done, i.e., π ∈ An since subtracting
n from the largest part of π′ does not affect the frequency of the smallest
part of π (= the smallest part of π′) which still remains at least 2. Lastly, if
the smallest part of π′ occurs exactly once, subtracting n from the largest
part of π′ makes it equal to the the smallest part of π′ and thus, the new
partition π that we obtain has smallest part occuring at least twice since
smallest parts of π′ and π are equal. Hence, π ∈ An.

Thus, the process is reversible and hence, we have a bijection between
An and Fn giving our desired result. �

6. Conclusion

Thus, we have p(2n, n) = a(n) = 2p(n) − p(n + 1) ∀ n ≥ 1. We
speculate that there is an interesting proof of (2.2) using the generating
function approach. Although in [2], Andrews, Beck, and Robbins gave
the generating function for p(n, t) (which is the number of partitions of n
with fixed difference equal to t between the largest and smallest parts), the
generating function of p(2n, n) does not follow straightforward.
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In the same spirit, we defineGm(q) :=
∞∑
n=1

am(n)qn where am(n) denotes

the number of partitions of n where the smallest part occurs at least m

times. On the page of A117989, we see that Gm(q) =
∞∑
k=1

qmk

(qk)∞
. It will

be very interesting to see if there is a closed formula analogous to (2.1) for
am(n) ∀ m ≥ 3 and if there exists such a formula, then it would be nice to
provide a combinatorial proof of it.
Acknowledgement: The author would like to thank George E. Andrews
for suggesting him to prove the two formulas of Vladeta Jovovic which came
up during an ongoing project with him.
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UNIQUENESS OF AN ENTIRE FUNCTION AND ITS
LINEAR DIFFERENCE POLYNOMIAL SHARING
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Abstract. This article investigates the uniqueness problem of a finite
order entire function and its linear difference polynomial sharing a set
consisting of two distinct entire functions of smaller orders. The result
obtained in this paper generalises the result by Jianming Qi, Yanfeng
Wang, and Yongyi Gu [14].

1. Introduction

We adopt the following standard notations of the Nevanlinna theory
through out the paper, which can be found in [18].
Let f(z) be a meromorphic function and not a constant in the disc |z| ≤
R(0 < R <∞). For 0 < r < R, Nevanlinna defined the following functions:

Proximity function of f(z):

m(r, f) = m(r,∞, f) = 1

2π

∫ 2π

0
log+

∣∣∣f(reiθ)∣∣∣ dθ,
where log+ = max {logx, 0} for all x ≥ 0. Here m(r, f) is the average

of the positive logarithm of |f(z)| on the circle |z| = r.

Counting function of poles of f(z):

N(r, f) =

∫ r

0

n(t, f)− n(0, f)
t

dt+ n(0, f) log r,

Corresponding author: Renukadevi S. Dyavanal
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Reduced counting function of poles of f(z):

N(r, f) :=

∫ r

0

n(t, f)− n(0, f)
t

dt+ n(0, f)logr,

where n(t, f) denotes the number of poles of f(z) in the disc | z |≤ t,
multiple poles are counted according to their multiplicities, and n(t, f) de-
notes the number of distinct poles of f(z) in the disc | z |≤ t.

Characteristic function of f(z):

T (r, f) = m(r, f) +N(r, f).

The characteristic function T (r, f) is obviously a non-negative function
and plays a cardinal role in the whole theory of meromorphic functions.

Let a be a complex number. Obviously, 1
f(z)−a is meromorphic in the

disk |z| ≤ R. Similar to the above definitions, R. Nevanlinna defined the
following functions:

Proximity function of 1
f(z)−a :

m

(
r,

1

f − a

)
= m(r, f = a) = m(r, a) =

1

2π

∫ 2π

0
log+

1

|f(reiθ)− a|
dθ,

which is the average of the positive logarithm of 1
|f(z)| on the circle |z| = r.

Counting function of f(z) at the value a:

N

(
r,

1

f − a

)
= N(r, f = a) =

∫ r

0

n(t, 1
f−a)− n(0,

1
f−a)

t
dt

+ n

(
0,

1

f − a

)
log r,

where n(t, 1
f−a) denotes the number of zeros of f(z)− a in the disc |z| ≤ t

counting multiplicities and n(0, 1
f−a) the multiplicity of zeros of f(z)−a at

the origin.
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The characteristic function of 1
f(z)−a :

T

(
r,

1

f − a

)
= m

(
r,

1

f − a

)
+N

(
r,

1

f − a

)
.

Order of a function: Let f(z) be a meromorphic function on the whole
complex plane. The order ρ(f) and lower order µ(f) are defined, respec-
tively, by the order and lower order of T (r, f), that is

ρ(f) = limr→∞
log T (r, f)

log r
,

µ(f) = limr→∞
log T (r, f)

log r
.

The exponent of convergence of zeros λ(f) of f(z) is defined by

λ(f) = lim
r→∞

logN(r, 1f )

log r
.

Nevanlinna established the following two fundamental theorems.

First fundamental theorem of Nevanlinna: Let f(z) be a meromorphic
function on the whole complex plane, and a is any complex number. Then

T

(
r,

1

f − a

)
= T (r, f) +O(1).

This means that, for any complex number a, the difference of T
(
r, 1
f−a

)
and T (r, f) is a bounded quantity.
The Second fundamental theorem of Nevanlinna for q(≥ 3) values:
Suppose that f(z) is a meromorphic function in the complex plane and
a1, a2, · · · , aq are q(≥ 3) distinct values in C. Then

(q − 2)T (r, f) <

q∑
j=1

N

(
r,

1

f − aj

)
+ S(r, f).

The Second fundamental theorem of Nevanlinna for three small
functions: Suppose that f(z) is a meromorphic function in the complex
plane and a1(z), a2(z), a3(z) are three distinct small functions of f(z).
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Then

T (r, f) <

3∑
j=1

N

(
r,

1

f − aj(z)

)
+ S(r, f).

The error term S(r, f) in the second fundamental theorem of Nevanlinna is
given by
S(r, f) = o(T (r, f)), (r →∞), if the order of f(z) is finite and if the order
of f(z) is infinite, then S(r, f) = o(T (r, f)), (r → ∞, r 6∈ E) , where E is
a set, with a finite linear measure.
Small function of f(z):
If f(z) and a(z) are meromorphic functions in the complex plane, then a(z)
is called a small function of f(z) if it satisfies T (r, a(z)) = o(T (r, f)) =

S(r, f).

Sharing small functions: Let f and g be two meromorphic functions,
and a and b are two small functions of f and g. We say that f and g share
a pair of small functions (a, b) CM (resp. IM) if f − a and g − b have
the same zeros counting multiplicities (resp. ignoring multiplicities). When
a = b, we say that f and g share a CM (resp. IM) if f − a and g− a have
the same zeros, counting multiplicities (resp. ignoring multiplicities).
Sharing a Set: Let S be a finite set of some functions, and f(z) is a
meromorphic function. Then a set Ef (S) is defined as

Ef (S) = ∪a∈S{z | f(z)− a(z) = 0, countingmultiplicities(CM)}.

Assume that g is another function. We say that f and g share the set S
CM, provided that Ef (S) = Eg(S).

For a meromorphic function f(z), we define its shift by fc = f(z + c)

and its difference operators by

4cf = f(z + c)− f(z),

4n
c f = 4n−1

c (4cf(z)), n ∈ N, n ≥ 2.

A linear difference polynomial of f(z) is denoted by L(z, f) and de-
fined as

L(z, f) = a0f(z) + a1f(z + t1) + · · ·+ akf(z + tk),
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where ti’s are finite complex numbers and the coefficients ai’s are small
functions of f(z).

In 2009, Liu [16] proved the following result:

Theorem 1.1. Let a be a non-zero complex number and f be a transcen-
dental entire function with finite order. If f and 4cf share {a,−a} CM,
then 4cf(z) = f(z) for all z ∈ C.

In 2012, Li [15] proved the following theorem:

Theorem 1.2. Suppose that a, b are two distinct entire functions, and f(z)
is a non-constant entire function with ρ(f) 6= 1 and λ(f) < ρ(f) <∞ such
that ρ(a) < ρ(f) and ρ(b) < ρ(f). If f(z) and 4cf(z) share {a, b} CM,
then f(z) = 4cf(z) for all z ∈ C.

In 2019, Jianming Qi, Yanfeng Wang, and Yongyi Gu [14] removed the
condition ρ(f) 6= 1 in the Theorem and proved the following result:

Theorem 1.3. Suppose that a, b are two distinct entire functions, and f(z)
is a non-constant entire function of finite order with λ(f) < ρ(f) such that
ρ(a) < ρ(f) and ρ(b) < ρ(f). If f(z) and 4cf(z) share {a, b} CM, then
f(z) = Aeµz, where A, µ are two non-zero constants satisfying eµc = 2.
Furthermore, f = 4cf

In this paper, we extend the above Theorem 1.3 for L(z, f), a linear
difference polynomial of f(z).
The following is the main result of this paper.

Theorem 1.4. If f(z) and L(z, f)(6≡ 0) share {c, d} CM, where c and d
are two distinct entire functions, and f(z) is a non-constant entire function
of finite order with λ(f) < ρ(f) such that ρ(c) < ρ(f) and ρ(d) < ρ(f),
then f(z) = KeCz, where K is a non-zero constant and a0 + a1e

Ct1 + · · ·+
ake

Ctk = 1. Furthermore, f(z) = L(z, f).

2. Some preliminary results

We need the following results to prove our main result.

Lemma 2.1. [2]) Let f(z) be a meromorphic function of finite order, and let
ω1 and ω2 are two arbitrary complex numbers, such that ω1 6= ω2. Assume
that σ is the order of f , then for each ε > 0, we have

m

(
r,
f(z + ω1)

f(z + ω2)

)
= O(rσ−1+ε). (2.1)
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Lemma 2.2. ([18] Theorem 1.51) Suppose that f1(z), f2(z) · · · fn(z)(n ≥ 2)

are meromorphic functions, and g1(z) · · · gn(z) are entire functions satisfy-
ing the following conditions:

1)
n∑
j=1

fj(z)e
gj(z) = 0

2)gj(z)− gk(z) are not constants for 1 ≤ j < k ≤ n
3)For 1 ≤ j ≤ n, 1 ≤ h < k ≤ n, T (r, fj) = o(T (r, egh−gk)(r −→∞, r 6∈ E).
Then fj(z) = 0(j = 1, 2, · · · , n).

Lemma 2.3. [1]) Let g(z) be a transcedental and meromorphic function in
the plane of order is less than 1. If h > 0, then there exists an ε-set E such
that

g(z + ω)

g(z)
→ 1, when z →∞ in C \ E,

uniformly in ω for | ω |6 h.

Lemma 2.4. ([18] Theorem 1.44) Let h(z) be a non-constant entire func-
tion, and f(z) = eh(z). Let ρ and µ be the order and the lower order of
f(z), respectively. Then we have
(i) If h(z) is a polynomial of degree p, then ρ = µ = p.
(ii) If h(z) is a transcidental entire function, then ρ = µ =∞.

Lemma 2.5. ([18] Theorem 1.18) Let f(z) and g(z) be two non-constant
meromorphic functions in the complex plane with, ρ(f) as the order of f(z)
and µ(g) as the lower order of g(z). If ρ(f) < µ(g), then

T (r, f) = o(T (r, g)), (r →∞).

Lemma 2.6. ([18] Theorem 1.14) Suppose f(z) and g(z) are two non-
constant meromorphic functions in the complex plane with, ρ(f) and ρ(g)
as their orders, respectively. Then ρ(f ·g) ≤ max {ρ(f), ρ(g)} and ρ(f+g) ≤
max {ρ(f), ρ(g)}.

3. Proof of the Theorem 1.4

Proof. Since f and L(z, f) share {c, d} CM, we can write

(L(z, f)− c)(L(z, f)− d)
(f − c)(f − d)

= eφ, (3.1)

where φ is an entire function. Furthermore, it deduces from (3.1) and
max {ρ(c), ρ(d)} < ρ(f) <∞ that φ is polynomial.
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By the Hadmard Factorization Theorem, we have f(z) = h(z)ep(z), where
h(6≡ 0) is an entire function, and p(z) is a polynomial satisfying

λ(f) = ρ(h) < ρ(f) = ρ(ep(z)) = deg(p(z)). (3.2)

Hence

L(z, f) = a0h(z)e
p(z) + a1h(z + t1)e

p(z+t1) + · · ·+ akh(z + tk)e
p(z+tk)

= ep(z)
(
a0h(z) + a1h(z + t1)e

p(z+t1)−p(z) + · · ·+ akh(z + tk)e
p(z+tk)−p(z)

)
.

(3.3)
Substituting this in (3.1), we get{
ep(z)[a0h(z) + a1h(z + t1)e

p(z+t1)−p(z) + · · ·+ akh(z + tk)e
p(z+tk−p(z)]− c(z)

}
{
ep(z)[a0h(z) + a1h(z + t1)e

p(z+t1)−p(z) + · · ·+ akh(z + tk)e
p(z+tk)−p(z))]− d(z)

}
= (h(z)ep(z) − c)(h(z)ep(z) − d)eφ, (3.4)

where a0, a1, a2 · · · ak are small functions of f(z) and t1, t2, · · · , tk are finite
complex constants.
Set w1 = a0h(z) + a1h(z + t1)e

p(z+t1)−p(z) + · · ·+ akh(z + tk)e
p(z+tk)−p(z).

If w1 ≡ 0, then L(z, f) ≡ 0. It contradicts L(z, f) 6≡ 0. Thus, w1 6≡ 0.
Using (3.2), Lemma 2.4, and Lemma 2.5, we have

T (r, h) = o(T (r, ep(z))), (r →∞).

This implies that h(z) is a small function of ep(z).
Using (3.2) and repeated application of Lemma 2.6 to w1, we obtain that

ρ(w1) ≤ ρ(ep(z+ti)−p(z)) = deg(p(z)− 1) < degp(z) = ρ(ep(z)).

Using this with Lemma 2.4, and Lemma 2.5, we get that

T (r, w1) = o(T (r, ep(z))), (r →∞).

This implies that w1 is a small function of ep(z).
From (3.4), following can be written

eφ =
w2
1[e

p − c

w1
][ep − d

w1
]

h2[ep − c

h
][ep − d

h
]

. (3.5)
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Note that c 6= d. Without loss of generality, we suppose that c 6≡ 0. Assume
that z0 is a zero of ep − c

h
but not a zero of w1. It follows from (3.5) and

the assumption about sharing that z0 is a zero of ep − c

w1
or ep − d

w1
. We

denote by N1(r, e
p) the reduced counting function of those common zeros of

ep− c

h
and ep− c

w1
. Similarly, we denote by N2(r, e

p) the reduced counting

function of those common zeros of ep− c
h
and ep− d

w1
. Note that h is a small

function with respect to ep. Applying the second fundamental theorem to
ep gives

T (r, ep) ≤ N

r, 1

ep − c

h

+ S(r, f)

= N1(r, e
p) +N2(r, e

p) + S(r, ep). (3.6)

This implies that either N1(r, e
p) 6= S(r, ep) or N2(r, e

p) 6= S(r, ep). We
consider the following two cases:

Case 1 : N1(r, e
p) 6= S(r, ep).

Let c0 be the common zero of ep − c

h
and ep − c

w1
. Then it is clear that c0

is a zero of
c

h
− c

w1
. If

c

h
− c

w1
6≡ 0, then

S(r, ep) 6= N1(r, e
p) 6 N

r , 1
c

h
− c

w1

 6 T (r , c
h
− c

w1

)
= S(r, ep),

a contradiction. Thus h ≡ w1.
It leads to

a0h(z)+a1h(z+t1)e
p(z+t1)−p(z)+· · ·+akh(z+tk)ep(z+tk)−p(z) = h(z). (3.7)

That is,

a0h(z)e
p(z) + a1h(z + t1)e

p(z+t1) + · · ·+ akh(z + tk)e
p(z+tk) = h(z)ep(z).

This implies that

a0f(z) + a1f(z + t1) + a2f(z + t2) + ....+ akf(z + tk) = f(z).



38 RENUKADEVI S. DYAVANAL AND DEEPA N. ANGADI

That is, L(z, f) = f(z) and also equation (3.7) can be written as

(a0 − 1)h(z) + a1h(z + t1)e
p(z+t1)−p(z) + · · ·+ akh(z + tk)e

p(z+tk)−p(z)) = 0.

(3.8)
If p(z+t1)−p(z), p(z+t2)−p(z), · · · , p(z+tk)−p(z) are not constants,

then by Lemma 2.2, we get that h(z) ≡ 0, a contradiction.

So, at least one of p(z+ t1)− p(z), p(z+ t2)− p(z), · · · , p(z+ tk)− p(z)
is constant, say p(z + ti)− p(z) = di for some (i ∈ {1, 2, · · · , k}), where di
is a constant.
This gives p′(z + ti) − p′(z) = 0 and hence p′(z) is a periodic function
of period ti. Also, p′(z) is a polynomial. Since a polynomial can not be
a periodic function unless it is a constant function, we get that p′(z) is a
constant function. Thus p(z) is a polynomial of degree 1, say p(z) = Cz+D,
where C and D are two constants and C 6= 0. Hence
ep(z) = eCz+D = eDeCz and ep(z+ti) = eCzeCti+D for i = 1, 2, · · · , k.
Hence, equation (3.8) becomes

(a0−1)h(z)eCzeD+a1h(z+ t1)e
Ct1+DeCz+ · · ·+akh(z+ tk)eCtk+DeCz = 0.

(3.9)
That is,

a1h(z + t1)e
Ct1+DeCz + · · ·+ akh(z + tk)e

Ctk+DeCz = (1− a0)h(z)eCzeD.

This gives

a1
h(z + t1)

h(z)
eCt1 + · · ·+ ak

h(z + tk)

h(z)
eCtk = (1− a0). (3.10)

Using ρ(h) < ρ(f(z)) = ρ(ep(z)) = 1 and by Lemma 2.3, we obtain
h(z + t1)

h(z)
→ 1, · · · , h(z + tk)

h(z)
→ 1 and using this, (3.10) leads to

a0 + a1e
Ct1 + · · ·+ ake

Ctk = 1.

Here h(z) is a periodic function of periods t1, t2, · · · tk and using h(z)

as an entire function whose growth is small compared to the growth of
ep(z) = eCz+D gives that h(z) is a non-zero constant function, say α. Using
this, finally we get f(z) = α eCz+D = K eCz, where K = α eD is a non-zero
constant and C satisfies a0 + a1e

Ct1 + · · ·+ ake
Ctk = 1.
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Case 2: N2(r, e
p) 6= S(r, ep).

Let d0 be the common zero of ep − c

h
and ep − d

w1
. Then, it is clear that

d0 is a zero of
c

h
− d

w1
. If

c

h
− d

w1
6≡ 0, then

S(r, ep) 6= N2(r, e
p) 6 N

r , 1

c

h
− d

w1

 6 T (r , ch − d

w1

)
= S(r, ep),

a contradiction. Thus
c

h
− d

w1
≡ 0. (3.11)

If d ≡ 0, then
c

h
≡ 0, which implies c ≡ 0, which is in contradiction to the

fact that c and d are distinct functions. So d 6≡ 0.

We assume that t0 is a zero of ep − d

h
but not a zero of w1. It follows

from (3.5), that t0 is a zero of ep − c

w1
or ep − d

w1
. We denote by N3(r, e

p)

the reduced counting function of those common zeros of ep − d

h
and ep −

c

w1
. Similarly, we denote by N4(r, e

p) the reduced counting function of

those common zeros of ep − d

h
and ep − d

w1
. Again, applying the second

fundamental theorem to ep gives

T (r, ep) ≤ N

r, 1

ep − d

h

+ S(r, ep)

= N3(r, e
p) +N4(r, e

p) + S(r, ep), (3.12)

which implies that either N3(r, e
p) 6= S(r, ep) or N4(r, e

p) 6= S(r, ep).
Subcase 2(i): If N4(r, e

p) 6= S(r, ep), then as in case 1, we get the conclu-
sion of the Theorem 1
Subcase 2(ii): If N3(r, e

p) 6= S(r, ep), then as in the above Case 2, we can
deduce that

d

h
− c

w1
≡ 0. (3.13)

It follows from (3.11), and (3.13)

c2 = d2. (3.14)
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Note that c 6≡ d. Thus, c = −d. Again, by (3.13), one has w1 = −h, which
is written as
(a0 + 1)h(z) + a1h(z + t1)e

p(z+t1)−p(z), · · · , akh(z + tk)e
p(z+tk)−p(z)) ≡ 0

By Lemma 2.2, if p(z+ t1)− p(z), p(z+ t2)− p(z), · · · , p(z+ tk)− p(z) are
not constants, then h(z) ≡ 0, a contradiction.
So, at least one of p(z + t1) − p(z) , p(z + t2) − p(z), · · · , p(z + tk) − p(z)
is constant. Continuing as in Case 1, we get the conclusion of the Theorem
1.4. �
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Abstract. In this paper we use the notion of weighted sharing to
investigate the uniqueness relation of entire functions when difference
products say fnP (f)∆cf and gnP (g)∆cg share a non-zero polynomial
p(z). We also note the other occurrence for P (z), which generalizes the
result of Qi, Yang, and Liu [15].

1. Introduction

f(z) is meromorphic if it is analytic in the complex plane except at
isolated poles; if there are no poles, then f(z) reduces to an entire func-
tion. In what follows, we assume the reader understands Nevanlinna’s basic
results and notation [8, 16]. Let f and g be two non-constant meromor-
phic functions in the complex plane C. We say that f, g share a counted
multiplicities (CM) if f − a, g− a have the same zeros with the same mul-
tiplicities and we say that f, g share a ignoring multiplicities (IM) if we do
not consider the multiplicities, where a is a small function of f and g.
The relaxation has been done based on the notion of weighted sharing ob-
tained by I. Lahiri as follows.

Definition 1.1. [7] Let k ∈ N ∪ {0} ∪ {∞}. For a ∈ C ∪ {∞} we denote
by Ek(a; f) the set of all a-points of f where an a-point of multiplicity m is
counted m times if m ≤ k and k+ 1 times if m > k. If Ek(a; f) = Ek(a; g),
we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then
z0 is an a-point of f with multiplicity m(≤ k) if and only if it is an a-point

2010 Mathematics Subject Classification: 30D35
Key words and phrases: Difference operator, uniqueness, Entire function, weighted
sharing

© Indian Mathematical Society, 2024 .
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of g with multiplicity m(≤ k) and z0 is an a-point of f with multiplicity
m(> k) if and only if it is an a-point of g with multiplicity m(> k), where
m is not necessarily equal to n. We write f, g share (a, k) to mean that
f, g share the value a with weight k. Clearly if f, g share (a, k) then f, g
share (a, p) for any integer p, 0 ≤ p < k. Also we note that f, g share a
value a IM or CM if and only if f, g share (a, 0) or (a,∞) respectively.
For a finite value z0, if f(z0) = z0 or z0 is a zero of f(z) − z then we say
that a finite value z0 is called a fixed point of f .
We use the notion (m∗) defined by

m∗ =

0, if m = 0,

m, if m ∈ N,

for the sake of simplicity.

Let f(z) be a transcendental meromorphic function, n be a positive
integer. Many authors have investigated the value distributions of fnf ′.
In 1959, Hayman [4] proved that fnf ′ takes every non-zero complex value
infinitely often if n ≥ 3. A similar proposition was proved by Mues [12]
in 1979 for n = 2. Bergweiler and Eremenko [1] showed that ff ′ − 1 has
infinitely many zeros.
Laine and Yang [9, Theorem 2], investigated, corresponding to the above
results, the value distribution of difference product of entire functions, and
obtained the following result.

Theorem 1.2. [9] Let f be a transcendental entire function of finite order,
and c be a non-zero complex constant. Then, for n ≥ 2, fn(z)f(z + c)

assumes every non-zero value a ∈ C infinitely often.

It is interesting to recall Yang and Hua [14] results corresponding to
Theorem 1.2, which may be regarded as a gateway to new research to be
conducted on the sharing of values between differential polynomials.

Theorem 1.3. [11] Let f amd g be two non-constant entire functions, n ∈
N such that n ≥ 6. If fnf ′ and gng′ share 1 CM, then either f(z) =

c1e
cz, g(z) = c2c

−cz, where c1, c2, c ∈ C statisifying 4(c1c2)(n+1)c2 = −1,
or f ≡ tg for a constant t such that tn+1 = 1.
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In 2001, Fang and Hong studied the uniqueness of differential polyno-
mials of the form fn(f − 1)f ′ and gn(g − 1)g′ and proved the following
uniqueness result.

Theorem 1.4. [3] Let f amd g be two non-constant entire functions, and
let n ≥ 11 be a positive integer. If fn(f − 1)f ′ and gn(g − 1)g′ share the
value 1 CM, then f = g.

In 2004, Lin and Yi extended the above result in the fixed point view,
and they proving the following.

Theorem 1.5. [10] Let f amd g be two transcendental entire functions,
and let n ≥ 7 be a positive integer. If fn(f − 1)f ′ and gn(g − 1)g′ share z
CM, then f = g.

In 2010, Zhang got an analog result in the difference.

Theorem 1.6. [17] Let f amd g be two transcendental entire functions of
finite order and α(z) be a small function with respect to both f(z) and g(z).
Suppose that c is a non-zero complex constant and n ≥ 7 is an integer. If
fn(z)(f(z) − 1)f(z + c) and gn(z)(g(z) − 1)g(z + c) share α(z) CM, then
f(z) ≡ g(z).

In 2010, Qi, Yang and Liu [15] proved the following uniqueness theorem
regarding shift operator, which is a difference counterpart of Theorem 1.3.

Theorem 1.7. [15] Let f and g be transcendental entire functoins of finite
order, let c be a non-zero complex constant, and let n ≥ 6 be an integer. If
fnf(z + c) and gng(z + c) share z CM, then f(z) ≡ tg(z) for a constant t
satisifying tn+1 = 1.

Theorem 1.8. [15] Let f and g be transcendental entire functoins of finite
order, let c be a non-zero complex constant, and let n ≥ 6 be an integer.
If fnf(z + c) and gng(z + c) share 1 CM, then fg ≡ t2 or f ≡ t3g for a
constant t2 and t3 that satisfy tn+1

3 = 1.

So we have seen that there are many generalizations of the difference
polynomial. The purpose of this paper is to study the uniqueness problem
for more general difference polynomials fnP (f)∆cf(z) and gnP (g)∆cg(z)

sharing a non-zero polynomial p(z). Here we also note the other occurrence
for P (z).
We now present the following theorem, which is the main result of the paper.
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Theorem 1.9. Let f and g be transcendental entire functoins of finite or-
der, let c ∈ C\{0} be a complex constant and let p(z) be a non-zero polyno-
mial with deg(p) ≤ n− 1, n(≥ 2), m∗ be two integers such that n > m∗+ 7.
Let P (z) = amz

m + am−1z
m−1 + · · · + a1z + a0 be a non-zero polynomial.

If fnP (f)∆cf(z)− p(z) and gnP (g)∆cg(z)− p(z) share (0, 2) then

(1) When P (z) = amz
m + am−1z

m−1 + · · · + a1z + a0 is a non-zero
polynomial, one of the following three cases holds,
(a) f(z) = tg(z) for a constant t such that td = 1,

where d = gcd(n+ 1, · · · , n+m+ 1− i, · · · , n+m+ 1),
(b) f and g satisify the algebraic equation R(f, g) ≡ 0, where

R(w1, w2) = wn1P (w1)∆cw1(z)− wn2P (w2)∆cw2(z),

(c) P (z) reduces to a non-zero monomial, namely P (z) = aiz
i 6≡ 0,

for i ∈ {0, 1, 2, · · · ,m} if p(z) is a non-zero constant b, then
f(z) = c1e

d1z, g(z) = c2e
d2z where d1, d2, c1, c2 are non-zero

constants such that ai(c1c2)(n+1+i)
(
ed1z + e−d1z − 2

)
= −b2;

(2) When P (z) = zm − 1, then f ≡ tg for some constant t such that
tm = 1;

(3) When P (z) = (z−1)m (m ≥ 2), one of the following two cases holds:
(a) f(z) = g(z),
(b) f and g satisify the algebraic equation R(f, g) ≡ 0, where

R(w1, w2) = wn1P (w1)∆cw1(z)− wn2P (w2)∆cw2(z),

(4) When P (z) ≡ c0, then f ≡ tg for some constant t such that tn+1 =

1.

2. Necessary Lemmas

Lemma 2.1. [2] Let f be a meromorphic function of finite order σ, and let
c ∈ C \ {0} be fixed. Then for each ε > 0, we have

m

(
r,
f(z + c)

f(z)

)
+m

(
r,

f(z)

f(z + c)

)
= O(rσ−1+ε) = S(r, f).

The following lemma has a few modifications to the original version [2,
Corollary 2.5]
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Lemma 2.2. [2] Let f be a transcendental meromorphic function of finite
order, c ∈ C \ {0} be fixed. Then

T (r, f(z + c)) = T (r, f) + S(r, f).

Lemma 2.3. [5] Let f be a non-constant meromorphic function of finite
order and c ∈ C. Then N (r, 0; f(z + c)) ≤ N (r, 0; f(z)) + S(r, f),

N(r,∞; f(z+c)) ≤ N(r,∞; f)+S(r, f), N (r, 0; f(z + c)) ≤ N (r, 0; f(z))+

S(r, f),

N(r,∞; f(z + c)) ≤ N(r,∞; f) + S(r, f).

Lemma 2.4. [16] Let f be a non-constant meromorphic function and let
an(z)(6≡ 0), an−1(z), ..., a0(z) be meromorphic functions such that
T (r, ai(z)) = S(r, f) for i = 0, 1, 2, ..., n. Then

T (r, anf
n + an−1f

n−1 + ...+ a1f + a0) = nT (r, f) + S(r, f).

Lemma 2.5. Let f be an entire function of finite order ρ, c be a fixed non-
zero complex constant and let n ∈ N and P (z) be defined as in Theorem 1.9
then for each ε > 0, we have

T (r, fnP (f)∆cf(z)) = (n+m∗ + 1)T (r, f) +O(rρ−1+ε).

Proof. By Lemma 2.1,

T (r, fnP (f)∆cf) = m (r, fnP (f)∆cf) ,

≤ T
(
r, fn+1P (f)

)
+O

(
rρ−1+ε

)
,

≤ (n+m∗ + 1)T (r, f) + s(r, f).

(n+m∗ + 1)T (r, f) = T
(
r, fn+1P (f)

)
,

≤ m (r, fnP (f)∆cf) +m

(
r,

f

∆cf

)
,

≤ m (r, fnP (f)∆cf) + S(r, f).

Therefore,

T (r, fnP (f)∆cf(z)) = (n+m∗ + 1)T (r, f) + S(r, f).

�

Lemma 2.6. Let f be a transcendental entire function of finite order ρ,
c ∈ C \ {0} be a complex constant , n(≥ 1), m∗(≥ 0) be two integer and let
a(z)(6≡ 0 ,∞) be a small function of f . If n > 2, then fnP (f)∆cf − a(z)

has infinitely many zero’s.
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Proof. Let Ψ = FnP (f)∆cf , now from Lemma 2.3, and [13], we get

T (r, ψ) ≤ N
(
r,

1

ψ

)
+N (r, ψ) +N

(
r,

1

ψ − a(z)

)
+ (ε+ o(1)) ,

≤ 3N

(
r,

1

f

)
+N

(
r,

1

P (f)

)
+N

(
r,

1

ψ − a(z)

)
+ (ε+ o(1)) ,

≤ (3 +m∗)T (r, f) +N

(
r,

1

ψ − a(z)

)
+ (ε+ o(1)) ,

from Lemma 2.4 and 2.5,

(n+m∗ + 1)T (r, f) ≤ (3 +m∗)T (r, f) +N

(
r,

1

ψ − a(z)

)
.

Take ε < 1. Since n > 2 from above, one can easily say that ψ − a(z) has
infinitely many zero’s. �

Lemma 2.7. [Hadamard Factorization Theorem] Let f be an entire func-
tion of finite order ρ with zero’s a1, a2, · · · , an each zero is counted as often
as its multiplicity. Then f can be expressed in the form f(z) = Q(z)eα(z),
where α(z) is a polynomial of degree not exceeding [ρ] and Q(z) is the canon-
ical product formed with the zeros of f .

Lemma 2.8. [6] Let f and g be two non-constant meromorphic functions
sharing (1, 2). Then one of the following holds:

(1) T (r, f) ≤ N2

(
r, 1
f

)
+ N2

(
r, 1
g

)
+ N2 (r, f) + N2 (r, g) + s(r, f) +

s(r, g),

(2) fg = 1,
(3) f ≡ g.

Lemma 2.9. Let f, g be two transcendental entire functions of finite order,
c ∈ C\{0} be a complex constant and n ∈ N and p be a non-zero polynomial
such that deg (p) ≤ (n−1) where n ∈ N. Let P (z) be a non-zero polynomial
de?ned as in Theorem 1.9. Suppose

(fnP (f)∆cf(z)) (gnP (g)∆cg(z)) ≡ p2,

then P (z) reduces to a non-zero monomial namely P (z) = aiz
i 6= 0. For i ∈

{0, 1, 2, · · · ,m}. If p(z) = b ∈ C \ {0} then f(z) = c1e
d1(z), g(z) = c2e

d2(z)

where d1, d2, c1, and c2 are non-zero constants such that,

a2
i (c1c2)(n+1+i)

(
ed1c + e−d1c − 2

)
= −b2
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Proof. Let F = fnP (f)∆cf and G = gnP (g)∆cg,
suppose

FG = p2, (2.1)

we consider the following cases,
Case I. Let deg p(z) = l(≥ 1), since F and G are transcendental entire
functions, we deduce by 2.1 that N

(
r, 1
f

)
= O(logr) = N

(
r, 1
g

)
.

Suppose P (z) is not a non-zero monomial. For the sake of simplicity let
P (z) = z − a where a ∈ C \ {0}, clearly Θ(0, f) + Θ(a, f) = 2, which is
impossible for a entire function. Thus P (z) reduces to a non-zero monomial,
namely P (z) = aiz

i 6= 0 for some i ∈ {0, 1, 2, ...,m} and so 2.1 reduces to

a2
i f

n+i∆cfg
n+i∆cg ≡ p2. (2.2)

From 2.2 it follows that N
(
r, 1
f

)
= O (logr) = N

(
r, 1
g

)
. From Lemma 2.7,

we obtain that f = h1e
α1 and g = h2e

β1 , where h1, h2 are two nonconstant
ploynomials and α1, β1 are two non constant polynomials. By virtue of the
polynomial p(z), from 2.2 we arrive at a contradiction.
Case II. Let p(z) = b ∈ C \ {0}. Then from 2.1, we have

(fnP (f)∆cf(z)) (gnP (g)∆cg(z)) ≡ b2, (2.3)

Now from the assumption that f and g are two nonconstant entire functions,
we deduce by 2.3 that fnP (f) 6= 0 and gnP (g) 6= 0. By Picard’s theorem,
we claim that P (z) = a1z

i 6≡ 0 for i ∈ {0, 1, 2, · · · ,m}, otherwise the
Picard’s exception values are atleast three which is contradiction. Then 2.3
reduces to

(a2
i f

n+i∆cf)(gn+i∆cg) ≡ b2. (2.4)

Hence by Lemma 2.7, we obtain that

f = eα, g = eβ (2.5)

a2
i e

(α+β)(n+i)
(
eα(z+c) − eα(z)

)(
eβ(z+c) − eβ(z)

)
= b2,(

eα(z+c)−α(z) − 1
)(

eβ(z+c)−β(z) − 1
)

= d2e(α(z)+β(z))(n+i+1) (2.6)

we conclude that from 2.6 that eα(z+c)−α(z) − 1 has no zero’s.
Let ψ = eα(z+c)−α(z), then ψ 6= 0, 1,∞ for any z ∈ C. By picard theorem,
ψ is constant, so deg(α(z)) = 1. Similarly we can prove that deg(β) = 1.
Assume now that f(z) = c1e

d1(z), g(z) = c2e
d2(z) where d1, d2, c1, c2 are

non-zero constants.
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From 2.3, we get d1 = −d2 and a2
i (c1c2)(n+1+i) (ed1c + e−d1c − 2

)
= −b2 .

Hence the proof. �

Lemma 2.10. Let f and g be two transcendental entire functions of finite
order c ∈ C \ {0} and n ∈ N with n > 1. If fnP (f)∆cf ≡ gnP (g)∆cg,
where P (z) is defined as in the Theorem 1.9 then

(1) When P (z) = amz
m + am−1z

m−1 + · · · + a1z + a0 is a non-zero
polynomial, one of the following three cases holds,
(a) f(z) = tg(z) for a constant t such that td = 1,

where d = gcd(n+ 1, · · · , n+m+ 1− i, · · · , n+m+ 1),
(b) f and g satisify the algebraic equation R(f, g) ≡ 0, where

R(w1, w2) = wn1P (w1)∆cw1(z)− wn2P (w2)∆cw2(z),

(2) When P (z) = zm − 1, then f ≡ tg for some constant t such that
tm = 1;

(3) When P (z) = (z−1)m(m ≥ 2), one of the following two cases holds:
(a) f(z) = g(z),
(b) f and g satisify the algebraic equation R(f, g) ≡ 0, where

R(w1, w2) = wn1P (w1)∆cw1(z)− wn2P (w2)∆cw2(z),

(4) When P (z) ≡ c0, then f ≡ tg for some constant t such that tn+1 =

1.

Proof. Suppose
fnP (f)∆cf ≡ gnP (g)∆cg. (2.7)

Since g is transcendental entire function, hence g(z), g(z+c) 6= 0 we consider
following cases,
Case 1. P (z) = c0,
let h = f

g , if h is a constant by putting f = hg in 2.7, we get

amg
m
(
h(n+m+1) − 1

)
+am−1g

m−1
(
h(n+m) − 1

)
+· · ·+a0

(
h(n+1) − 1

)
≡ 0,

which implies that hd = 1, where d is such that td = 1, where d is the gcd

of the elements of J = {p ∈ I : ap 6= 0} and I = {n+ 1, n+ 2, · · · , n+m+

1− i, · · · , n+m+ 1}.
Thus f = tg for a constant t such that td = 1, where d is the GCD of the
elements of J = {p ∈ I : ap 6= 0} and I = {n + 1, n + 2, · · · , n + m + 1 −
i, · · · , n+m+ 1} i ∈ {0, 1, 2, · · · ,m}.
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If h is not a constant then we know that by 2.7 that f and g satisifying
the algebraic equation R(f, g) = 0, where R(w1, w2) = wn1P (w1)∆cw1(z)−
wn2P (w2)∆cw2(z). We now discuss the following subcases,
Subcase 1.1. P (z) = zm − 1, Then from 2.7, we have

fn(fm − 1)∆cf ≡ gn(gm − 1)∆cg. (2.8)

Let h = f
g and from 2.8, we get

hn+1 =
(gm − 1)∆cg

g
.
(fm − 1)∆cf

f

If h is not constant, then we have

(n+ 1)T (r, h) ≤ T
(
r,

(gm − 1)∆cg

g

)
+ T

(
r,

(fm − 1)∆cf

f

)
+ S(r, f)

+ S(r, g),

(n+ 1)T (r, h) ≤ (m+ 1) [T (r, f) + T (r, g)] + S(r, f) + S(r, g).

Combining the above inequality with,

T (r, h) = T

(
r,
f

g

)
= T (r, f) + T (r, g) + S(r, f) + S(r, g),

we obtain,

(n−m) (T (r, f) + T (r, g)) ≤ S(r, f) + S(r, g),

which is impossible. Therefore h is a constant, then by substituting f = gh

into 2.8, we get

(gh)n((gh)n − 1)∆c(gh) = gn(gn − 1)∆cg,

gm
(
h(n+m+1) − 1

)
= hn+1 − 1. (2.9)

Since h is constant and g is transcendental entire function, from 2.9, we
have h(n+m+1) − 1 = 0 if and only if hn+1 − 1 = 0 and so hm = 1. Thus
f(z) = tg(z) for a constant t such that tm = 1.
Subcase 1.2. Let P (z) = (z − 1)m. Then from 2.7, we have

fn(f − 1)m∆cf ≡ gn(g − 1)m∆cg. (2.10)

Let h = f
g , if m = 1 then the result follows from subcase 1.1

For m ≥ 2, first we suppose that h is non-constant then from 2.10, we can
say that f and g satisify the algebraic equation R(f, g) = 0,
where R(w1, w2) = w1(w1−1)m∆cw2−w2(w2−1)m∆cw2. Next we suppose
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that h is constant, then from 2.10,we get

fn∆cf(z)
m∑
i=0

(−1)i
(

m

m− i

)
fm−i = gn∆cg(z)

m∑
i=0

(−1)i
(

m

m− i

)
gm−i

(2.11)
Now substitute f = gh in 2.11, we get

m∑
i=0

(−1)m
(

m

m− i

)
gm−i

[
hn+m+1−i − 1

]
≡ 0,

which implies that h = 1. Hence f ≡ g.
Case.2 P (z) = c0.

Let h = f
g , then from 2.7, we have

fnc0∆cf = gnc0∆cg,

hn+1 =
∆cg

g
.
f

∆cf
. (2.12)

Therefore from Lemma 2.3 and 2.4,

(n+ 1)T (r, h) = T

(
r,

∆cg

g

)
+ T

(
r,

f

∆cf

)
,

≤ 2 [T (r, f) + T (r, g)] + S(r, f) + S(r, g),

(n+ 1) (T (r, f) + T (r, g)) ≤ 2 [T (r, f) + T (r, g)] + S(r, f) + S(r, g).

Contradicts with n ≥ 2. Hence h must be constant, which implies that
hn+1 = 1, thus f ≡ tg and tn+1 = 1. Which completes the proof. �

3. Proof of Theorem

Proof. Let F = fnP (f)∆cf
p(z) and G = gnP (g)∆cg

p(z) Then F, G share (1, 2) except
the zero’s of p(z). Now applying Lemma 2.8, we see that one of the following
three cases holds
Case 1. Suppose

T (r, F ) ≤ N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+ S(r, F ) + S(r,G),

≤ 2

(
N

(
r,

1

f

)
+N

(
r,

1

g

))
+N

(
r,

1

P (f)

)
+N

(
r,

1

∆cf

)
+N

(
r,

1

P (g)

)
+N

(
r,

1

∆cg

)
+ S(r, f) + S(r, g),
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T (r, F ) ≤ (m∗ + 4) (T (r, f) + T (r, g)) + S(r, f) + S(r, g),

≤ (2m∗ + 8)T (r) + S(r).

From Lemma 2.5,

(n+m∗ + 1)T (r, f) ≤ (2m∗ + 8)T (r) + S(r). (3.1)

Similarly, we have

(n+m∗ + 1)T (r, g) ≤ (2m∗ + 8)T (r) + S(r). (3.2)

Combining 3.1 and 3.2, we get

(n+m∗ + 1)T (r) ≤ (2m∗ + 8)T (r) + S(r)

which contradicts with n > m∗ + 7.
Case 2. F ≡ G,
fnP (f)∆cf = gnP (g)∆cg and so the result follows from Lemma 2.10.
Case 3. FG ≡ 1.

Then we have (fnP (f)∆cf) (gnP (g)∆cg) ≡ p2 and so the result follows
from Lemma 2.9.

Which completes the proof.
�
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NONLINEAR SINE GORDON EQUATION WITH

REPRODUCING KERNEL HILBERT SPACE METHOD
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Abstract. The paper reports a method of lines (MOL) for gener-
ating a solution for the sine Gordon equation in one dimension with
suitable initial and boundary conditions based on the reproducing ker-
nel Hilbert space method (RKHSM). Two valid test examples are given
to determine the validity and effectiveness of the current technique. We
observed that the presented method has better accuracy and efficiency
compared to the other methods in the literature.

1. Introduction

Nonlinearity appear in many branches of scientific fields such as plasma
physics, solid state physics, mathematical biology, fluid dynamics and chem-
ical kinetics, can be modeled by partial differential equations (PDEs). A
broad class of analytical and numerical solution methods have been used to
handle these problems.
In this article, we consider the following one dimensional sine Gordon equa-
tion

∂2u

∂t2
=
∂2u

∂x2
− sin(u), (x, t) ∈ Ω× Γ, (1.1)

where u = u(x, t) represents the wave displacement at position x and time
t and sin(u) is the nonlinear force, with initial and boundary conditions

u(x, 0) = Θ1(x), ut(x, 0) = Θ2(x), x ∈ Ω, (1.2)

u(a, t) = Φ1(t), u(b, t) = Φ2(t), t ∈ Γ, (1.3)
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Key words and phrases: Mathematical model, Nonlinear system of ODEs,
Reproducing kernel Hilbert space method, Method of Lines
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where Ω = (a, b), Γ = (0, T ] with 0 < T <∞.
The sine Gordon equation is a nonlinear hyperbolic equation, which is a
model of soliton wave. It was first introduced by Edmond Bour [6] in the
study of surfaces of constant negative curvature and rediscovered by Frenkel
and Kontorova [12] in the study of the Frenkel-Kontorova model. Also, the
sine Gordon equation appears in many applications like stability of fluid
motion, differential geometry, applied sciences and nonlinear physics [3],
propagation of fluxion in Josephson junctions [25].
The study of the solution of nonlinear sine Gordon wave equation has been
gained much attention in the past several decades. It has been solved by
Ablowitz et al. [1] using the inverse-scattering method. Ben-Yu et al. [4]
presented a numerical solution by two difference schemes. Bratsos [7] solved
the equation using a fourth-order rational approximation to the matrix ex-
ponential term in a three time level recurrence relation for the numerical
solution. Dehghan and Shokri [11] used radial basis functions with collo-
cation points to approximate the solution. Uddin et al. [27] evaluated nu-
merical solution using a meshfree approach based on radial basis function.
Mittal and Bhatia [19] discussed for the numerical solution using modified
cubic B-spline collocation method based on collocation of modified cubic
B-splines over finite elements.
In this paper we present a semi analytical method of lines (MOL) solu-
tion. The MOL were applied to solve the PDEs in fully numerical based by
Schiesser et al. [26]. In 2004, Koto [15] applied this technique to approxi-
mations of delay differential equations using Runge Kutta method. Hamdi
et al. [14] gave basic idea of MOL. The semi analytic MOL is used actively
for solving linear PDEs. For example see [21, 22, 23].
In our work a different approach is used, the usual finite difference scheme
is employed for spatial discretization in the nonlinear initial boundary val-
ued PDE to convert nonlinear initial valued system of ordinary differential
equations (ODEs) and then using RKHSM to find a solution. The theory
of reproducing kernels [24] dates to the first half of the 20th century, and
its roots go back to the pioneering papers by S. Zeremba [28], Mercer [18],
and Bergman [5]. In 1950, N. Aronszajn [2] outlined the past works and
gave a systematic reproducing kernel theory and laid a good foundation for
the research of each special case and greatly simplified the proof. This the-
ory has been successfully applied on linear and nonlinear applications with
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different type conditions by many researchers [8, 9, 13, 16]. The analytic
solution of RKHSM is represented in the form of series. The RKHSM is
easily implemented, grid free and without time discretization. Also, we can
evaluate the solution for finite number of points and use it often.
The paper is laid out as follows. In the next section, we show how we use
MOL to solve the sine Gordon equation. The results of numerical exper-
iments are presented in Section 3. Final Section is dedicated to a brief
conclusion. Finally the references are listed at the end.

2. Method of Lines

In this section, we derive MOL to solve the sine Gordon equation using
RKHSM. To do this, we divide the section into two subsections. In the first
subsection, we discretize the spatial derivatives to obtain a system of ODEs
in the time variable. In the second subsection, we explain RKHSM to solve
the system of ODEs.

2.1. Discretization. To use the MOL for solving (1.1)-(1.3), we discretize
the spatial coordinate x with m − 1 grid points xi = xi−1 + h, h = (b −
a)/m, x0 = a, xm = b, i = 1, 2, . . . ,m − 1. We apply a second-order dif-
ference approximation for the second-order derivative in x in grid points
x1, xm−1 and a fourth-order difference approximation to the second-order
derivative in x in grid points xi, i = 2, 3, . . . ,m− 2.
Let us consider ui(t) approximate u(xi, t). Here, using the central differ-
ence approximations in second-order and forth-order for the second order
derivative in x of (1.1), we get

d2u1

dt2
=
u0 − 2u1 + u2

h2
− sin(u1),

d2um−1

dt2
=
um−2 − 2um−1 + um

h2
− sin(um−1),

d2ui
dt2

=
−ui−2 + 16ui−1 − 30ui + 16ui+1 − ui+2

12h2
− sin(ui),

i = 2, 3, . . . ,m− 2.

(2.1)

Further, the conditions (1.2) and (1.3) become

ui(0) = Θ0(xi),
dui(0)

dt
= Θ1(xi), i = 1, 2, 3, . . . ,m− 1,

u0 = Φ1(t), um = Φ2(t).
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We change system (2.1) to a system of the first-order ODEs by using

vi =
dui
dt
, i = 1, 2, . . . ,m− 1.

Consequently, we get the following initial values system of 2m−2 equations

dui
dt

=vi i = 1, 2, . . . ,m− 1,

dv1

dt
=

Φ1(t)− 2u1 + u2

h2
− sin(u1),

dv2

dt
=
−Φ1(t) + 16u1 − 30u2 + 16u3 − u4

12h2
− sin(u2),

dvi
dt

=
−ui−2 + 16ui−1 − 30ui + 16ui+1 − ui+2

12h2
− sin(ui),

i = 3, 4, . . . ,m− 3, (2.2)

dvm−2

dt
=
−um−4 + 16um−3 − 30um−2 + 16um−1 − Φ2(t)

12h2

− sin(um−2),

dvm−1

dt
=
um−2 − 2um−1 + Φ2(t)

h2
− sin(um−1),

with initial conditions

ui(0) = Θ0(xi), vi(0) = Θ1(xi), i = 1, 2, . . . ,m− 1. (2.3)

In the next section, we will discuss the RKHSM to solve the first-order
nonlinear system of ODEs with homogeneous initial conditions.

2.2. The Reproducing Kernel Hilbert Space Method. In this section,
firstly we construct a homogeneous initial values system of ODEs from the
equations (2.2) and (2.3).
To do this, we take ui = Θ0(xi)(1 − t) + wi, vi = Θ1(xi)(1 − t) + wm−1+i,
i = 1, 2, . . . ,m− 1, we get

dwi

dt
=Θ0(xi) + Θ1(xi)(1− t) + wm−1+i i = 1, 2, . . . ,m− 1,

dwm

dt
=Θ1(x1) +

Φ1(t)− 2(Θ0(x1)(1− t) + w1) + Θ0(x2)(1− t) + w2

h2

− sin(Θ0(x1)(1− t) + w1),

dwm+1

dt
=Θ1(x2) +

−Φ1(t) + 16(Θ0(x1)(1− t) + w1)− 30(Θ0(x2)(1− t) + w2)

12h2

+
16(Θ0(x3)(1− t) + w3)− (Θ0(x4)(1− t) + w4)

12h2
− sin(Θ0(x2)(1− t) + w2),

dwm−1+i

dt
=Θ1(xi) +

−(Θ0(xi−2)(1− t) + wi−2) + 16(Θ0(xi−1)(1− t) + wi−1)

12h2

+
−30(Θ0(xi)(1− t) + wi) + 16(Θ0(xi+1)(1− t) + wi+1)− (Θ0(xi+2)(1− t) + wi+2)

12h2
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− sin(Θ0(xi)(1− t) + wi), i = 3, 4, . . . ,m− 3, (2.4)

dw2m−3

dt
=Θ1(xm−2) +

−(Θ0(xm−4)(1− t) + wm−4) + 16(Θ0(xm−3)(1− t) + wm−3)

12h2

+
−30(Θ0(xm−2)(1− t) + wm−2) + 16Θm−1 − Φ2(t)

12h2

− sin(Θ0(xm−2)(1− t) + wm−2),

dw2m−2

dt
=Θ1(xm−1) +

Θ0(xm−2)(1− t) + wm−2 − 2(Θ0(xm−1)(1− t) + wm−1) + Φ2(t)

h2

− sin(Θ0(xm−1)(1− t) + wm−1),

with homogeneous initial conditions

wi(0) = 0, i = 1, 2, . . . , 2m− 2. (2.5)

Now, we introduce the reproducing kernel Hilbert spaces W2
2 [0, T ] and

W1
2 [0, T ] with corresponding reproducing kernel functionsR(t, s) and G(t, s),

respectively, to generate the algorithm of the RKHSM.

Definition 2.1. [10] ConsiderH is a Hilbert space of real or complex valued
functions defined on a nonempty set X endowed with 〈f, g〉H.
A function R(·, ·) : X ×X → F ( F denotes R or C) is called a reproducing
kernel of the Hilbert space H if it satisfies,

〈f,R(·, s)〉H = f(s), (2.6)

for each fixed s ∈ X.

The equation (2.6) is known as “the reproducing property”.

Definition 2.2. [20] The inner product spaceW2
2 [0, T ] is defined asW2

2 [0, T ] =

{w : w,w′ are absolutely continuous real valued functions on [0, T ], w′′ ∈
L2[0, T ], and w(0) = 0} with the inner product and the norm of W2

2 [0, T ]

are defined, respectively, by

〈w, y〉W2
2

= w(0)y(0) +
dw(0)

dt

dy(0)

dt
+

∫ T

0

d2w(t)

dt2
d2y(t)

dt2
dt,

‖w‖W2
2

=
√
〈w,w〉W2

2
.

Theorem 2.3. [20] The Hilbert space W2
2 [0, T ] is a reproducing kernel

Hilbert space and its reproducing kernel function R(·, ·) can be written as

R(t, s) =

 s
6(6t+ 3ts− s2), s ≤ t,
t
6(6s+ 3ts− t2), s > t.
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Definition 2.4. [17] The inner product spaceW1
2 [0, T ] is defined asW1

2 [0, T ] =

{w : w is absolutely continuous real valued function on [0, T ], w′ ∈ L2[0, T ]}
with the inner product and the norm of W1

2 [0, T ] are defined, respectively,
by

〈w, y〉W1
2

= w(0)y(0) +

∫ T

0

dw(t)

dt

dy(t)

dt
dt,

‖w‖W1
2

=
√
〈w,w〉W1

2
.

Theorem 2.5. [17] The Hilbert space W1
2 [0, T ] is a reproducing kernel

Hilbert space and its reproducing kernel function G(·, ·) can be written as

G(t, s) =

1 + s, s ≤ t,

1 + t, s > t.

We interpret a differential operator for Lwi(t) = dwi
dt , i = 1, 2, . . . , 2m−2

as L : W2
2 [0, T ] → W1

2 [0, T ], such that equations (2.4) and (2.5) become
Lwi(t) = fi(t, w1(t), w2(t), . . . , w2m−2(t)), 0 < t < T , subject to the initial
conditions, wi(0) = 0, i = 1, 2, . . . , 2m − 2, where wi(·) ∈ W2

2 [0, T ] and
fi(·, w1(·), w2(·), . . . , w2m−2(·)) ∈ W1

2 [0, T ].

Theorem 2.6. The operator L : W2
2 [0, T ] → W1

2 [0, T ] is bounded and lin-
ear.

Proof. For the proof, we refer to [10]. �

Now, we consider function in the form ψj(·) = L∗G(·, tj), j = 1, 2, 3, . . .,
where {tj}∞j=1 is dense on [0, T ] and L∗ is the adjoint operator of L. Like,

〈wi(·), ψj(·)〉W2
2

= 〈wi(·), L∗G(·, tj)〉W2
2

= 〈Lwi(·),G(·, tj)〉W1
2

= Lwi(tj), j = 1, 2, . . . , i = 1, . . . , 2m− 2.

Since,

ψj(·) = L∗G(·, tj)

= 〈L∗G(·, tj),R(t, s)〉W2
2

= 〈G(·, tj), LsR(·, s)〉W1
2

= 〈LsR(·, s),G(·, tj)〉W1
2
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= LsR(·, s)|s=tj , j = 1, 2, . . . .

Thus, ψj(·) can be evaluated by ψj(·) = LsR(·, s)|s=tj , j = 1, 2, 3, . . ., where
Ls is a differential operator with respect to s.

Theorem 2.7. If {tj}∞j=1 is dense on [0, T ], then {ψj(·)}∞j=1 is a complete
system of the space W2

2 [0, T ].

Proof. For the proof, we refer to [10]. �

Now, we will derive the method of analytical solution of the equations
(2.4) and (2.5) in the reproducing kernel Hilbert space W2

2 [0, T ].
The orthonormal system Ψj(·) ofW2

2 [0, T ], j = 1, 2, 3, . . . can be constructed
from Gram-Schmidt orthogonalization process of ψj(·), j = 1, 2, 3, . . . with
coefficients βjk, as

Ψj(·) =

j∑
k=1

βjkψk(·), j = 1, 2, 3, . . . . (2.7)

Theorem 2.8. If {tj}∞j=1 is dense on [0, T ], then the analytic solution of
(2.4) and (2.5) represented by

wi(·) =
∞∑
j=1

j∑
k=1

βjkfi(·, w1(·), w2(·), . . . , w2m−2(·))Ψj(·), i = 1, 2, . . . , 2m−2.

(2.8)

Proof. Let wi(·), i = 1, 2, . . . , 2m − 2 be the solution of (2.4) and (2.5) in
W2

2 [0, T ]. Therefore,
∑∞

j=1〈wi(·),Ψj(·)〉W2
2
Ψj(·), i = 1, 2, . . . , 2m−2 are the

expansion of about orthonormal system Ψj(·) and convergent in the sense
of ‖.‖W2

2
. On the other hand, using (2.7) yields that

wi(·) =
∞∑
j=1

〈wi(·),Ψj(·)〉W2
2
Ψj(·)

=

∞∑
j=1

〈wi(·),
j∑

k=1

βjkψk(·)〉W2
2
Ψj(·)

=

∞∑
j=1

j∑
k=1

βjk〈wi(·), ψk(·)〉W2
2
Ψj(·)

=
∞∑
j=1

j∑
k=1

βjk〈wi(·), L∗G(·, tk)〉W2
2
Ψj(·)
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=

∞∑
j=1

j∑
k=1

βjk〈Lwi(·),G(·, tk)〉W1
2
Ψj(·)

=
∞∑
j=1

j∑
k=1

βjk〈fi(·, w1(·), w2(·), . . . , w2m−2(·)),G(·, tk)〉W1
2
Ψj(·)

=
∞∑
j=1

j∑
k=1

βjkfi(tk, w1(tk), w2(tk), . . . , w2m−2(tk))Ψj(%),

i = 1, 2, . . . , 2m− 2.

Thus, (2.8) is the analytical solution of (2.4) and (2.5). �

Here, equation (2.8) is the analytic solution of (2.4) and (2.5). Now,
for the solution, we can define initial conditions as wi,0(t1) = wi(t1) and
set n terms approximations to wi(t), i = 1, 2, . . . , 2m − 2 as wi,n(t) =∑n

j=1A
{i}
j Ψj(t), i = 1, 2, . . . , 2m−2, where the coefficients A{i}j of Ψj(t) are

given as A{i}j =
∑j

k=1 βjkfi(tk, w1,k−1(tk), w2,k−1(tk), . . . , w2m−2,k−1(tk)),

i = 1, 2, . . . , 2m− 2.

3. Numerical Experiments

In this section, we consider two nonlinear time dependent sine Gordan
type equations on a finite interval that are implemented to demonstrate the
accuracy and capability of the proposed algorithm, and all of them were
performed on the computer using a program written in Matlab. To show
the efficiency of the presented scheme we calculate the error norms L2 and
L∞ as

L2 = ‖uexact − uMOL‖2 =

√√√√h

m∑
i=1

|(uexact)i − (uMOL)i|
2,

L∞ = ‖uexact − uMOL‖∞ = max
i
|(uexact)i − (uMOL)i| .

Example 3.1. To test the MOL in the domain [−1, 1], we consider the
initial conditions Θ0(x) = 0,Θ1(x) = 4 sech(x) and boundary conditions
Φ1(t) = 4 arctan(t sech(−1)),Φ2(t) = 4 arctan(t sech(1)). The analytic so-
lution [19] is given as u(x, t) = 4 arctan(t sech(x)).

In Table 1, we introduce the L2 and L∞ errors between the MOL and
analytic solutions in the domain [−1, 1] with h = 0.04 and ∆t = 0.0001 for
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Figure 1. The result of the MOL with h = 0.04. (a) The
analytic solution. (b) The MOL solution. (c) The absolute
error.

Table 1. L2 and L∞ errors of Example 3.1 with h = 0.04
at t = 0.25, 0.50, 0.75, 1.00.

MOL Mittal and Bhatia [19] Dehghan and Shokri [11]
t L2 L∞ L2 L∞ L2 L∞

0.25 1.7478× 10−7 3.7809× 10−7 1.18× 10−5 2.32× 10−5 3.91× 10−5 5.89× 10−6

0.50 4.8636× 10−7 6.8728× 10−7 4.19× 10−5 4.11× 10−5 1.30× 10−4 2.01× 10−5

0.75 7.0941× 10−7 7.7246× 10−7 7.78× 10−5 1.02× 10−4 2.35× 10−4 3.63× 10−5

1.00 6.7936× 10−7 6.7041× 10−7 1.30× 10−4 1.64× 10−4 3.27× 10−4 5.07× 10−5

Example 3.1. Also, a comparison of some past works is given in the table,
which gives that the proposed method is accurate. The analytic solution,
the MOL solution and the absolute errors of Example 3.1 with h = 0.04 are
displayed in Figure 1.

Example 3.2. The MOL solution of (1.1) is calculated in the computa-
tional domain [−3, 3] with initial conditions Θ0(x) = 4 arctan

(
exp

(
x√

1−c2

))
,

Θ1(x) = −4cγexp(γx)
1+exp(2γx) and boundary conditions Φ1(t) = 4 arctan(exp(γ(−3−
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ct))), Φ2(x) = 4 arctan(exp(γ(3 − ct))). The analytic solution [19] is given
as u(x, t) = 4 arctan(exp(γ(x− ct))), where γ = 1/

√
1− c2.

Figure 2. The result of the MOL with h = 0.04. (a) The
analytic solution. (b) The MOL solution. (c) The absolute
error.

Table 2. L2 and L∞ errors of Example 3.2 with h = 0.04
at t = 0.25, 0.50, 0.75, 1.00.

MOL Mittal and Bhatia[19] Dehghan and Shokri [11]
t L2 L∞ L2 L∞ L2 L∞

0.25 5.7347× 10−8 6.4305× 10−8 3.66× 10−5 4.90× 10−5 1.76× 10−5 4.95× 10−6

0.50 1.4646× 10−7 1.5131× 10−7 9.00× 10−5 7.55× 10−5 4.31× 10−5 8.42× 10−6

0.75 2.2560× 10−7 2.4219× 10−7 1.60× 10−4 1.43× 10−4 8.25× 10−5 1.65× 10−5

1.00 2.7964× 10−7 3.0977× 10−7 2.27× 10−4 2.10× 10−4 1.27× 10−4 2.51× 10−5

We consider h = 0.04, ∆t = 0.0001 and c = 0.5. The analytic solution,
the MOL solution and the absolute error are plotted in Figure 2. Table
2 illustrates the L2 and L∞ errors and a comparison with the method in
[11, 19] and it is clear that our method is accurate.
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4. Conclusion

In this paper, we proposed an efficient algorithm to solve a nonlinear
time dependent sine Gordon equation. The equation is reduced to a system
of ODEs and the system is solved by RKHSM. The main benefits of the
method are simplicity of performance, high-order accuracy, and low com-
putational cost. The efficiency and superiority of the scheme for a solution
have been shown through experimental examples. It may be extended to
solve different types of PDEs.

Acknowledgement: We wish to thank the editor-in-chief and the anony-
mous referees for their valuable suggestions to improve the quality of the
paper.

References

[1] Ablowitz, M. J., Kaup, D. J., Newell, A. C. and Segur, H., Method for solving the
sine-Gordon equation, Physical Review Letters 30(25) (1973), 1262.

[2] Aronszajn, N., Theory of reproducing kernels, Transactions of the American math-
ematical society 68(3) (1950), 337–404.

[3] Barone, A., Esposito, F., Magee, C. J. and Scott, A. C., Theory and applications of
the sine-Gordon equation, La Rivista del Nuovo Cimento (1971-1977) 1(2) (1971),
227–267.

[4] Ben-Yu, G., Pascual, P. J., Rodriguez, M. J. and Vázquez, L., Numerical solution
of the sine-Gordon equation, Applied Mathematics and Computation 18(1) (1986),
1–14.

[5] Bergman, S., The approximation of functions satisfying a linear partial differential
equation, Duke Mathematical Journal 6(3) (1940), 537–561.

[6] Bour, E., Théorie de la déformation des surfaces, Journal de l’École Impériale Poly-
technique 19 (1861), 1–48.

[7] Bratsos, A. G., A fourth order numerical scheme for the one-dimensional sine-Gordon
equation, International Journal of Computer Mathematics 85(7) (2007), 1083–1095.

[8] Cui, M. and Deng, Z., On the best operator of interpolation, Math. Numer. Sin 8
(1986), 209–216.

[9] Cui, M. and Geng, F., Solving singular two-point boundary value problem in repro-
ducing kernel space, Journal of Computational and Applied Mathematics 205(1)
(2007), 6–15.

[10] Cui, M. and Lin, Y., Nonlinear numerical analysis in reproducing kernel space, Nova
Science Pub, 2009.



NEW METHOD OF LINES SOLUTION FOR THE NONLINEAR SINE GORDON. . . 65

[11] Dehghan, M. and Shokri, A., A numerical method for one-dimensional nonlinear
sine-Gordon equation using collocation and radial basis functions, Numerical Meth-
ods for Partial Differential Equations: An International Journal 24(2) (2008), 687–
698.

[12] Frenkel, J. and Kontorova, T., On the theory of plastic deformation and twinning,
Izv. Akad. Nauk, Ser. Fiz. 1 (1939), 137–149.

[13] Geng, F. and Cui, M., A reproducing kernel method for solving nonlocal fractional
boundary value problems, Applied Mathematics Letters 25(5) (2012), 818–823.

[14] Hamdi, S., Schiesser, W. E. and Griffiths, G. W., Method of lines, Scholarpedia 2(7)
(2007), 2859.

[15] Koto, T., Method of lines approximations of delay differential equations, Computers
& Mathematics with Applications 48(1-2) (2004), 45–59.

[16] Li, X. and Wu, B., New algorithm for nonclassical parabolic problems based on the
reproducing kernel method, Mathematical Sciences 7(1) (2003), 1–5.

[17] Lin, Y., Cui, M. and Yang, L., Representation of the exact solution for a kind of
nonlinear partial differential equation, Applied Mathematics Letters 19(8) (2006),
808–813.

[18] Mercer, J., Functions of positive and negative type and their connection with the
theory of integral equations, Philosophical Transsaction of the Royal Society of Lon-
don Ser 209 (1909), 415–446.

[19] Mittal, R. C. and Bhatia, R., Numerical solution of nonlinear sine-Gordon equa-
tion by modified cubic B-spline collocation method, International Journal of Partial
Differential Equations 2014 (2014).

[20] Mokhtari, R., Toutian, F. and Mohammadi, M., Reproducing kernel method for solv-
ing nonlinear differential-difference equations, Abstract and Applied Analysis 2012
(2012).

[21] Patel, G. and Patel, K., The method of lines for solution of one dimensional heat
equation, Proceeding of the International Conference on Emerging Trends in Scien-
tific Research, 1 (2015), 200-208.

[22] Patel, G. and Patel, K., The method of lines for solution of the one dimensional
second order wave equation, Mathematical Sciences International Research Journal,
4(2) (2015), 98-104.

[23] Patel, G. and Patel, K., The method of lines for solution of the two dimensional
elliptic equation, Annals of Faculty Engineeering Hunedoara International Journal
of Enginnering, XIV(1) (2016), 225–230.

[24] Patel, G. and Patel, K., Reproducing kernel for Robin boundary conditions, The
Mathematics Student 90(3–4) (2021), 143–158.

[25] Perring, J. K. and Skyrme, T., A model unified field equation, Selected Papers, With
Commentary, Of Tony Hilton Royle Skyrme (1994), 216–221.

[26] Saucez, P. and Schiesser, W., Adaptive method of lines, CRC Press, 2001.
[27] Uddin, M., Haq, S. and Qasim, G., A meshfree approach for the numerical solu-

tion of nonlinear sine-Gordon equation, International Mathematical Forum 7(21-
24) (2012), 1179–1186.



66 GAUTAM PATEL AND KAUSHAL PATEL

[28] Zaremba, S., Sur Le Calcul Numeric Des Fonctions Demandees Dans le Problem de
Dirichlet et le Probleme hydrodynamique, Bulletin International de L’Academie des
Sciences de Cracovie (1908), 125–195.

Gautam Patel
Department of Mathematics
Veer Narmad South Gujarat University,
Surat, Gujarat, India.
E-mail: gautamvpatel26@gmail.com

Kaushal Patel
Department of Mathematics
Veer Narmad South Gujarat University,
Surat, Gujarat, India.
E-mail: kbpatel@vnsgu.ac.in



The Mathematics Student ISSN: 0025-5742
Vol. 93 , Nos. 1-2, January-June (2024), 67–70

A CHARACTERIZATION OF CHAOTIC GROUP
ACTIONS

PADMAPRIYA V P AND ALI AKBAR K
(Received : 12 - 08 - 2022 ; Revised : 03 - 04 - 2023)

Abstract. In this paper, we prove that a group acts chaotically on
an infinite Hausdorff space X if and only if any finite collection of
nonempty open subsets of X shares infinitely many periodic orbits.

1. Introduction

Chaotic dynamical systems have been the topic of intensive research.
Most of the work (see [2]) in chaotic dynamics has been concerned with the
iteration of self-maps. In [1], the authors developed a theory in its most
general setting as an action of a group on some topological space. Though
the groups acting chaotically on Hausdorff spaces have been characterized
earlier in [1], no further characterizations were done related to the space
on which the group action takes place. The objective of this paper is to
provide further characterizations of chaotic group actions in terms of the
underlying space and the periodic orbits shared by open subsets of the
underlying space.
In this paper, we prove that the following are equivalent for an action of a
group G on an infinte Hausdorff space X.

(1) action is chaotic.
(2) any two nonempty open subsets of X share a periodic orbit.
(3) any finite collection of nonempty open subsets of X share infinitely

many periodic orbits.

We prove these results with the help of basic ideas involved in the areas
of group theory and topology. These characterizations will be helpful for
further studies of the dynamics of continuous group actions.
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Definition 1.1. Let G be a group acting on a Hausdorff topological space
X. The orbit of a point x ∈ X under G is defined as Gx := {gx : g ∈ G}.

Definition 1.2. Let G be a group acting on a Hausdorff topological space
X. The action of G on X is continuous if for each g ∈ G, the map
g : X → X is continuous.

Throughout this paper, we denote G for a group and X for a Hausdorff
topological space. The group action here is always considered as continuous.

Definition 1.3. The action of G on X is called topologically transitive
if for any two nonempty open sets U and V of X, there exists an element
g ∈ G such that gU ∩ V 6= φ.

Definition 1.4. A point x ∈ X is called a periodic point of the action
if the orbit of x under G is finite. The number of elements of the orbit is
called the period of the orbit.

Definition 1.5. An action is called chaotic if it is topologically transitive
and the set of periodic points forms a dense subset of X.

In [3], a collection of nonempty open sets shares a periodic orbit for a
self-map is defined. Analogous to this we define the following for a group
action.

Definition 1.6. A finite collection of nonempty open sets V1, V2, ..., Vn
share a periodic orbit if there exists a periodic point whose orbit meets
each Vi for i = 1, 2, ..., n.

2. Main Results

The following proposition can be considered as another definition of
chaotic group actions.

Proposition 2.1. The action of G on X is chaotic if and only if any two
nonempty open subsets of X share a periodic orbit.

Proof. If any two nonempty open subsets share a periodic orbit, then every
open set contains a periodic point and therefore periodic points are dense in
X. To prove the topological transitivity, let U and V be any two nonempty
open subsets of X. By assumption, U and V share a periodic orbit. That
is, there exists x ∈ X such that the orbit Gx = {gx : g ∈ G} intersects
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U and V . Therefore there exists g1, g2 ∈ G such that g1x ∈ U ∩ Gx and
g2x ∈ V ∩ Gx. Let g = g2g1

−1. This implies gU ∩ V 6= ∅ and hence the
action is topologically transitive. Conversely, if the action is chaotic, for
any two nonempty open sets U, V there exists x ∈ U and g ∈ G such that
gx ∈ V . Then W := g−1V ∩ U is nonempty, open, and gW ⊂ V . This W
must contain a periodic point p since the periodic points are dense in X.
Observe that p ∈ U and gp ∈ V . Hence U and V share a periodic orbit. �

The following lemma proves the existence of a periodic orbit of a chaotic
action of a group G on a Hausdorff topological space X shared by finitely
many non-empty open sets.

Lemma 2.2. The action of G on X is chaotic if and only if any finite
collection of nonempty open sets shares a periodic orbit.

Proof. The proof follows by Proposition 2.1 and by applying induction on
the number of nonempty open sets. �

Now we are ready to consider our main theorem.

Theorem 2.3 (Main Theorem). The action of G on an infinite X is chaotic
if and only if every finite collection of nonempty open subsets of X shares
an infinite number of periodic orbits.

Proof. Let U1, U2, ..., Un be nonempty open subsets of X. Suppose this
collection of open sets share only finitely many periodic orbits. Let P be
the set of all points in the periodic orbits shared by U1, U2, ..., Un. Then
P is finite since it is the finite union of periodic orbits that are finite. We
define Vi = Ui\P for i = 1, ..., n. Then each Vi is a nonempty open subset of
X since X is Hausdorff, P is finite and the action is chaotic. Observe that
Vi ⊂ Ui for all i. Now V1, V2, ..., Vn forms a finite collection of nonempty
open subsets of X. Therefore by the assumption, they share a periodic
orbit under the action of G. But this orbit is not contained in P and the
orbit intersects the finite collection {U1, U2, ....., Un}, a contradiction. The
converse follows from Lemma 2.2. �

We conclude our short article by providing the following remark.

Remark 2.4. Let G be a group acting chaotically on an infinite Hausdorff
topological space X. Because of Proposition 2.1 and Theorem 2.3, we can
conclude that the following are equivalent for any two non-empty subsets
U and V of X.
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(1) U and V of X share a periodic orbit.
(2) U and V of X share finitely many periodic orbits.
(3) U and V share an infinite number of periodic orbits.
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A PROOF OF ζ(2) = π2

6
RELATED TO FRACTIONAL
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Abstract. We offer a new and appealingly simple proof related to
fractional calculus of the famous equality ζ(2) = π2

6
.

1. Introduction

Euler’s closed-form formula
1

12
+

1

22
+ · · · = π2

6
(1.1)

is one of the most celebrated and most beautiful formulas in all of mathe-
matics. It appears that this Euler formula is the one classical formula with
the most published research articles specifically devoted to new and different
proofs of it. For example, the lengthy list of References in our recent con-
tribution [2], in which Euler’s formula was proved using the Wilf–Zeilberger
method [8], lists many articles based on proofs of Euler’s formula, including
the recent Mathematics Student article [6] that has inspired our current ar-
ticle. Our new proof of Euler’s formula relies on a very recently published
identity [1] that was derived using an area in mathematics that is known as
fractional calculus and that is described below, and our new proof also relies
on a special function known as the dilogarithm, which is reviewed below.

1.1. Fractional calculus. The repeated application of differential or of
differential-type operators is used in virtually every form of mathematical
analysis. The use of the phrase “repeated application” suggests that one’s
applying such operators over and over again is of a discrete nature, in terms
of an integer number of times such operators may be applied. Fractional
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calculus may be thought of as being given by how one may generalize this
notion using non-integer values.

If we let D denote a linear, differential operator such as the operator d
dx

(defined on some suitable domain), then expressions such as
(
d
dx

)n or Dn

would typically refer to self-iterations of the form

D ◦D ◦ · · · ◦D︸ ︷︷ ︸
n

.

If we consider how such self-iterations may be generalized and applied using
analytic functions, this leads us to consider the relation

D ◦D ◦ · · · ◦D︸ ︷︷ ︸
n

(xn) = n! (1.2)

for D = d
dx and how it is typically generalized in the field of fractional

calculus.
To generalize (1.2) for non-integer values n, one is led toward the use

of the Γ-function (see Rainville [9, §8]) given by the Euler integral Γ(x) =∫∞
0 ux−1e−u du. For example, for α > −1

2 , we let the Caputo operators D1/2

and D−1/2 be such that

D1/2xα =
Γ(α+ 1)

Γ
(
α+ 1

2

)xα− 1
2

and
D−1/2xα =

Γ(α+ 1)

Γ
(
α+ 3

2

)xα+ 1
2 , (1.3)

following the references [1, 3] that are to be later involved in our work. In
view of (1.2), we are led to find that(

D1/2 ◦D1/2
)
xα = αxα−1

and similarly with respect to (1.3), and hence a standard way of generalizing
identities such as (1.2) using non-integer values n. The recent article [1]
concerning Caputo operators introduced an identity via such operators that
we briefly review below and that we are to prove in a self-contained way to
provide a new proof of 1

12
+ 1

22
+ · · · = π2

6 .

1.2. The dilogarithm function. The study of higher logarithm functions
constitutes a large area in special functions theory, with reference to the
33B30 Mathematics Subject Classification. Something of a prototype or
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main instance of a so-called higher logarithm function is the famous dilog-
arithm function, which we are to review below. For excellent and relevant
exposition on the dilogarithm and the history concerning this special func-
tion, we refer to Stewart’s recent article [10], and the following background
material is partly inspired by [10].

We write Li2(x) :=
∑∞

n=1
xn

n2 to denote the dilogarithm function, letting
this function be defined for |x| ≤ 1. As in [10], we provide [5] as a reference
for the history of the use of the function Li2 in mathematics. For a succinct
review of many of the fundamental properties concerning Li2, such as its
usual integral formula

Li2(x) = −
∫ x

0

log(1− t)
t

dt

and the Euler reflection formula

Li2(x) + Li2(1− x) =
π2

6
− log(x) log(1− x),

we again refer to Stewart’s article [10]. For our present purposes, we are
more interested in an integral identity involving Li2 given in [1] that is to
be proved and applied in a self-contained way.

Let the inner product 〈·, ·〉 be such that 〈f(x), g(x)〉 =
∫ 1
0 f(x)g(x) dx

for (Riemann) integrable functions f and g. The method of semi-integration
by parts (SIBP) was introduced in [3] and formulated in the following way:

〈f, g〉 =
〈(
D1/2τ

)
f,
(
τD−1/2

)
g
〉
,

provided that both sides of this equality are well-defined, and where τ de-
notes the operator such that h(x) 7→ h(1− x). We let f and g respectively
denote the analytic functions given by the power series expansions with
summands given by an =

(
α2

16

)n(2n
n

)2 and bn =
(

1
16

)n(2n
n

)2; we may then
apply SIBP, as in [1], to prove that∫ 1

0

sin−1 (
√
x)

√
1− x

√
α2(x− 1) + 1

dx =
Li2(α)− Li2(−α)

α
. (1.4)

We are to prove this identity in a self-contained way, using “Feynman’s
favorite trick” [7], to prove that ζ(2) = π2

6 , writing ζ(x) = 1
1x + 1

2x + · · · to
denote the Riemann zeta function.

1.3. Feynman’s favorite trick. The interchange of limiting operations
arises in virtually all areas of classical and modern analysis. For example,
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exchanging the order of integration and infinite summation is a common
kind of “trick” used in the determination of closed-form evaluation of infinite
series, and may be justified, for reasonably well-behaved integrands, subject
to the conditions of famous results in mathematical analysis such as the
Monotone Convergence Theorem; see classic texts such as [4, p. 317]. To
justify differentiating under the integral sign, one would typically appeal to
the famous Leibniz integral rule. According to this rule, for integrals with
upper and lower limits that are constant, and with an integrand f(α, x) such
that f(α, x) and ∂

∂αf(α, x) are continuous in α and x (for the closed interval
given by the upper and lower limits of the integral), one may differentiate
under the integral sign (with respect to α). Although the integrand in (2.1)
is only continuous with respect to x for [0, 1) and not for [0, 1], one may use
a standard generalization of the Leibniz integral rule for improper integrals.

2. A new proof of ζ(2) = π2

6

Although (1.4) had initially been discovered via fractional calculus, we
are to prove (1.4) in a self-contained way, to provide a new and self-contained
proof that ζ(2) = π2

6 . The famous problem of evaluating ζ(2) in closed form
is referred to as the Basel problem, as below.

Theorem 2.1. The solution to the Basel problem whereby ζ(2) = π2

6 holds
true.

Proof. To prove that (1.4) holds for |α| ≤ 1, we instead prove the equivalent
formulation∫ 1

0

sin−1 (
√
x)α

√
1− x

√
α2(x− 1) + 1

dx = Li2(α)− Li2(−α). (2.1)

By differentiating with respect to α on both sides of the purported iden-
tity in (2.1) (using the generalization of the Leibniz integral rule indicated
above), we can show that (2.1) is equivalent to∫ 1

0

sin−1 (
√
x)

√
1− x (1 + (x− 1)α2)3/2

dx =
log(α+ 1)

α
− log(1− α)

α
. (2.2)

However, we may easily check that an antiderivative of the integrand of the
left-hand side of the above equality is

2 log
(
α
(√

α2(x− 1) + 1 + α
√
x
))

α
− 2
√

1− x sin−1 (
√
x)√

α2(x− 1) + 1
,
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so taking the required limits then gives us a proof of (2.1). From (2.1), we

obtain that
∫ 1
0

sin−1(
√
x)√

1−x
√
x
dx = Li2(1) − Li2(−1). We may easily check that

an antiderivative for the integrand on the left-hand side is sin−1 (
√
x)

2, so
this gives us a proof that π2

4 = Li2(1) − Li2(−1). So, we have proved that
π2

4 =
∑∞

n=1
1
n2 −

∑∞
n=1

(−1)n
n2 , and the use of series bisections easily gives us

that this is equivalent to ζ(2) = π2

6 . �
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Abstract. In his paper [Concrete representation of abstract (M)-
spaces (A characterization of the space of continuous functions), Annals
of Mathematics, No. (4), 42 (1941), 994–1024.], S. Kakutani gave an
interesting representation of the closed linear sublattices of the space of
real-valued continuous functions on a compact Hausdorff space, which
is determined by a set of algebraic relations. In this short note, we
present a simple proof of this representation without using any pro-
found lattice theory or functional analysis results, making this proof
accessible even to undergraduate students.

1. Preliminaries

Let X be a compact Hausdorff space. We denote the Banach space (in
other words, a complete normed linear space) of all real-valued continuous
functions on X, equipped with the supremum norm, by C(X). It is well-
known that C(X) is a lattice under the operation of pointwise maximum or
minimum of a pair of functions in C(X) and an algebra under the operation
of pointwise multiplication of a pair of functions in C(X). All the subspaces
in this note are assumed to be closed with respect to the norm topology.
We say that a closed linear subspace A of C(X) is a sublattice of C(X) if
A is a lattice in its own right under the same lattice operation as in C(X).
A closed linear subspace A of C(X) is said to be a subalgebra of C(X)

if A is an algebra in its own right under the same algebra operation as in
C(X). Kakutani presented an algebraic characterization of the closed linear
sublattices of C(X) as follows :
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Theorem 1.1 ([2, Theorem 3, pg. 1005]). Let X be a compact Hausdorff
space. Let A be a closed linear subspace of C(X). Then A is a sublattice of
C(X) if and only if there exists an index set I and co-ordinates (ti, si, λi) ∈
X ×X × [0, 1], for each i ∈ I such that

A = {f ∈ C(X) : f(ti) = λif(si), for each i ∈ I}. (1.1)

In Section 2, we provide an elementary proof of the result above. In
fact, we exploit the structure of the closed linear sublattices of the two-
dimensional vector space, R2, in this proof. Moreover, in this proof, we
apply a few auxiliary results whose proofs assume the knowledge of a basic
course in real analysis and point-set topology.

Let us first understand what the sublattices look like in R2 under the
lattice operation of co-ordinate-wise maximum or minimum of a pair of vec-
tors in R2. For simplicity, we denote the linear span of a vector (a, b) ∈ R2

as span{(a, b)}. Let A be a closed linear subspace of R2. Basic knowledge of
linear algebra tells us that the possible dimensions of A are 0, 1 or 2. If the
dimension of A is either 0 or 2, then A = {(0, 0)} or A = R2 respectively;
obviously, these subspaces are sublattices of R2. Assume that A is a one-
dimensional subspace of R2. We know that if A = span{(a, b)} for some
(a, b) ∈ R2, then A = span{(λa, λb)} for each λ ∈ R\{0}. Therefore, with-
out loss of generality, there exists a, b ∈ [−1, 1] such that A = span{(a, b)}.
It is easy to see that if −1 ≤ a, b ≤ 0 or 0 ≤ a, b ≤ 1, then A is a sublattice
of R2. Furthermore, if −1 ≤ a < 0 < b ≤ 1 then the minimum of (a, b) and
(2a, 2b) is (2a, b) 6∈ A; hence A is not a sublattice of R2. Using a similar ar-
gument, if −1 ≤ b < 0 < a ≤ 1 then A is not a sublattice of R2. Therefore,
without loss of generality, we arrive at the following conclusion.

Lemma 1.2. Consider R2 as a lattice under the operation of co-ordinate-
wise maximum or minimum of a pair of vectors in R2. Then the only
closed linear sublattices of R2 are {(0, 0)}, R2 and span{(a, b)}, for those
(a, b) ∈ R2 satisfying 0 ≤ a, b ≤ 1.

We can also list all possible closed linear subalgebras of R2 as follows :

Lemma 1.3 ([1, Lemma 4.46]). Consider R2 as an algebra under co-
ordinate-wise addition and multiplication of a pair of vectors in R2. Then
the only subalgebras of R2 are {(0, 0)}, R2, span{(1, 0)}, span{(0, 1)} and
span{(1, 1)}.
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We now recall a few known facts and definitions needed to prove Theo-
rem 1.1. For a compact Hausdorff space X, we say a closed linear subspace
A of C(X) separates the points of X if for every two distinct points x, y ∈ X,
there exists f ∈ A such that f(x) 6= f(y).

The following result shows the interconnection between a subalgebra
and a sublattice of C(X).

Lemma 1.4 ([1, Lemma 4.48]). Let X be a compact Hausdorff space. If A
is a closed linear subalgebra of C(X), then A is a sublattice of C(X).

Furthermore, for a compact Hausdorff space X and a closed linear sub-
lattice A of C(X), a sufficient condition for a function in C(X) to be in A
is

Lemma 1.5 ([1, Lemma 4.49]). Let X be a compact Hausdorff space. Let
A be a closed linear sublattice of C(X) and f ∈ C(X). If for every x, y ∈ X
there exists gxy ∈ A such that gxy(x) = f(x) and gxy(y) = f(y), then f ∈ A.

Let T be a locally compact Hausdorff space. We denote the Banach
space of real-valued continuous functions on T vanishing at infinity by
C0(T ). Further, let us denote T∞ as the one-point compactification of
T and t∞ be the “point at infinity”. We consider the subspace Jt∞ :=

{f ∈ C(T∞) : f(t∞) = 0} of C(T∞). Now, consider the restriction map
Φ: Jt∞ → C0(T ) defined as Φ(f) = f |T , for f ∈ Jt∞ . Then the map Φ

is an isometry and lattice, algebra and linear isomorphism (in other words,
a map which preserves the distances as well as the lattice, algebraic and
linear structures). The identification above and Theorem 1.1 help us to al-
gebraically characterize the closed linear sublattices and subalgebras of the
space C0(T ) in Section 2.

2. Main Results

Let us now prove our main result.

Proof of Theorem 1.1. We assume that X contains at least two points be-
cause if X is a singleton set, then C(X) is simply R and the only closed
linear sublattices or subalgebras are {0} and R. If A has the description as
in (1.1), then clearly A is a sublattice of C(X).
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Now, assume that A is a sublattice of C(X). For every two distinct
points x, y ∈ X, define

Axy = {(g(x), g(y)) ∈ R2 : g ∈ A}.

Since A is a lattice, Axy is a sublattice of R2 (under the operation of co-
ordinate-wise maximum of a pair of vectors in R2).

Case 1 : Assume A separates the points of X.
If for every x, y ∈ X, Axy = R2 then by Lemma 1.5, A = C(X). Hence

A has the description as in (1.1). Otherwise, there exists two distinct points
x0, y0 ∈ X such that Ax0y0 is a proper sublattice of R2. Consider the
following collection :

I = {(t, s, λ) ∈ X ×X × [0, 1] : f(t) = λf(s), for each f ∈ A}.

We now show that I 6= ∅. Since A separates the points of X, Ax0y0

cannot be {(0, 0)} or span{(1, 1)}. Thus Ax0y0 = span{(a, b)} for some
0 ≤ a, b ≤ 1 and a 6= b. If a = 0 and b > 0 then for each g ∈ A, g(x0) = 0

and hence (x0, y0, 0) ∈ I. If a > 0 and b = 0 then for each g ∈ A, g(y0) = 0

and hence (y0, x0, 0) ∈ I. If without loss of generality 0 < a < b, then for
each g ∈ A, there exists rg ∈ R such that (g(x0), g(y0)) = (rga, rgb). It
follows that g(x0) = a

b g(y0). Thus (x0, y0,
a
b ) ∈ I.

We index I by I itself, that is, each element of I is indexed by itself.
Further, define

A′ = {f ∈ C(X) : f(ti) = λif(si), for each i ∈ I}.

By the definition of I, it is clear that A ⊆ A′.
We next show that A′ ⊆ A. Let f ∈ A′. In order to show f ∈ A, by

Lemma 1.5, it suffices to show that for each x, y ∈ X, there exists gxy ∈ A
such that gxy(x) = f(x) and gxy(y) = f(y). Therefore, it suffices to show
that for each x, y ∈ X, (f(x), f(y)) ∈ Axy.

Let x, y ∈ X. Since A separates the points of X, Axy cannot be {(0, 0)}
or span{(1, 1)}. We remark here that in this case, we use the assumption
that A separates the points of X only to prove that I 6= ∅ and to rule out
the above two possibilities of Axy.

IfAxy = R2, then clearly (f(x), f(y)) ∈ R2 = Axy. IfAxy = span{(0, 1)}
then (0, f(y)) ∈ Axy and for each g ∈ A, g(x) = 0. Thus (x, y, 0) ∈ I. Since
f ∈ A′, f(x) = 0. Hence (f(x), f(y)) ∈ Axy. Similar arguments hold true
if Axy = span{(1, 0)}.



80 TEENA THOMAS

Without loss of generality, let 0 < a < b < 1. Consider Axy =

span{(a, b)}. Then for each g ∈ A, g(x) = a
b g(y). Thus (x, y, ab ) ∈ I.

Since f ∈ A′, let f(x)
a = f(y)

b = r (say). It follows that (f(x), f(y)) ∈
span{(a, b)} = Axy.

Case 2 : Assume that A does not separate the points of X. Thus
there exists two distinct points x0, y0 ∈ X such that f(x0) = f(y0), for
each f ∈ A. Consider the following collection :

I = {(t, s, λ) ∈ X ×X × [0, 1] : f(t) = λf(s), for each f ∈ A}.

Since (x0, y0, 1), (y0, x0, 1) ∈ I, clearly I 6= ∅. We index I by I itself, that
is, each element of I is indexed by itself. Let us define

A′ = {f ∈ C(X) : f(ti) = λif(si), for each i ∈ I}.

Clearly A ⊆ A′. In order to show A′ ⊆ A, by Lemma 1.5, it suffices to
show that for each f ∈ A′ and each x, y ∈ X, (f(x), f(y)) ∈ Axy.

Let x, y ∈ X. We first consider the following possibilities of Axy : R2,
span{(0, 1)}, span{(1, 0)} and span{(a, b)} for those a, b ∈ R satisfying 0 <

a < b < 1 (without loss of generality). For each of the above possibilities, we
apply arguments similar to that used in Case 1 to show that (f(x), f(y)) ∈
Axy.

In this case, due to our assumption that A does not separate the points
of X, we need to consider the two possibilities which we rule out in Case 1.
They are as follows : If Axy = {(0, 0)} then for each g ∈ A, g(x) = 0 = g(y).
Hence, (x, y, 0), (y, x, 0) ∈ I. Since f ∈ A′, (f(x), f(y)) = (0, 0) ∈ Axy. If
Axy = span{(1, 1)} then for each g ∈ A, g(x) = g(y). Thus (x, y, 1) ∈ I.
Since f ∈ A′, (f(x), f(y)) = (f(x), f(x)) ∈ Axy. �

The closed linear subalgebras of the C(X) space has a representation
similar to that in (1.1) with the value of the coefficients λi being either 0 or
1. With the help of Lemmas 1.3, 1.4 and 1.5, the following result is proved
using a similar argument as in Theorem 1.1, and hence we omit it.

Theorem 2.1. Let X be a compact Hausdorff space. Let A be a closed
linear subspace of C(X). Then A is a subalgebra of C(X) if and only if
there exists an index set I and co-ordinates (ti, si, λi) ∈ X ×X ×{0, 1}, for
each i ∈ I such that

A = {f ∈ C(X) : f(ti) = λif(si), for each i ∈ I}. (2.1)
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The following characterizations of the sublattices and subalgebras of
C0(T ) for a locally compact Hausdorff space T follows directly from The-
orems 1.1 and 2.1 and the fact that C0(T ) is isometrically lattice, algebra
and linear isomorphic to the subalgebra Jt∞ of C(T∞).

Corollary 2.2. Let T be a locally compact Hausdorff space. Let A be a
closed linear subspace of C0(T ). Then

(1) A is a sublattice of C0(T ) if and only if there exists an index set I
and co-ordinates (ti, si, λi) ∈ T × T × [0, 1], for each i ∈ I such that

A = {f ∈ C0(T ) : f(ti) = λif(si), for each i ∈ I}. (2.2)

(2) A is a subalgebra of C0(T ) if and only if there exists an index set
I and co-ordinates (ti, si, λi) ∈ T × T × {0, 1}, for each i ∈ I such
that

A = {f ∈ C0(T ) : f(ti) = λif(si), for each i ∈ I}. (2.3)

Remark 2.3. Kakutani provided a precise identification of a much general
class of Banach spaces, namely abstract (M)-spaces (see [2, pg. 994] for the
definition), with a subspace of C(X) for some compact Hausdorff space X.
Let X be a compact Hausdorff space and A be a closed subspace of C(X).
If A is an abstract (M)-space, then by [2, Theorem 1, pg. 998], there exists
a compact Hausdorff space Ω such that A is isometrically lattice and linear
isomorphic to the subspace, {f ∈ C(Ω): f(ti) = λif(si), for each i ∈ I}, of
C(Ω) for some index set I and co-ordinates (ti, si, λi) ∈ Ω × Ω × [0, 1] for
each i ∈ I. However, it is not necessary that A, being a subspace of C(X),
has a description in C(X) as given in (1.1). For example, consider A to
be the space of real-valued affine continuous functions on [0, 1]. Now, A is
a closed subspace of C([0, 1]) but not a sublattice of C([0, 1]). Therefore,
by Theorem 1.1, A does not have a description as in (1.1), for any given
subfamily of co-ordinates in [0, 1]× [0, 1]× [0, 1]. Nevertheless, it is easy to
see that A is isometrically lattice and linear isomorphic to C({0, 1}) and
hence is an abstract (M)-space.

Acknowledgement: The author would like to thank Prof. Dirk Werner
for indicating Remark 2.3. The author is also grateful to the editor and
the referee for their helpful suggestions to improve the quality of this man-
uscript.
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A SHIMIZU-TYPE THEOREM FOR SUBGROUPS IN
Sp(N, 1)

DEVENDRA TIWARI
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Abstract. In this work we shall provide a proof of the Shimizu type
inequality for two generator subgroups of Sp(n, 1) with a unipotent
parabolic generator. We will also compare our result with some existing
Shimizu type results and as an application discuss the extremality of
the inequality. Our main result is useful in proving discreteness criteria
for Zariski dense subgroups of Sp(n, 1) and SU(n, 1) such as [GMT19].

1. Introduction

To motivate the reader, for Shimizu lemma in Sp(n, 1), we will start with
the classical Shimizu lemma and other discreteness criteria for subgroups
in SL(2,C). We also mention some application of related ideas in classical
case.

1.1. Historical Background. The study of discrete subgroups of the group
of orientation preserving isometries of hyperbolic spaces is closely related
with the study of geometry and topology of corresponding orbit spaces i.e.
of hyperbolic manifolds. Here a group G is said to be discrete if it is a
discrete set in the usual matrix topology or equivalently by discreteness we
mean that for a sequence of transformations Tn → I in the group G, we
must have Tn = I ∀ large n.

The classical Jørgensen inequality, see [Jor76], gives a necessary criterion
to check discreteness of a two generator subgroup (say G) of SL(2,C) that
acts by Möbius transformations on the Riemann sphere. Jørgensen in 1976
proved that the question of discreteness of arbitrary groups in PSL(2,C)

can be reduced to the question of discreteness of two generator subgroups.
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Now question arises when the two generator group G = 〈f, g〉 considered as
a subgroup of PSL(2,C) is discrete?

Only necessary or only sufficient conditions for the discreteness have
been obtained so far. For the necessary condition, we have the remark-
able Jørgensen inequality, the inequality of Shimizu-Leutbecher and their
analogues. A sufficient condition has been discussed in [GMMR97].

The Jörgensen inequality is a celebrated result concerning the classi-
cal problem to understand discreteness of subgroups of SL(2,C). It pro-
vides the necessary condition of discreteness for a two generator subgroup
of SL(2,C) (see [Jor76]). Jörgensen’s inequality, which generalises the clas-
sical Shimizu’s lemma, for two generator subgroups of PSL(2,C) is among
the most important results and tools in the study of three dimensional
manifolds.

An element f ∈ SL(2,C) is elliptic if it has a fixed point on the hyper-
bolic 3-space. It is parabolic, respectively loxodromic, if it is non-elliptic and
has exactly one, respectively two fixed points on the boundary Ĉ. For ellip-
tic transformations canonical form of f is given by z 7→ λz, |λ| = 1 such that
tr(f) ∈ R with tr2(f) < 4. For parabolic transformations canonical form is
given by z → z + k, k ∈ C. such that tr(f) = ±2. For loxodromic trans-
formations canonical form is given by z 7→ λz, λ ∈ C and |λ| 6= 1. From
the canonical form, of loxodromic element, note that, tr(f) = λ

1
2 + λ−

1
2

with tr(f) 6= ±2. This subdivides loxodromic elements into: (purely) hy-
perbolic when λ ≥ 0 such that tr(f) ∈ R, with tr2(f) > 4 and loxodromic:
tr(f) /∈ R. With this background we will now state Jörgensen inequality:

Theorem 1.1. [Jor76]. If G =< f, g > is discrete group of Möbius trans-
formations, acting on Riemann Sphere Ĉ then we have

‖tr2(f)− 4‖+ ‖tr(fgf−1g−1)− 2‖ ≥ 1 (1.1)

except in the following three cases, which are elementary groups:

(A) G cyclic or a finite abelian extension of a cyclic group and |tr2(f)−
4| < 1.

(B) f is loxodromic or elliptic with |tr2(f) − 4| < 1/2, while g inter-
changes the fixed points of f .

(C) f is parabolic while g is parabolic or elliptic of order 2, 3, 4 or 6
and fixes the fixed point of f .
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Remark 1.2. If one of the generators, of two generator subgroup for which
Jörgensen’s inequality holds, is parabolic then the discreteness condition
given above is just a reformulation of the classical Shimizu’s lemma. In this
sense Jörgensen’s inequality generalises Shimizu’s lemma and deals also with
groups with loxodromic and elliptic generators.

More precisely classical Shimizu’s lemma [Shi63] gives a necessary con-
dition for a subgroup of PSL(2,R) containing a parabolic element to be
discrete. This result is also very important in studying the structure of
cusp(s)in Riemann surfaces. Shimizu proved that:

Theorem 1.3. [Shi63] Let G be a discrete subgroup of PSL(2,R) containing
the parabolic map T (z) = z + t for some t > 0 and any S(z) = az+b

cz+d ∈ G
with c 6= 0 then |c| ≥ 1/t.

This result Shimizu obtained, as a by-product, in his work of comput-
ing the dimension of the space of cusp forms corresponding to any irre-
ducible, discrete subgroup of a product of copies of SL(2,R). Geometrically
Shimizu’s lemma says that the radius rS of the isometric sphere of isometry
S satisfies rS ≤ t, where t is the translational length of the T . Therefore
Shimizu lemma provides a uniform bound on the radii of isometric spheres
of those elements of the group not having infinity as their fixed point. This
uniform bound is the translation length (in Euclidean metric) of the para-
bolic map fixing infinity. For the modular group PSL(2,Z), Shimizu lemma
is sharp with t = 1, and S(z) = −1/z has rS = 1. There is a cusp neigh-
borhood C which cannot be enlarged. It has area equal to 1, which is large
compared to the area H2/PSL(2,Z). In another way other hand this can
also be considered as a special case of another important result known as
Collar lemma. Later these discreteness criteria have been vastly generalized;
a striking example is Margulis’s lemma for non-positively curved manifolds.
We will mention a couple of generalisations:

1.2. Some Applications. The Margulis lemma (named after Grigory Mar-
gulis) is a result about discrete subgroups of isometries of a non-positively
curved Riemannian manifold (e.g. the hyperbolic n-space). Roughly, it
states that within a fixed radius, usually called the Margulis constant, the
structure of the orbits of such a group cannot be too complicated. More
precisely, within this radius around a point all points in its orbit are in fact
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in the orbit of a nilpotent subgroup (in fact a bounded finite number of
such). The Margulis lemma can be formulated as follows.

Theorem 1.4. [Rat2006] Let X be a simply-connected manifold of non-
positive bounded sectional curvature. There exist constants C, ε > 0 with the
following property. For any discrete subgroup Γ of the group of isometries
of X and any x ∈ X, if Fx is the set:

Fx = {g ∈ Γ : d(x, gx) < ε}

then the subgroup generated by Fx contains a nilpotent subgroup of index
less than C.

Here d is the distance induced by the Riemannian metric. A particularly
well studied family of examples of negatively curved manifolds are given by
the symmetric spaces associated to semisimple Lie groups. In this case
the Margulis lemma can be given the following more algebraic formulation
which dates back to Hans Zassenhaus.

Theorem 1.5. [Rag72] If G is a semisimple Lie group there exists a neigh-
bourhood Ω of the identity in G and a C > 0 such that any discrete subgroup
Γ which is generated by Γ ∩ Ω contains a nilpotent subgroup of index ≤ C.

Such a neighbourhood Ω is called a Zassenhaus neighbourhood in G.

1.3. Shimizu Lemma in Sp(n, 1). In this paper we prove a generalisation
of the Shimizu lemma in Sp(n, 1). A complex hyperbolic version of this
lemma was obtained by Hersonsky and Paulin in (proposition (A.1)[HP96]).
More precisely, in complex case, Kamiya [Kam83] generalised Shimizu’s
lemma for vertical Heisenberg translations and Parker [Par92, Par97] gener-
alised Shimizu’s lemma for non-vertical Heisenberg translation or some spe-
cial type of screw parabolic map. Jiang, Parker and Kamiya [JP03, KP08]
generalised Shimizu’s lemma to groups containing screw parabolic map. In
quaternionic case, Kim and Parker [KP03] generalised Shimizu’s lemma
to groups containing non-vertical Heisenberg translation. In case n = 2,
Daeyong Kim [Kim04] extended the results of [JKP03] to quaternionic case.
Cao-Parker in [CP18] proved a general version of the Shimizu’s lemma that
involves an arbitrary parabolic map. Other related problems and results on
Shimizu type inequality and discreteness see [BM98, HP96, Par98, GMT19,
GMT21] and references therein.
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Though the methods of Cao and Parker works for an arbitrary parabolic
map, it is pretty technical and we find it difficult for application e.g. to
obtain discreteness criteria for Zariski dense subgroups in Sp(n, 1) as in
[GMT19] the version of Shimizu type lemma proved by Cao-Parker is not
suitable. Hence, here we provide a much simpler form of the quaternionic
Shimizu’s lemma that is quite analogous to the result of Hersonsky and
Paulin. We must remark that though this version is simpler, it is weaker
than the versions of Kim and Parker, and Cao and Parker mentioned above.
We have also noted a corollary that gives us some information about the
extremality of the inequality.

Let H denote the division ring of Hamilton’s quaternions. Let Hn
H de-

note the n-dimensional quaternionic hyperbolic space. Let Sp(n, 1) be the
linear group that acts on Hn

H by isometries. Up to conjugacy, we assume
that (see following section for the details) an Heisenberg translation fixes
the boundary point 0, i.e. it is of the form

Ts,ζ =

1 0 0

s 1 ζ∗

ζ 0 I

 , (1.2)

where ζ is column vector known as translation length of Ts,ζ , s is a scalar
with Re(s) = 1

2 |ζ|
2 and I is (n−1)× (n−1) identity matrix. ζ∗ denotes the

conjugate transpose of ζ. Now we state a version of Shimizu type lemma:

Theorem 1.6. Suppose Ts,ζ is a Heisenberg translation in Sp(n, 1) and
A ∈ Sp(n, 1) is given by

A =

a b γ∗

c d δ∗

α β U


Suppose A does not fix 0. Set

t = Sup{|b|, |β|, |γ|, |U − I|}, M = |s|+ 2|ζ|.

If
Mt+ 2|ζ| < 1,

then the two generator group 〈A, Ts,ζ〉 is either non-discrete or fixes the
point 0.
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After some preliminaries in section 2, we will prove the above theorem
in section 3 and in section 4 we will note some applications of this theorem.

2. Preliminaries

We begin with some background material on quaternionic hyperbolic
geometry. Much of this can be found in [CG74, KP03].

Let Hn,1 be the right vector space over H of quaternionic dimension
(n+1) (so real dimension 4n+4) equipped with the quaternionic Hermitian
form for z = (z0, ..., zn), w = (w0, ..., wn),

〈z, w〉 = −(z̄0w1 + z̄1w0) + Σn
i=2z̄iwi

Thus the Hermitian form is defind by the matrix

J =

 0 −1 0

−1 0 0

0 0 In−1


Following Section 2 of [CG74], let

V0 =
{
z ∈ Hn,1 − {0} : 〈z, z〉 = 0

}
, V− =

{
z ∈ Hn,1 : 〈z, z〉 < 0

}
.

It is obvious that V0 and V− are invariant under Sp(n, 1). We define an
equivalence relation ∼ on Hn,1 by z ∼ w if and only if there exists a non-
zero quaternion λ so that w = zλ. Let [z] denote the equivalence class of z.
Let P : Hn,1−{0} −→ HPn be the right projection map given by P : z 7−→ z,
where z = [z]. The n dimensional quaternionic hyperbolic space is defined
to be Hn

H = P(V−) with boundary ∂Hn
H = P(V0).

In our chosen model there are two distinct points 0 and∞ on ∂Hn
H. For

z1 6= 0, the projection map P is given by

P(z1, z2, . . . , zn+1) = (z2z
−1
1 , . . . , zn+1z

−1
1 ),

and accordingly we choose boundary points

P(0, 1, . . . , 0, 0)t = 0. (2.1)

P(1, 0, . . . , 0, 0)t =∞. (2.2)
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2.1. Bergmann and Cygan Metric. The Bergmann metric on Hn
H is

given by the distance formula

cosh2 ρ(z, w)

2
=
〈z, w〉〈w, z〉
〈z, z〉〈w, w〉

, where z, w ∈ Hn
H, z ∈ P−1(z),w ∈ P−1(w).

The above forumula is independent of the choice of z and w.

The finite points in the boundary of Hn
H naturally carry the structure of

the generalised Heisenberg group Nn, which is defined to be Nn = Hn−1
H ×

=(H), with the group law

(ζ1, v1)(ζ2, v2) = (ζ1 + ζ2, v1 + v2 + 2=(ζ∗2ζ1)). (2.3)

We define horospherical coordinates on quaternionic hyperbolic space as
follows.

ψ : Nn × R+ → V0 ∪ V−

ψ(ζ, v, u) =

 (−|ζ|2 − u+ v)/2

ζ

1

 , ψ(∞) =


1

0
...
0

 , ψ(o) =


0
...
0

1


(2.4)

The Cygan metric on Heisenberg group corresponding to the norm

|(ζ, v)|H = ||ζ|2 + v|
1
2 = (|ζ|4 + |v|2)

1
4

is given by

dH((ζ1, v1), (ζ2, v2)) = |(ζ1, v1)−1(ζ2, v2)|H = |2〈ψ(ζ1, v1, 0), ψ(ζ2, v2, 0)〉|
1
2

= |(ζ2 − ζ1, v2 − v1 − 2=(ζ∗2ζ1)|H
= ||ζ2|2 + |ζ1|2 − 2ζ∗2ζ1 + v2 − v1|

1
2 .

Now consider the non-compact linear Lie group

Sp(n, 1) = {A ∈ GL(n+ 1,H) : A∗JA = J}.

An element g ∈ Sp(n, 1) acts on HH
n

= Hn
H∪∂Hn

H as g(z) = PgP−1(z).
Thus the isometry group of Hn

H is given by PSp(n, 1) = Sp(n, 1)/{I,−I}.
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2.2. Classification of Isometries. As with real and complex hyperbolic
isometries, non-trivial element g of Sp(n, 1) are classified as:

(i) elliptic if it has a fixed point in Hn
H.

(ii) parabolic if it has exactly one fixed point which lies in ∂Hn
H.

(iii) loxodromic if it has exactly two fixed points which lie in ∂Hn
H.

Definition 2.1. Let Hs be a parabolic element of Sp(n, 1). Up to conju-
gacy, we may assume it to fix a point 0 on the boundary. Using Jordan
decomposition, we can see it to be of the form, up to conjugacy,

Hs = R(µ,U)T(ζ,s)

The element with the form T(ζ,s) is called a Heisenberg translation and
it fixes the boundary point 0. Whereas R(µ,U) is an elliptic element fixing
0.

Up to conjugacy, Heisenberg translation Tζ,s ∈ Sp(n, 1) is given by (see
[CG74, p. 70])

Ts,ζ =

1 0 0

s 1 ζ∗

ζ 0 I

 . (2.5)

here ζ is column vector known as translation length of Ts,ζ , s is a scalar
with Re(s) = 1

2 |ζ|
2 and I is (n−1)× (n−1) identity matrix. ζ∗ denotes the

conjugate transpose of ζ. If ζ = 0, it is a vertical Heisenberg translation,
otherwise it is a non-vertical Heisenberg translation.

Identifying the boundary ∂Hn
H with N4n−1, the (4n − 1)-dimensional

generalized Heisenberg group with 3-dimensional center. There is a natural
metric, the Cygan metric, on N4n−1. Let T be a parabolic element fixing
∞. It is a Cygan isometry on N4n−1. The natural projection from N4n−1

to Hn−1 defines the vertical projection of T , which is a Euclidean isometry
of Hn−1.

Definition 2.2. Let g ∈ Sp(n, 1) not fixing ∞, then, there exists a Cygan
sphere, called the isometric sphere, in N4n−1 centered at g−1(∞),

Ig = {z ∈ HH : |〈ψ(z), ψ(∞)〉| = 〈ψ(z), g−1(ψ(∞))〉|}

which is sent by g to the Cygan sphere centered at g(∞) having the
same radius.
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2.3. Some Computation. Now we shall use the Hermitian form J to note
down a few equations to be used later. Letting z and w vary over a basis
for Hn,1, we see that J = A∗JA. From this we find that A−1 = J−1A∗J for
A ∈ Sp(n, 1) given by

A =

a b γ∗

c d δ∗

α β U

 (2.6)

A−1 =

 d̄ b̄ −β∗

c̄ ā −α∗

−δ −γ U∗


where a, b, c, d are scalars, γ, δ, α, β are column matrices and U is an

element in U(n− 1,H).
Since AA−1 = I, equating both sides we have the following relations:

ad̄+ bc̄− γ∗δ = 1

ab̄+ bā− γ∗γ = 0

−aβ∗ − bα∗ + γ∗U∗ = 0

cd̄+ dc̄− δ∗δ = 0

cb̄+ dā− δ∗γ = 1

−cβ∗ − dα∗ + δ∗U∗ = 0

αd̄+ βc̄− Uδ = 0

αb̄+ βā− Uγ = 0

−αβ∗ − βα∗ + UU∗ = I

d̄a+ b̄c− β∗α = 1

d̄b+ b̄d− β∗β = 0

d̄γ∗ + b̄δ∗ − β∗U = 0

c̄a+ āc− α∗α = 0

c̄b+ ād− α∗β = 1

c̄γ∗ + āδ∗ − α∗U = 0

−δa− γc+ U∗α = 0

−δb− γd+ U∗β = 0

−δγ∗ − γδ∗ + U∗U = I



110 DEVENDRA TIWARI

2.4. Some Shimizu type Theorems. Before proving our main result, we
will note here some other Shimizu type theorems.

Theorem 2.3. [KP08] Let A be a positively oriented screw parabolic ele-
ment of PU(2, 1) fixing ∞. Let eiθ ∈ U(1) denote the rotational part of A
and suppose that |eiθ − 1| < 1/4. Let B be any element of PU(2, 1) not
protectively fixing ∞ and let rB denote the radius of the isometric sphere of
B. If

ρ0(B(∞), AB(∞))ρ0(B
−1(∞), AB−1(∞))

r2B
<

(
1 +

√
1− 4|eiθ − 1|

2

)2

then 〈A,B〉 is not discrete.

Theorem 2.4. [KP03] Let G be a discrete subgroup of PSp(n, 1) that con-
tains a Heisenberg translation g by (τ, t) ∈ Nn. Let h be any element of G
not fixing ∞ with isometric sphere of radius rh. Then

r2h ≤ dH(h−1(∞), gh−1(∞))dH(h(∞), gh(∞)) + 4|τ |2

3. A Shimizu-Type Theorem for Subgroups in Sp(n, 1)

The following theorem follows essentially mimicking the argument of
Hersonsky and Paulin in Appendix of [HP96].

Theorem 3.1. Suppose Ts,ζ be a Heisenberg translation in Sp(n, 1) and A
be an element in Sp(n, 1) of the form (2.6). Suppose A does not fix 0. Set

t = Sup{|b|, |β|, |γ|, |U − I|}, M = |s|+ 2|ζ|. (3.1)

If
Mt+ 2|ζ| < 1, (3.2)

then the group generated by A and Ts,ζ is either non-discrete or fixes 0.

When ζ = 0, as a corollary to the above theorem we obtain theorem
(3.2)[Kam83].
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Proof. Consider the sequence A0 = A, Ak+1 = AkTs,ζA
−1
k . Thus

Ak+1 =

ak+1 bk+1 γk+1
∗

ck+1 dk+1 δk+1
∗

αk+1 βk+1 Uk+1

 (3.3)

=

ak bk γk
∗

ck dk δk
∗

αk βk Uk


1 0 0

s 1 ζ∗

ζ 0 I


 d̄k b̄k −β∗k
c̄k āk −α∗k
−δk −γk U∗k

 (3.4)

(3.5)

Using the above set of relations, equating both sides we have:

ak+1 = 1 + bksd̄k − bkζ∗δk + γ∗kζd̄k (3.6)

bk+1 = bksb̄k + 2Im(γ∗kζb̄k) (3.7)

ck+1 = dksd̄k + 2Im(δ∗kζd̄k) (3.8)

dk+1 = 1 + dksb̄k + δ∗kζb̄k − dkζ∗γk (3.9)

γ∗k+1 = −bksβ∗k − γ∗kζβ∗k + bkζ
∗U∗k (3.10)

δ∗k+1 = −dksβ∗k − δ∗kζβ∗k + dkζ
∗U∗k (3.11)

αk+1 = βksd̄k − βkζ∗δk + Ukζd̄k (3.12)

βk+1 = βksb̄k − βkζ∗γk + Ukζb̄k (3.13)

Uk+1 = I − βksβ∗k − Ukζβ∗k + βkζ
∗U∗k . (3.14)

Set
tk = Sup{|bk|, |βk|, |γk|, |Uk − I|}, M = |s|+ 2|ζ|.

Now it follows from the expressions above that

|bk+1| ≤Mt2k (3.15)

|γk+1| ≤Mt2k + |bk||ζ| (3.16)

|βk+1| ≤Mt2k + |bk||ζ| (3.17)

|Uk+1 − I| ≤Mt2k + 2|βk||ζ|. (3.18)

These relations imply that

tk+1 ≤Mt2k + 2|ζ|tk, . (3.19)

Choose ε > 0 such that

Mt0 + 2|ζ| ≤ ε < 1.
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From (3.19) it follows that t1 ≤ εt0, t2 ≤ εt0(Mt1 + 2|ζ|). Now note that
Mt1 ≤ Mεt0 < Mt0, hence Mt1 + 2|ζ| ≤Mt0 + 2|ζ| < ε, hence t2 ≤ ε2t0.
Repeating this proces we have

tk ≤ εkt0.

Since ε < 1, hence tk → 0. In particular, Uk → I, βk → 0, γk → 0, bk → 0.
Now note that for k ≥ 3

|dk+1 − 1| < ktk(|s|+ |ζ|+ |ζ|2)Ck,

|δk+1 − ζ| ≤ ktk(|s|+ |ζ|+ |ζ|2)Ck + |ζ||dk − 1|,

where Ck = Sup{|dk − 1|, |δk − ζ|, 1}. If required, after passing to a subse-
quence, we have

dk → 1, δk → ζ.

Similarly,
ak → 1, ck → s, αk → ζ.

If t0 6= 0, this implies that Ak → A∗, where A∗ ∈ Sp(n, 1). Thus the
group 〈A, Ts,ζ〉 can not be discrete.

Suppose t0 = 0. Then b = 0, γ = 0, β = 0. This implies that A fixes
the fixed point f1 = (1, 0, ..., 0)t of Ts,ζ .

This proves the theorem. �

4. Application of the main result

Now we will discuss some applications and comparison of the main result
we just proved.

Corollary 4.1. Let Ts,ζ be a Heisenberg translation in Sp(n, 1) and A ∈
Sp(n, 1). Suppose A(∞) 6=∞ setM , t, as in the previous theorem. Suppose
〈A, Ts,ζ〉 is non-elementary and discrete and

Mt+ 2|ζ| = 1

Consider Shimizu-Leutbecher sequence

A0 = A,Ak+1 = AkTs,ζA
−1
k

then for each k, 〈Ak, Ts,ζ〉 is non-elementary discrete subgroup of Sp(n, 1)

and
Mtk + 2|ζ| = 1 ∀ k.

In particular, tk = t for all k.



A SHIMIZU-TYPE THEOREM FOR SUBGROUPS IN Sp(n, 1) 113

Proof. Note that
AkTs,ζA

−1
k (Ak(∞)) = Ak(∞)

So, the limit set of 〈Ak, Ts,ζ〉 can form {Ak(∞),∞}. Now, if 〈A1, Ts,ζ〉
is elementary, it must preserve {A(∞),∞}. But Ts,ζ can not fix A(∞).
This implies that 〈A1, Ts,ζ〉 is non-elementary. By induction, 〈Ak, Ts,ζ〉 is
non-elementary. They are also discrete. So,

Mtk + 2|ζ| ≥ 1.

Note that if Mt0 + 2|ζ| = 1, then

Mtk + 2|ζ| ≤Mt0 + 2|ζ| = 1.

⇒Mtk + 2|ζ| = 1 = Mt+ 2|ζ| ∀ k.

In particular, tk = t. �

Remark 4.2. Observe that theorem (4.8) of [KP03] says that if,

1 >
dH(A−1(∞), Ts,ζA

−1(∞))dH(A(∞), Ts,ζA(∞)) + 4|ζ|2

r2A

then 〈Ts,ζ , A〉 is not discrete. Here dH is a Cygan metric and rA is the radius
of the isometric sphere of A. If A is of the form (2.6), then rA =

√
2
|b| and

the above inequality becomes

1 > |b||s+ ζ∗βb−1 − b̄−1β∗ζ|
1
2 |s− ζ∗γb̄−1 − b−1γ∗ζ|

1
2 + 2|ζ|2|b| (4.1)

Suppose now that
Mt+ 2|ζ| < 1

then
t <

1− 2|ζ|
|s|+ 2|ζ|

now right hand side of the (4.1) can be seen (thorough computations)
to be less than 1. Hence whenever our theorem holds, Kim and Parker’s
theorem also holds, accordingly the theorem of Cao and Parker also holds.
Therefore Theorem (3.1) is weaker than the theorem of Kim and Parker
[KP03], or Cao and Parker [CP11], though it is simpler.

Remark 4.3. Similarly one can show that our theorem implies Cao and
Parker’s Shimizu’s lemma for Heisenberg translation.
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We will conclude the paper by stating the main application of the result
(3.1). A subgroup G of Sp(n, 1) is called Zariski dense if it does not fix a
point on Hn

H ∪ ∂Hn
H, and neither it preserves a totally geodesic subspace

of Hn
H. With the above notations, we apply our main result to prove the

following part (3) of the following theorem in [GMT19]:

Theorem 4.4. [GMT19] Let G be a Zariski dense subgroup of Sp(n, 1).

(1) Let g ∈ Sp(n, 1) be a regular elliptic element such that δ(g) < 1. If
〈g, hgh−1〉 is discrete for every loxodromic element h ∈ G, then G

is discrete.
(2) Let g ∈ Sp(n, 1) be loxodromic element such that Mg < 1. If
〈g, hgh−1〉 is discrete for every loxodromic element h ∈ G, then
G is discrete.

(3) Let g ∈ Sp(n, 1) be a Heisenberg translation such that |ζ| < 1
2 . If

〈g, hgh−1〉 is discrete for every loxodromic h in G, then G is discrete.
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Abstract. Our aim in this paper is to introduce and study rough
prime ideals and semiprime ideals of a near ringN as a generalization of
rough prime and semiprime ideals in commutative rings. We also define
rough fuzzy ideal of N and carry out properties of rough 3-prime fuzzy
ideals. In addition, we examine the conditions under which the upper
and lower rough 3-prime ideals and upper and lower approximations of
their homomorphic images are related.

1. Introduction

The idea of fuzzy sets offers a useful mechanism for explaining the be-
haviour of systems that are either too complicated or too poorly specified
to allow for precise mathematical study using conventional tools and tech-
niques. It has demonstrated great potential for managing uncertainties to
a manageable degree, particularly in decision-making models under various
types of risks, subjective assessment, ambiguity, and vagueness. Expert sys-
tems, control systems, pattern recognition, and image processing are just a
few of the many disciplines in which this idea has already been widely ap-
plied. Zadeh [8] was the first to present the theory of fuzzy sets. After that
Rosenfeld [1] and Zaid [17] introduced and studied fuzzy group and fuzzy
ring respectively. In [5, 7, 10, 16, 19, 20, 21, 22], researchers introduced and
studied fuzzy prime, semiprime, maximal and radical of a fuzzy ideal of a
ring R.

Pawlak [27] was the first to present the theory of rough sets. Pawlak in-
troduced rough set theory as a potent mathematical tool for handling data
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Key words and phrases: 3-prime ideals, 3-semiprime ideals, rough 3-prime ideals, fuzzy
ideals, rough 3-prime fuzzy ideal
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uncertainty. Rough set theory begins with the premise that components of
a universe with the same characterization are indistinguishable in light of
the information at hand. An extension of set theory known as rough set
theory describes a subset of the universe as being defined by two classical
sets known as the lower and upper approximations. The foundation for cre-
ating the lower and the upper approximations are the equivalence classes
[23, 26]. For basic ideas without clear boundaries, such as those that are
hazy and ambiguous, rough sets offer an appropriate mathematical repre-
sentation. Rough set theory is becoming into a potent tool for working with
unreliable data. Recently, it has drawn a lot of attention from the research
community in both the theory and practical applications. Rough subgroups
and rough ideals in semigroup discussed by Biswas et al. [15] and Kuroki
[11] respectively. Some characteristics of the lower and upper approxima-
tions with regard to the normal subgroups were represented by Kuroki and
Wang[12]. Kazanci and Davvaz [13] brought up the ideas of rough prime
and rough fuzzy prime ideals of commutative rings in 2008.
In this paper we define rough fuzzy 3-prime and 3-semiprime ideals in a
near ring N . We also discuss some of their features. This in-depth investi-
gation could perhaps offer a useful tool for approximative reasoning, in our
opinion. When it comes to the theory as well as applications of fuzzy sets
and rough sets, we think the rough near rings presented here will be more
beneficial. As a generalisation of rings, Pilz[6] proposed the idea of near
rings in 1983. In which, only one distributive law is required, hence the
addition operation is not required to be commutative. It would be unfair to
characterise near ring theory as merely a collection of unimportant findings
pertaining to particular pathological systems with little relevance to other
areas of mathematics. In contrast to applications in axioms and geometry,
novel and extremely effective classes of balanced incomplete block designs
are provided by particular classes of finite near rings (finite planar near
ring).

2. Preliminaries

Definition 2.1. A full congruence relation (F.C.R.) R on a near ring N is
an equivalence relation that preserves the algebraic operations on that set
i.e., for p, q ∈ N , (p, q) ∈ R implies that (p+ r, q+ r), (r+ p, r+ q), (pr, qr)

and (rp, rq) ∈ R, for all r ∈ N .
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Lemma 2.2. If R is F.C.R. on a near ring N , then (p, q), (r, s) ∈ R imply
(p+ r, q + s), (pr, qs) and (−p,−q) ∈ R.

Proof. Consider R is a F.C.R. on a near ring N and (p, q), (r, s) ∈ R. Then
(p+ r, q + r), (q + r, q + s) ∈ R. By definition of F.C.R. (p+ r, q + s) ∈ R.

In similar manner, we can see that (pr, qs), (−p,−q) ∈ R.

�

Lemma 2.3. Let R be F.C.R. on a near ring N . If m, n ∈ N , then

(i) [m]R + [n]R = [m+ n]R

(ii) [−m]R = −[m]R

(iii) {ab | a ∈ [m]R , b ∈ [n]R} ⊆ [mn]R .

Proof. (i) Let x = p+q ∈ [m]R+[n]R , p ∈ [m]R , q ∈ [n]R . Then (p,m), (q, n) ∈
R. By lemma 2.2, (p+ q,m+ n) ∈ R i.e., p+ q = x ∈ [m+ n]R . Now, take
z ∈ [m+ n]R i.e., (z,m+ n) ∈ R or (−m+ z, n) ∈ R i.e., (−m+ z) ∈ [n]R

entails that z ∈ [m]R + [n]R . Thus [m]R + [n]R = [m+ n]R .

(ii) For any a ∈ [−m]R or equivalently

(a,−m) ∈ R ⇐⇒ (0,−m− a) ∈ R

⇐⇒ (m,−a) ∈ R

⇐⇒ −a ∈ [m]R

⇐⇒ a ∈ −[m]R .

This show that [−m]R = −[m]R .

(iii) Let c = ab such that a ∈ [m]R , b ∈ [n]R . Then (a,m) ∈ R and
(b, n) ∈ R. Since R is F.C.R., hence (ab,mn) ∈ R i.e., ab = c ∈ [mn]R . This
implies that [m]R [n]R ⊆ [mn]R . �

Definition 2.4. A F.C.R. R on N is said to be complete (C.C.R.) if
[mn]R = {pq | p ∈ [m]R , q ∈ [n]R}, for all p, q ∈ N .

Definition 2.5. Let R be a F.C.R. on a near ring N and S ⊆ N . Then the
sets R−(S) = {n ∈ N | [n]R ⊆ S} and R−(S) = {n ∈ N | [n]R ∩ S 6= φ}
are referred to R-lower and R-upper approximation of the set S.

R(S) = (R−(S),R−(S)) is called a rough set with respect to R if
R−(S) 6= R−(S). S is said to be upper rough ideal if R−(S) is an ideal of
N .
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Lemma 2.6. Let R be a F.C.R. on N . Then R−(J ) is an ideal of N , if
J is an ideal of N .

Proof. Let x, y ∈ R−(J ) and n ∈ N . Then [x]R ∩J 6= φ and [y]R ∩J 6= φ.

So, there exist u ∈ [x]R∩J and v ∈ [y]R∩J . This implies that u−v ∈ J and
nu ∈ J . By lemma 2.3, u−v ∈ [x]R− [y]R = [x−y]R . Thus u−v ∈ [x−y]R
i.e., [x− y]R ∩ J 6= φ. Which implies that

x− y ∈ R−(J ). (2.1)

Since (u, x) ∈ R, hence (nu, nx) ∈ R. Thus nu ∈ [nx]R also nu ∈ J . So,
[nx]R ∩ J 6= φ. Which implies that

nx ∈ R−(J ). (2.2)

Moreover, n + x − n ∈ R−(J ). Since x ∈ R−(J ), then [x]R ∩ J 6= φ. So,
there exist w ∈ [x]R and w ∈ J . Since J is an ideal and R is F.C.R., hence
n−w+n ∈ [n−x+n]R and n−w+n ∈ J . Thus [n−x+n]R ∩J 6= φ or

n− x+ n ∈ R−(J ). (2.3)

Consider n1, n2 ∈ N and i ∈ R−(J ). Then [i]R∩J 6= φ. So, there exist k ∈
[i]R∩J i.e., (i, k) ∈ R and k ∈ J . Since J is an ideal of N and R is F.C.R.,
hence ((n1+i)n2−n1n2, (n1+k)n2−n1n2) ∈ R and (n1+k)n2−n1n2 ∈ N .
Thus (n1 + k)n2 − n1n2 ∈ [(n1 + i)n2 − n1n2]R ∩ J . Which implies that
[(n1 + i)n2 − n1n2]R ∩ J 6= φ. Therefore

(n1 + i)n2 − n1n2 ∈ R−(J ). (2.4)

Equations (2.1)-(2.4) show that R−(J ) is an ideal of N . �

Remark 2.7. The converse statement of the previous lemma is not true.

Example 2.8. Consider (N ,+, ·) be a near ring under following operations

+ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

and

· 0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 0 0
3 0 3 2 3.

Let R be a F.C.R. on N with equivalence classes [0]R = {0, 2} and [1]R =

{1, 3}. For J = {0, 1, 3}, we can see that J is not an ideal of N . But,
R−(J ) = N is an ideal of N .
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Lemma 2.9. Let R be a F.C.R. on a near ring N and J be an ideal of N .
If R−(J ) is a nonempty set, then R−(J ) = J .

Proof. Assume that R−(J ) is nonempty set. Then there exists j ∈ R−(J ).
Clearly, we can see that R−(J ) ⊆ J . Now, we will only show that J ⊆
R−(J ). Suppose that i, j ∈ J . Then [0]R = [j + (−j)]R = [j]R + [−j]R ⊆
J + J = J and

j ∈ i+ [0]R ⇐⇒ j − i ∈ [0]R

⇐⇒ (j − i, 0) ∈ R

⇐⇒ (j, i) ∈ R

j ∈ [i]R .

We get [i]R ⊆ J . This implies that i ∈ R−(J ). �

Definition 2.10. Let X be a subset of a near ring N and (R−(X ),R−(X ))
a rough set. If R−(X ) and R−(X ) are ideals ofN , then we call (R−(X ),R−(X ))
a rough ideal.

Corollary 2.11. If J is an ideal of N and R−(J ) is a nonempty set, then
(R−(J ),R−(J )) is a rough ideal.

Proof. From lemmas 2.6 and 2.9. �

Corollary 2.12. If J and K are ideals of N such that R−(J ∩ K) 6= φ,

then (R−(J ∩ K),R−(J ∩ K)) is a rough ideal of N .

Proof. From corollary 2.11, (R−(J ∩ K),R−(J ∩ K)) is a rough ideal of
N . �

Proposition 2.13. Let f : N1 → N2 be an epimorphism of a near ring N1

to a near ring N2. Then

(i) R1 = {(n1, n2) ∈ N1 ×N2 | (f(n1), f(n2)) ∈ R2} is F.C.R. on N1,

if R2 is F.C.R.
(ii) If R2 is complete and f is injective, then R1 is complete.
(iii) For any subset X of N1, f(R

−
1 (X )) = R−2 (f(X )).

(iv) f(R1−(X )) ⊆ R2−(f(X )). Equality holds if f is injective.

Proof. (i) Let (n1, n2) ∈ R1 and n ∈ N1 and n ∈ N1. Then (f(n1), f(n2)) ∈
R2. Since R2 is F.C.R., hence (f(n)+f(n1), f(n)+f(n2)), (f(n1)+f(n), f(n2)+
f(n)), (f(n)f(n1), f(n)f(n2)) (f(n1)f(n), f(n2)f(n)) ∈ R2. As f is homo-
morphism, (f(n+ n1), f(n+ n2)), (f(n1 + n), f(n2 + n)),(f(nn1), f(nn2)),
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(f(n1n), f(n2n)) ∈ R2. This implies that (n + n1, n + n2), (n1 + n, n2 +

n),(nn1, nn2), (n1n, n2n) ∈ R1.

(ii) Let l ∈ [mn]R1 . Then (l,mn) ∈ R1. By (i), (f(l), f(mn) ∈ R2. So,

f(l) ∈ [f(mn)]R2 = [f(m)f(n)]R2

= {f(m′
)f(n

′
) | f(m′

) ∈ [f(m)]R2 , f(n
′
) ∈ [f(n)]R2}.

Thus there exist a, b ∈ N1 such that f(l) = f(a)f(b) = f(ab) and f(a) ∈
[f(m)]R2 , f(b) ∈ [f(n)]R2 . f(l) = f(a)f(b) implies that l = ab, since f is
injective and a ∈ [m]R1 , b ∈ [n]R1 . Hence

l ∈ {ab | a ∈ [m]R1 , b ∈ [n]R1}. (2.5)

From equation 2.5 and (iii) part of lemma 2.3, equality holds.

(iii) Let z ∈ f(R−1 (X )). Then one can find y ∈ R−1 (X )) so that f(y) = z.

Since [y]R1 ∩ X 6= φ, hence there exists x ∈ [y]R1 ∩ X , which implies that
(x, y) ∈ R1 and x ∈ X or (f(x), f(y)) ∈ R2. So, [f(y)]R2∩f(X ) 6= φ implies
that z = f(y) ∈ R−2 (f(X )) i.e.,

f(R−1 (X )) ⊆ R−2 (f(X )) (2.6)

Conversely, assume that a ∈ R−2 (f(X )). Then there is b ∈ N1 so that
f(b) = a. So, [f(b)]R2 ∩ f(X ) 6= φ. Therefore, one can find c ∈ X in a way
that f(c) ∈ f(X ), f(c) ∈ [f(b)]R2 and c ∈ [b]R1 . Thus, [b]R1∩X 6= φ implies
that b ∈ R−1 (X ). So, a = f(b) ∈ f(R−1 (X )) i.e.,

R−2 (f(X )) ⊆ f(R
−
1 (X )). (2.7)

From equations (2.6) and (2.7), f(R−1 (X )) = R−2 (f(X )).

(iv) Suppose that a ∈ f(R1−(X )), then there is b ∈ R1−(X ) in such
a manner that f(b) = a. So, we have [b]R1 ⊆ X . Now, we assume that
c ∈ [a]R2 , then there is d ∈ N1 so that f(d) = c and f(d) ∈ [f(b)]R2 . Hence,
d ∈ [b]R1 ⊆ X and so c = f(d) ∈ f(X ). Thus [a]R2 ⊆ f(X ) which yields
that a ∈ R2−(f(X )). This demonstrate that

f(R1−(X )) ⊆ R2−(f(X )). (2.8)
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Now assume that f is one to one and a ∈ R2−(f(X )), then there exists
b ∈ N1 such that f(b) = a and [f(b)]R2 ⊆ f(X ). Suppose c ∈ [b]R1 , then
f(c) ∈ [f(b)]R2 ⊆ f(X ) and so c ∈ X . Thus [b]R1 ⊆ X , which implies that
b ∈ R1−(X ). Then a = f(b) ∈ f(R1−(X )), so,

R2−(f(X )) ⊆ f(R1−(X )). (2.9)

From equations (2.8) and (2.9), f(R1−(X )) = R2−(f(X )). �

3. Rough 3-prime ideals

Definition 3.1. An ideal J in a near ring N is 3-prime if a, b ∈ N and
aN b ⊆ J implies that a ∈ J or b ∈ J .

Definition 3.2. Let R be a C.R. on a near ring N . Then a subset X of N
is called a lower rough 3-prime ideal of N , if R−(X ) is 3-prime ideal of N .

In similar manner, upper rough 3-prime ideal can be defined.

Definition 3.3. An ideal J in near ring N is 3-semiprime if a ∈ N and
aNa ⊆ J implies that a ∈ J .

Definition 3.4. An ideal J of a near ring N is rough 3-prime (semiprime)
ideal of N if it is both a lower and an upper rough 3-prime (semiprime)
ideal of N .

Lemma 3.5. Let R be C.C.R. on near ring N and L is a 3-prime ideal of
N such that R−(L) 6= N . Then L is an upper rough prime ideal of N .

Proof. By lemma2.6, R−(L) is an ideal. Now, we will only show that R−(L)
is 3-prime. Assume that a, b ∈ N such that anb ∈ R−(L), for all n ∈ N .
Then [anb]R ∩ L 6= φ. Since R is complete, hence {xmy | x ∈ [a]R ,m ∈
[n]R , y ∈ [b]R}∩L 6= φ. Suppose that there exist x ∈ [a]R ,m ∈ [n]R , y ∈ [b]R

such that xmy ∈ [anb]R ∩ L. Since L is 3-prime, hence xmy ∈ L implies
that x ∈ L or y ∈ L. Therefore, [a]R ∩ L 6= φ or [b]R ∩ L 6= φ. This implies
that a ∈ R−(L) or b ∈ R−(L). �

Lemma 3.6. Let R be C.C.R. on a near ring N and L is a 3-prime ideal
of N such that R−(L) 6= N . Then L is a lower rough prime ideal of N .

Proof. Direct from lemma 2.9. �
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Lemma 3.7. Let R be a C.C.R. on a near ring N and J be a 3-semiprime
ideal of N such that R−(J ) 6= N . Then J is an upper rough 3-semiprime
ideal of N .

Proof. Let a ∈ N such that ana ∈ R−(J ), for all n ∈ N . Then [ana]R∩J 6=
φ. Since R is C.C.R., hence {xmx | x ∈ [a]R ,m ∈ [n]R}. Thus there exist
x ∈ [a]R ,m ∈ [n]R such that xmx ∈ J . As J is 3-semiprime, x ∈ J . This
implies thta [a]R ∩ J 6= φ i.e., a ∈ R−(J ). �

Lemma 3.8. Let R be a C.C.R. on N and J a 3-semiprime ideal of N
such that R−(J ) 6= N . Then J is a lower rough 3-semiprime ideal of N .

Proof. Direct from lemma 2.9 �

Theorem 3.9. Let f : N1 → N2 be an epimorphism from a near ring N1

to a near ring N2 and R2 be a F.C.R. on N2. Let X be a subset of N1. If
R1 = {(n1, n2) ∈ N1 ×N2 | (f(n1), f(n2)) ∈ R2}, then

(i) R1
−(X ) is an ideal of N1 if and only if R2

−(f(X )) is an ideal of
N2.

(ii) R1
−(X ) is 3-prime ideal of N1 if and only if R2

−(f(X )) is 3-prime
ideal of N2, provided R2 is complete.

(iii) R1
−(X ) is 3-semiprime ideal of N1 if and only if R2

−(f(X )) is
3-semiprime ideal of N2, provided R2 is complete.

Proof. (i) Suppose that R2
−(f(X )) is an ideal of N2. Let x1, x2 ∈ R1

−(X ),
n ∈ N1. Then f(x1), f(x2) ∈ f(R1

−(X )), f(n) ∈ N2. By proposition
2.13, f(x1), f(x2) ∈ R2

−(f(X )). As R2
−(f(X )) is an ideal of N2, f(x1) −

f(x2), f(n) − f(x1) + f(n), f(n)f(x1) ∈ R2
−(f(X )), also for f(n1) ∈ N2,

(f(n) + f(x1))f(n1)− f(n)f(n1) ∈ R2
−(f(X )). Since f is homomorphism,

hence f(x1 − x2), f(n− x1 + n), f(nx1), f((n+ x1)n1 − nn1) ∈ R2
−(f(X ))

or f(x1−x2), f(n−x1+n), f(nx1), f((n+x1)n1−nn1) ∈ f(R1
−(X )). So,

there exist a, b, c, d ∈ R1
−(X ) such that f(x1−x2) = f(a), f(n−x1+n) =

f(b), f(nx1) = f(c), f((n + x1)n1 − nn1) = f(d) and we get [a]R1 ∩ X 6=
φ, [b]R1∩X 6= φ, [c]R1∩X 6= φ, [d]R1∩X 6= φ and x1−x2 ∈ [a]R1 , n−x1+n ∈
[b]R1 , nx1 ∈ [c]R1 , (n + x1)n1 − nn1 ∈ [d]R1 . Thus [x1 − x2]R1 ∩ X 6=
φ, [n− x1 + n]R1 ∩ X 6= φ, [nx1]R1 ∩ X 6= φ, [(n+ x1)n1 − nn1]R1 ∩ X 6= φ.

This implies that x1−x2, n−x1+n, nx1, (n+x1)n−nn1 ∈ R1
−(X ). Thus

R1
−(X ) is an ideal of N1.

Conversely, suppose that R1
−(X ) is an ideal of N1. Let y1, y2 ∈ R2

−(f(X ))
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and n2 = f(n2
′
) ∈ N2. Given that f is epimorphism, so by proposition 2.13,

y1, y2 ∈ R2
−(f(X )) = f(R1

−(X )) i.e., there exist a, b ∈ R1
−(X ) such that

y1 = f(a), y2 = f(b). Then y1−y2 = f(a−b), n2y1 = f(n2
′
)f(a) = f(n2

′
a),

n2+y1−n2 = f(n2
′
+a−n2

′
), and ((n+y1)n2−nn2) = f((n

′
+a)n

′
2−n

′
n2

′
).

Since R1
−(X ) is an ideal of N1, hence a−b, n2

′
a, n2

′
+a−n2

′
, (n

′
+a)n2

′−
n

′
n2

′ ∈ R1
−(X ). This show that R2

−(f(X )) is an ideal of N2.

(ii) Suppose that R2
−(f(X )) is a 3-prime ideal of N2 and for a, b ∈ N1,

an1b ∈ R1
−(X ), for all n1 ∈ N1. Then proposition 2.13, f(an1b) ∈ f(R1

−(X ))
i.e., f(a)f(n1)f(b) ∈ R2

−(f(X )). As R2
−(f(X )) is 3-prime ideal, f(a) ∈

R2
−(f(X )) or f(b) ∈ R2

−(f(X )) i.e., f(a) ∈ f(R1
−(X )) or f(b) ∈ f(R1

−(X )).
Then there exist x, y ∈ R1

−(X ) such that f(a) = f(x) and f(b) = f(y).

Thus [x]R1 ∩ X 6= φ and a ∈ [x]R1 or [y]R1 ∩ X 6= φ and b ∈ [y]R1 . Which
implies that a ∈ R1

−(X ) or b ∈ R1
−(X ).

Conversely, suppose that R1
−(X ) is a 3-prime ideal ofN1. Let a, b ∈ N2 such

that an2b ∈ R2
−(f(X )), for all n2 ∈ N2. Then there exist n1

′
, n1

′′
, n2

′ ∈ N1

such that f(n1
′
) = a, f(n1

′′
) = b and f(n2

′
) = n2. So, f(n1

′
)f(n2

′
)f(n1

′′
) ∈

R2
−(f(X )) or f(n1

′
n2

′
n1

′′
) ∈ R2

−(f(X )). Thus [f(n1
′
)f(n2

′
)f(n1

′′
)]R2 ∩

f(X ) 6= φ. Since R2 is complete, hence there exist f(m1
′
) ∈ [f(n1

′
)]R2 ,

f(m2
′
) ∈ [f(n2

′
)]R2 , f(m1

′′
) ∈ [f(n1

′′
)]R2 such that f(m1

′
)f(m2

′
)f(m1

′′
) =

f(m1
′
m2

′
m1

′′
) ∈ f(X ). Then by proposition 2.13, m1

′ ∈ [n1
′
]R1 ,m2

′ ∈
[n2

′
]R1 ,m1

′′ ∈ [n1
′′
]R1 and there exist z ∈ X such that f(m1

′
m2

′
m1

′′
) =

f(z). Hence m1
′
m2

′
m1

′′ ∈ [n1
′
n2

′
n1

′′
]R1 and z ∈ [m1

′
m2

′
m1

′′
]R1 or z ∈

[n1
′
n2

′
n1

′′
]R1 . Thus [n1

′
n2

′
n1

′′
] ∩ X 6= φ. This implies that n1

′
n2

′
n1

′′ ∈
R1
−(X ). Since R1

−(X ) is 3-prime ideal, hence

n1
′ ∈ R1

−(X ) or n1
′′ ∈ R1

−(X ). (3.1)

By equation 3.1 and proposition 2.13,

a = f(n1
′
) ∈ f(R1

−(X )) = R2
−(f(X ))

or

b = f(n1
′′
) ∈ f(R1

−(X )) = R2
−(f(X )).

This show that R2
−(f(X )) is 3-prime ideal.

(iii) Proof running parallel to (ii) �
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Theorem 3.10. Let f : N1 → N2 be an isomorphism from a near ring N1

to a near ring N2 and R2 be a C.C.R. on N2. Let X be a subset of N1. If
R1 = {(n1, n2) ∈ N1 ×N1 | (f(n1), f(n2)) ∈ R2}, then

(i) R1−(X ) is an ideal of N1 if and only if R2−(f(X )) is an ideal of
N2.

(ii) R1−(X ) is 3-prime ideal of N1 if and only if R2−(f(X )) is 3-prime
ideal of N2, provided R2 is complete.

(iii) R1−(X ) is 3-semiprime ideal of N1 if and only if R2−(f(X )) is
3-semiprime ideal of N2, provided R2 is complete.

Proof. Firstly, from proposition 2.13, we get f(R1−(X )) = R2−(f(X )).
After that proof is running parallel to theorem 3.9. �

4. Rough 3-prime fuzzy ideals

Definition 4.1. Let R be a F.C.R. on a near ring N and ζ be fuzzy ideal
(F.I.) of N . Then we define the fuzzy sets R−(ζ) and R−(ζ) as follow:

R−(ζ)(n) = inf
a∈[n]R

{ζ(a)} and R−(ζ)(n) = sup
b∈[n]R

{ζ(a)}.

R−(ζ) and R−(ζ) are known as R-lower and R-upper approximation of
fuzzy set ζ.

Definition 4.2. Let R−(ζ) and R−(ζ) are R-lower and R-upper approx-
imation of a fuzzy ideal ζ. Then R(ζ) = (R−(ζ),R−(ζ)) is said to be a
rough fuzzy set (R.F.S) if R−(ζ) 6= R−(ζ).

Definition 4.3. Let ζ be a fuzzy set of a near ring N . Then ζ is called
upper rough F.I., if R−(ζ) is a F.I. of N .

Definition 4.4. A F.I. ζ of N is said to be 3-prime if for n1, n2 ∈ N ,

∨{ζ(n1), ζ(n2)} ≥ ∧
n∈N

ζ(n1nn2).

Definition 4.5. A rough fuzzy set (R−(ζ),R−(ζ)) is said to be a rough
F.I., if R−(ζ) and R−(ζ) is a F.I. of a near ring N .

Example 4.6. Consider (N ,+, ·) be a near ring under following operations
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+ 0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 1 2 3 0 5 6 7 4
2 2 3 0 1 6 7 4 5
3 3 0 1 2 7 4 5 6
4 4 7 6 5 0 3 2 1
5 5 4 7 6 1 0 3 2
6 6 5 4 7 2 1 0 3
7 7 6 5 4 3 2 1 0

and

+ 0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 1 0
2 0 2 0 2 0 2 2 0
3 0 3 0 3 0 3 3 0
4 4 4 4 4 4 4 4 4
5 4 5 4 5 4 5 5 4
6 4 6 4 6 4 6 6 4
7 4 7 4 7 4 7 7 4

Let R be a F.C.R. on N with equivalence classes [0]R = {0, 2, 4, 6} and
[1]R = {1, 3, 5, 7}. Take 3-prime F.I. ζ on N which is defined by ζ(0) =

ζ(1) = ζ(2) = ζ(3) = 0.1, ζ(4) = ζ(5) = ζ(6) = ζ(7) = 0.2. We can easily
find that R−(ζ)(a) = 0.1 6= 0.2 = R−(ζ)(b) for all a, b ∈ N . Since R−(ζ)

and R−(ζ) are F.I., hence rough fuzzy set R(ζ) is rough F.I..

Lemma 4.7. Let R be a F.C.R. on a near ring N . If ζ is a F.I. of N , then

(i) R−(ζ) is a F.I. of N , and
(ii) R−(ζ) is a F.I. of N .

Proof. (i) For i, j ∈ N ,

R−(ζ)(i− j) = sup
k∈[i−j]R

{ζ(k)} = sup
k∈[i]R−[j]R

{ζ(k)}

= sup
k1∈[i]R,k2∈[j]R

{ζ(k1 − k2)} ≥ sup
k1∈[i]R,k2∈[j]R

{ζ(k1) ∧ ζ(k2)}

= sup
k1∈[i]R

{ζ(k1)} ∧ sup
k2∈[j]R

{ζ(k2)}

= R−(ζ)(i) ∧R−(ζ)(j). (4.1)

R−(ζ)(ij) = sup
k∈[ij]R

{ζ(k)} ≥ sup
k1∈[i]R,k2∈[j]R

{ζ(k1k2)}

= sup
k1∈[i]R

{ζ(k1)} ∧ sup
k2∈[j]R

{ζ(k2)}

= R−(ζ)(i) ∧R−(ζ)(j). (4.2)
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R−(ζ)(j + i− j) = sup
k∈[j+i−j]R

{ζ(k)} = sup
k1∈[i]R,k2∈[j]R

{ζ(k2 + k1 − k2)}

= sup
k1∈[i]R

{ζ(k1)}

= R−(ζ)(i). (4.3)

R−(ζ)(ij) = sup
k∈[ij]R

{ζ(k)} ≥ sup
k1∈[i]R,k2∈[j]R

{ζ(k1k2)}

≥ sup
k2∈[j]R

{ζ(k2)} = R−(ζ)(j). (4.4)

R−(ζ)((i+ l)j − ij) = sup
k∈[(i+l)j−ij]R

{ζ(k)} = sup
k∈[(i+l)j]R−[ij]R

{ζ(k)}

≥ sup
k1∈[i]R,k2∈[l]R,k3∈[j]R

{ζ((k1 + k2)k3 − k1k2)}

≥ sup
k2∈[l]R

{ζ(k2)} = R−(ζ)(l). (4.5)

Equations (4.1)-(4.5) show that R−(ζ) is a F.I. of N .

(ii) For i, j ∈ N ,

R−(ζ)(i− j) = inf
k∈[i−j]R

{ζ(k)} = inf
k∈[i]R−[j]R

{ζ(k)}

≥ inf
k1∈[i]R,k2∈[j]R

{ζ(k1) ∧ ζ(k2)}

= R−(ζ)(i) ∧R−(ζ)(j). (4.6)

R−(ζ)(ij) = inf
k∈[ij]R

{ζ(k)} ≥ inf
k1∈[i]R,k2∈[j]R

{ζ(k1k2)}

= inf
k1∈[i]R

{ζ(k1)} ∧ inf
k2∈[j]R

{ζ(k2)}

= R−(ζ)(i) ∧R−(ζ)(j). (4.7)

R−(ζ)(j + i− j) = inf
k∈[j+i−j]R

{ζ(k)} = inf
k1∈[i]R,k2∈[j]R

{ζ(k2 + k1 − k2)}

= inf
k1∈[i]R

{ζ(k1)} = R−(ζ)(i). (4.8)
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R−(ζ)(ij) = inf
k∈[ij]R

{ζ(k)} ≥ inf
k1∈[i]R,k2∈[j]R

{ζ(k1k2)}

≥ inf
k2∈[j]R

{ζ(k2)} = R−(ζ)(j). (4.9)

R−(ζ)((i+ l)j − ij) = inf
k∈[(i+l)j−ij]R

{ζ(k)} = inf
k∈[(i+l)j]R−[ij]R

{ζ(k)}

≥ inf
k1∈[i]R,k2∈[l]R,k3∈[j]R

{ζ((k1 + k2)k3 − k1k2)}

≥ inf
k2∈[l]R

{ζ(k2)} = R−(ζ)(l). (4.10)

Equations (4.6)-(4.10) show that R−(ζ) is a F.I. of N . �

Corollary 4.8. A rough fuzzy set (R−(ζ),R−(ζ)) is F.I. if ζ is F.I..

Proof. By lemma 4.7, (R−(ζ),R−(ζ)) is F.I.. �

Theorem 4.9. Let ζ be a 3-prime F.I. of a near ring N . If R is C.C.R.
on N , then

(i) R−(ζ) is 3-prime F.I. of N .
(ii) R−(ζ) is 3-prime F.I. of N .

Proof. By lemma 4.7, R−(ζ) is F.I. of N . Now, we will only show that
3-primeness of R−(ζ). Let a, b ∈ N . Then

inf
n∈N

R−(ζ)(anb) = inf
n∈N
{ ∧
z∈[anb]R

ζ(z)}

= inf
n∈N
{ ∧
z1∈[a]R,m∈[n]R,z2∈[b]R

ζ(z1mz2)}

= ∧
z1∈[a]R,m∈[n]R,z2∈[b]R

{ inf
m∈N

ζ(z1mz2)}

≤ ∧
z1∈[a]R,z2∈[b]R

{max(ζ(z1), ζ(z2))}

= max{( ∧
z1∈[a]R

ζ(z1), ∧
z2∈[b]R

ζ(z2))}

= max{R−(ζ)(a),R−(ζ)(b)}. (4.11)
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This shows that R−(ζ) is 3-prime F.I. of N .
(ii) By lemma 4.7, R−(ζ) is F.I. of N . Now, we will only show that 3-
primeness of R−(ζ). Let a, b ∈ N . Then

inf
n∈N

R−(ζ)(anb) = inf
n∈N
{ ∨
z∈[anb]R

ζ(z)}

= inf
n∈N
{ ∨
z1∈[a]R,m∈[n]R,z2∈[b]R

ζ(z1mz2)}

= ∨
z1∈[a]R,m∈[n]R,z2∈[b]R

{ inf
m∈N

ζ(z1mz2)}

≤ ∨
z1∈[a]R,z2∈[b]R

{max(ζ(z1), ζ(z2))}

= max{( ∨
z1∈[a]R

ζ(z1), ∨
z2∈[b]R

ζ(z2))}

= max{R−(ζ)(a),R−(ζ)(b)}. (4.12)

This shows that R−(ζ) is 3-prime F.I. �

5. Conclusion

Rough fuzzy ideals give a useful and effective tool for modeling complex
systems with ambiguity, imprecision, and uncertainty. The rough fuzzy
ideal of a near ring is a generalization of an ideal of near ring. So, we
replaced a universe set by a near ring and introduced the notion of rough
3-prime (3-semiprime) ideals and rough fuzzy 3-prime ideal of near rings.
We discussed the conditions under which the upper and lower rough 3-prime
ideals and upper and lower approximations of their homomorphic images
are related.
Acknowledgement: We are grateful to the referee for the comments which
improved the quality of the paper.
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Abstract. In this paper we solve an interesting sum recently consid-

ered by A.S.Nimbran concerning the calculation of a series involving the

classical harmonic number and central binomial coe�cient.The key in-

gredients for obtaining our in�nite series result are some of the di�cult

and obscure de�nite integral formulas due to K.S.Kölbig and Cornel

Ioan V lean.

1. Introduction

Amrik Singh Nimbran left the following problem of evaluating a series
involving the classical harmonic number and central binomial coe�cient as
an interesting sum in [4, p. 134], which we will provide a solution to in this
paper:

S =
1X

n=1

Hn

�
2n
n

�

n222n

Throughout this paper Hn denotes the nth-classical harmonic num-

ber de?ned byHn =
nX

k=1

1
k
,

�
2n
n

�
denotes the central binomial coe�-

cient, which is de�ned for n � 1 by
�

2n
n

�
=

(2n)!

(n!)2
, ζ (s) denotes the

Riemann zeta function, which is de�ned by ζ (s) =
1X

n=1

1
ns
, < (s) > 1 and
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